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$EVWUDFW��7KLV�SDSHU�SURSRVHV�DQ�DOJRULWKP� WR�HQFLSKHU
WKH� &KLQHVH� SODLQWH[W� PHVVDJH� ZULWWHQ� LQ� %LJ���*%
&KLQHVH� FKDUDFWHU� LQWHUQDO� FRGHV�� � 8QOLNH� WKH� RUGLQDU\
FLSKHUV��WKH�&U\SWR�NH\�RI�RXU�SURSRVHG�DOJRULWKP�FRQVLVWV
RI�D�SDLU�RI�IRUPXODV�DQG�D�VHW�RI�SDUDPHWHU�YDOXHV�� � 7KH
VHQGHUV� FDQ� IRUPXODWH� DQG� FRPSRVH� WKHLU� RZQ� XQLTXH
IRUPXODV� DQG� SDUDPHWHUV� IRU� HQFU\SWLRQ�� � $FFRUGLQJ� WR
WKH� FKDUDFWHU� LQWHUQDO� FRGH� VWUXFWXUH�� ZH� DSSO\� WKH
IRUPXODV� LQ� D� .H\�VWUHDP� JHQHUDWRU� WR� HQFLSKHU� WKH
&KLQHVH� SODLQWH[W� PHVVDJH�� � 6LQFH� WKH� SURSRVHG� VWUHDP
JHQHUDWRU� GRHV� QRW� FRQWDLQ� SHUPDQHQW� HQFU\SWLRQ� DQG
GHFU\SWLRQ� RSHUDWLRQV�� WKH� RSSRQHQWV� DUH� LQDGHTXDWH� WR
SUHGLFW� WKH� IRUPV� RI� LWV� RXWSXW� �FLSKHUWH[W��� � ([SHULPHQW
UHVXOWV�VKRZ�WKDW�WKH�SURSRVHG�DOJRULWKP�DFKLHYHV�WKH�GDWD
VHFUHF\�
.H\� ZRUGV�� HQFU\SWLRQ�� GHFU\SWLRQ�� NH\�VWUHDP�
%LJ���*%� LQWHUQDO� FRGH�� FKDUDFWHU�� SODLQWH[W�
FLSKHUWH[W�

