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Abstra
t. We present an algorithm for 
omputing the zeta fun
tion of

an arbitrary hyperellipti
 
urve over a �nite �eld F

q

of 
hara
teristi
 2,

thereby extending the algorithm of Kedlaya for odd 
hara
teristi
. For a

genus g hyperellipti
 
urve de�ned over F

2

n

, the average-
ase time 
om-

plexity is O(g

4+"

n

3+"

) and the average-
ase spa
e 
omplexity is O(g

3

n

3

),

whereas the worst-
ase time and spa
e 
omplexities are O(g

5+"

n

3+"

) and

O(g

4

n

3

) respe
tively.
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1 Introdu
tion

Computing the zeta fun
tion of abelian varieties over �nite �elds is one of the

most important problems in 
omputational algebrai
 geometry and has many

appli
ations [29℄, e.g. the 
onstru
tion of 
ryptosystems based on Ja
obians

of 
urves. The most important systems use ellipti
 
urves as introdu
ed by

Miller [22℄ and Koblitz [16℄ or hyperellipti
 
urves whi
h were proposed by

Koblitz [17℄. More general, but less pra
ti
al systems work in the Ja
obian of

superellipti
 
urves [12℄ and of C

ab


urves [1℄.

The problem of 
ounting the number of points on ellipti
 
urves over �nite

�elds of any 
hara
teristi
 
an be solved in polynomial time using S
hoof's al-

gorithm [33℄ and its improvements due to Atkin [2℄ and Elkies [7℄. An ex
ellent

?

F.W.O. resear
h assistant, sponsored by the Fund for S
ienti�
 Resear
h - Flanders

(Belgium).



a

ount of the resulting SEA-algorithm 
an be found in [3℄ and [20℄. For �nite

�elds of small 
hara
teristi
, Satoh [30℄ des
ribed an algorithm based on p-adi


methods whi
h is asymptoti
ally faster than the SEA-algorithm. Skjernaa [34℄

and Fouquet, Gaudry and Harley [9℄ extended the algorithm to 
hara
teristi
 2

and Ver
auteren [36℄ presented a memory eÆ
ient version. Mestre proposed a

variant of Satoh's algorithm based on the Arithmeti