���,QWURGXFWLRQ
� � $V� ,QWHUQHW� WHFKQRORJ\� ZLGHO\� DGRSWHG� E\� VRFLHWLHV�
QHWZRUN� VHFXULW\� LVVXH� EHFRPHV� HVVHQWLDO� LQ� WKLV� FHQWXU\�
0DQ\� SHRSOH� WDON� DERXW� GDWD� SULYDF\� DQG� IHHOLQJ� LW� LV
QHFHVVDU\�ZKHQ�WKH\�DUH�VHQGLQJ�RU�UHFHLYLQJ�LQIRUPDWLRQ
WKURXJK�,QWHUQHWV��(VSHFLDOO\�ZKHQ�(�FRPPHUFH�LV�JHWWLQJ
PRUH� DQG� PRUH� SRSXODU� LQ� PDUNHWLQJ�� GDWD� SULYDF\� LV
HVVHQWLDO� IRU� ERWK� FXVWRPHUV� DQG� ZKROHVDOHUV� WR� SURWHFW
WKHLU� GDWD� DJDLQVW� XQDXWKRUL]HG� SHRSOH�� � %HFDXVH� RI� WKH
LQFUHDVLQJ�LQWHUHVW�LQ�WKH�,QWHUQHW��DORQJ�ZLWK�WKH�H[WHQVLYH
XVH�RI�ORZ�FRVW�QHWZRUNLQJ�HTXLSPHQW�IRU�KRPHV�DQG�VPDOO
HQWHUSULVHV�� (�FRPPHUFH� PDUNHWLQJ� JURZV� UDSLGO\�� � 7KH
H[SORVLYH� JURZWK� RI� QHWZRUNLQJ� WHFKQRORJ\� FUHDWHV� WKH
QHHGV�RI�WKH�SULYDF\�DQG�LQWHJULW\�RI�HOHFWURQLF�GDWD�
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H[SHQVLYH� RU� FRPSOLFDWHG�� � 2QH� RI� WKH� DOWHUQDWLYHV� WR
SURWHFW�WKH�SULYDF\�RI�LQIRUPDWLRQ�LV�WR�SHUIRUP�HQFU\SWLRQ
SURFHVV�� � *HQHUDOO\�VSHDNLQJ��FLSKHUV�FDQ�EH�FODVVLILHG�DV
WZR� W\SHV�� EORFN� DQG� VWUHDP� FLSKHUV�� � 'LVFXVVLRQV� DUH
IRFXVHG�RQ�WKH�VWUHDP�FLSKHU�LQ� WKLV�SDSHU�� � 6RPH�ZRUNV
RI� VWUHDP� FLSKHUV� KDYH� EHHQ� GRQH�� OLNH� VHOI�VKULQNLQJ
JHQHUDWRU� >�@�� VXPPDWLRQ� JHQHUDWRU� >���@� DQG� 5&�� >�@�
+RZHYHU��VHOGRP�RI�WKHP�PHQWLRQ�DERXW�&KLQHVH�WH[W�GDWD
VHFXULW\�� � )RU�WKLV�UHDVRQ��ZH�DUH�SURSRVLQJ�D�&KLQHVH�WH[W
HQFU\SWLRQ� DOJRULWKP� DQG� NH\�VWUHDP� JHQHUDWRU� IRU� WKRVH
ZKR� ZDQW� WR� HQFLSKHU� WKHLU� &KLQHVH� PHVVDJHV� EHIRUH
VHQGLQJ� WR� WKH� UHFHLYHUV�� � 7KH� VHQGHUV� MXVW� VLPSO\
LPSOHPHQW�WKHLU�RZQ�HQFU\SWLRQ�HQJLQH�DW�KRPH�DFFRUGLQJ
WR� WKH� SURSRVHG� DOJRULWKP�� WKHQ� WKH� PHDQLQJV� RI� WKH
PHVVDJH� ZLOO� EH� SURWHFWHG� DOWKRXJK� LW� LV� ZLUHWDSSHG
�DWWDFNHG��E\�LQWUXGHUV�LQ�WKH�QHWZRUN�FKDQQHOV�
� � 7KH�UHPDLQGHU�RI�WKLV�SDSHU�ZLOO�EH�RUJDQL]HG�DV�IROORZV�
LQ� WKH� QH[W� VHFWLRQ�� WKH� &KLQHVH� SODLQWH[W� FU\SWRJUDSKLF
DOJRULWKP�ZLOO� EH� LQWURGXFHG�� LQ� VHFWLRQ� ��� WKH�%LJ���*%
LQWHUQDO� &RGH� (QFU\SWLRQ� $OJRULWKP� LV� SURSRVHG�� DQG
ILQDOO\�VRPH�H[SHULPHQWDO� UHVXOWV� DQG�GLVFXVVLRQV�ZLOO� EH
JLYHQ�LQ�WKH�VHFWLRQ���
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� � 7KH�SURSRVHG�DOJRULWKP�LV�D�VWUHDP�FLSKHU�� � /HW� 0
EH�WKH�ZKROH�&KLQHVH�SODLQWH[W�PHVVDJH�� 0 LV�GLYLGHG
LQWR�VXFFHVVLYH�SDUWLWLRQV� LP ��L�H��� �P � �P ���� QP �DQG
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VWDQGV�IRU�RQH�&KLQHVH�FKDUDFWHU�����ELWV��ZLWKLQ�WKH�VHW�RI
ZKROH�&KLQHVH�SODLQWH[W�PHVVDJH� 0 �� � 7KH�HQFU\SWLRQ
HQJLQH� HQFLSKHUV� HDFK� LP � ���� ELWV�� DW� D� WLPH� ZLWK� WKH
NH\�VWUHDP� HOHPHQW� MN � ZKHUH� MN ∈. �� . LV� WKH
HQWLUH� NH\�VWUHDP� DQG� �≤ ≤M Q �� � 7KH� SURFHVV� RI
HQFU\SWLRQ�LV�DV�IROORZV�
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RI�ZKROH�PHVVDJH�DQG�D�VLQJOH�&KLQHVH�FKDUDFWHU�SODLQWH[W
UHVSHFWLYHO\�� � )RU 0 DQG& DUH� WKH� ZKROH� &KLQHVH
PHVVDJH� RI� SODLQWH[W� DQG� FLSKHUWH[W� UHVSHFWLYHO\�� � $V
PHQWLRQHG� EHIRUH�� . LV� FRPSRVHG� RI� M � QXPEHU� RI
YDOXH� N ZKLFK� LV� HLWKHU� DVFHQGLQJ� RU� GHVFHQGLQJ� DQG
PXVW�QRW�EH�HTXDO� WR�]HUR�� � :H�VHW� M DV��� DQG� N VWDUW
IURP���DVFHQGLQJ�WR���LQ�RXU�H[SHULPHQW�ZKLFK�LV�
2SHUDWLRQ�����
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VHUYLQJ� DV� D� NH\�VWUHDP� HOHPHQW� MN � WR� HDFK� LQGLYLGXDO
FKDUDFWHU� HQFU\SWLRQ� NM QH P� � � XQWLO� WKH� HQG� RI

.( 0� � �� � +RZHYHU�� LI� M  Q � WKHQ� WKH� NH\�VWUHDP
. ZLOO�QRW�EH�UHRFFXUUHG�GXULQJ�WKH�HQFU\SWLRQ�SURFHVV�
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ZKROH�FLSKHUWH[W�DQG�D�VLQJOH�HQFU\SWHG�&KLQHVH�FKDUDFWHU
UHVSHFWLYHO\�� � 7KXV�� RSHUDWLRQ� ���� LV� WKH� UHYHUVLRQ� RI

RSHUDWLRQ�����

��� %LJ���*%� ,QWHUQDO� &RGH� (QFU\SWLRQ
$OJRULWKP� DQG� WKH� IRUPDWLRQ� RI� .H\�
VWUHDP�*HQHUDWRU

� � 7KH�VWUXFWXUH�%LJ���*%�FKDUDFWHU�LQWHUQDO�FRGH�KDV�WZR
VHFWLRQV� DQG� HDFK� VHFWLRQ� FDUULHV� D� KH[DGHFLPDO� YDOXH�
)RU� H[DPSOHV�� WKH� %LJ��� LQWHUQDO� FRGH� D�H��� IRU� WKH
FKDUDFWHU�F��FDQ�EH�GLYLGHG�LQWR�WZR�VHFWLRQV�D�����ELWV�
DQG�H�����ELWV��UHVSHFWLYHO\�� � 7KH�VWUXFWXUH�ORRNV�OLNH�
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,Q�WKH�HDUO\�VWDJH�RI�RXU�H[SHULPHQWV��ZH�VLPSO\�DGG� MN
WR� WKH� ILUVW� VHFWLRQ� DQG� VXEWUDFW� MN � IURP� WKH� VHFRQG
VHFWLRQ��WKDW�LV�
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� 7KH�DGGLWLRQ�DQG�VXEWUDFWLRQ�RSHUDWLRQV�ZLOO�LWHUDWH�IURP

�N N M��� � DQG� WKHQ� . E\� . XQWLO� WKH� HQG� RI
.( 0� � �VHH� RSHUDWLRQ� ������ � )RU� H[DPSOHV�� DVVXPH

ZH�KDYH����FKDUDFWHUV�IRU�HQFU\SWLRQ�� M LV�VHW�WR���DQG�WKH
YDOXH� RIN LV� VWDUWHG� IURP� �� DVFHQGLQJ� WR� ��� � 7KH
RSHUDWLRQV�ZLOO�EH�OLNH�WKLV�
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RI�WKH�%LJ���*%�LQWHUQDO�FRGH�RI� LP � UHVSHFWLYHO\�� � 7KH
YDOXH�RI� M DQG� N FDQ�EH�DGMXVWHG�DQ\� WLPH� LQ�RUGHU� WR
REWDLQ�GLIIHUHQW�HQFU\SWLRQ�HIIHFWV�
� � ,Q�WKH�ODWHU�VWDJH�RI�RXU�H[SHULPHQWV��LQ�RUGHU�WR�H[WHQG
WKH�HQFU\SWLRQ�RXWSXW�YDULDWLRQV��ZH�VZLWFK�DQG�PDQLSXODWH
WKH� RSHUDWRUV� ���� ��� ZLWK�PXOWLSOLFDWLRQ� �
�� DQG� FRPELQH
WKH�RSHUDWRUV�LQ�HDFK�VHFWLRQ��OLNH�

� �� L6� � � 
� � MN ����α����β �� L6� � � 
� � � MN ����α����β

��ZKHUH�α� DQG�β� DUH� FRQVWDQWV�� � :H�GLG�QRW� DSSO\� WKRVH
RSHUDWRUV��VXFK�DV�����H[S��PRG�DQG�GLY���ZKLFK�ZLOO�FDXVH
GDWD� ORVH� DIWHU� UHFRYHU\� �GHFLSKHULQJ��� � 7KH
PDQLSXODWLRQV� RI� RSHUDWRUV� DQG� FRQVWDQWV� FRPELQDWLRQ
�)RUPXODV��LQ�HDFK�VHFWLRQ�DUH�XQOLPLWHG�� � 7KHUHIRUH��WKH
RXWSXW� YDULDWLRQV� �FLSKHUWH[W� IRUPDW�� RI� .( 0� � DUH
HQRUPRXV�� � %DVLFDOO\�VSHDNLQJ�� WKH�PDQLSXODWLRQV�ZLWKLQ
HDFK�VHFWLRQ�RI�WKH�FKDUDFWHU�FRGHV�EXLOG�XS�WKH�IRUPDWLRQ
RI�NH\�VWUHDP�JHQHUDWRU� DQG� WKH�GHWDLOV�ZLOO� EH� GLVFXVVHG
QH[W�

���'LVFXVVLRQV�DQG�([SHULPHQW�5HVXOWV
� � :H� KDYH� FKRVHQ� ����� PRVW� XVXDOO\� XVHG� &KLQHVH
FKDUDFWHUV� WR� WHVW� WKH� DOJRULWKP�� � 7KH� ����� FKDUDFWHUV
ZHUH� SXW� LQWR� D� WH[W� ILOH� DQG� UHWULHYHG� E\� WKH� SURJUDPV
ZULWWHQ�LQ�&�ODQJXDJH��VHH�ILJ����� � 7KH�SURJUDPV�DUH�DEOH
WR� HQFLSKHU� WKH� RULJLQDO� &KLQHVH� FKDUDFWHUV� LQWR� D� VHW� RI
GLIIHUHQW�FKDUDFWHUV��VHH�ILJ����DQG�ILJ������ � $V�ZH�DGMXVW
WKH�YDOXH�RI� N �� M ��α��β��DQG�PDQLSXODWH� WKH�IRUPXODV
ZLWKLQ� HDFK� VHFWLRQ� RI� WKH� %LJ��� LQWHUQDO� FRGHV�� WKH
XQOLPLWHG� RXWSXW� �FLSKHUWH[W�� YDULDWLRQV� KDG� EHHQ
JHQHUDWHG�� � 7KHUHIRUH�� LW� LV�XQOLNHO\� IRU� DQ\� LQWUXGHUV� EH
DEOH�WR�GHFRGH�WKH�FLSKHUWH[W�

�����([SHULPHQWV�IRU�.H\�VWUHDP�*HQHUDWRU
� � 7KH�SDUW�RI�SURJUDPV�LQ�)LJ���ZDV�ZULWWHQ�DFFRUGLQJ�WR
WKH� IROORZLQJ� IRUPXODV� LQ� WKH� VWUXFWXUH� RI�%LJ��� LQWHUQDO
FRGH��VHH�WKH�XQGHUOLQH�SRUWLRQ�LQ�)LJ�����
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$QG�WKH�YDOXH�RI� X �N �� M ��α��DQG�β�DUH�ZULWWHQ�DV�H��NN�
M��D�DQG�E�LQ�WKH�SURJUDP�UHVSHFWLYHO\�DQG�DVVLJQHG�E\�WKH

SDUDPHWHUV�¦���������§�� � /HW� X �GHQRWHV�DQ�LQGLFDWRU�WKDW
GHWHUPLQHV� ZKHWKHU� WKH� YDOXH� RI� N � LV� DVFHQGLQJ� RU
GHVFHQGLQJ��ZKHUH� YDOXH� ¦�§� DQG� ¦�§� RI� X � LQGLFDWH� WKH
DVFHQGLQJ� DQG� GHVFHQGLQJ� SURSHUW\� RI� N UHVSHFWLYHO\�
7KHQ��WKH�SDUDPHWHUV�¦X N M �α�β§�ZLWK�WKH�IRUPXODV�LQ

L6� � �6HFWLRQ� �� RI� %LJ��� LQWHUQDO� FRGH�� DQG� L6�
�6HFWLRQ���RI�%LJ���LQWHUQDO�FRGH��EHFRPH�WKH�NH\�VWUHDP. � JHQHUDWRU� RI� ERWK� HQFU\SWLRQ�DQG� GHFU\SWLRQ� RI� WKH
ZKROH�&KLQHVH�SODLQWH[W�PHVVDJH� 0 �� � 7KXV��WKH�NH\�
VWUHDP� . JHQHUDWRU� FDQ� EH� IRUPXODWHG� LQ� D� VLQJOH
H[SUHVVLRQ�ZLWK�VHYHQ�SDUDPHWHUV�DV�
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��ZKHUH� L)6� �DQG L)6� �DUH�WKH�)RUPXODV�LQ�WKH�ILUVW
DQG�VHFRQG�VHFWLRQ�RI�WKH�%LJ���*%�LQWHUQDO�FRGH�RI� LP
UHVSHFWLYHO\�� � 7KH� YDOXHV� RI� ^X N M � α� β� L)6�
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SHUIHFW�VHFUHF\��DV�6KDQQRQ�>�@�VWDWHG�LQ�WKH�SLRQHHU�SHULRG
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^X N M � α� β� L)6� � L)6� `�� � L�H�� WKH� SDUDPHWHUV� RI
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� � 7KH�DERYH�WHVW�LV�RQO\�VHUYHG�DV�DQ�H[DPSOH�� � $FWXDOO\�
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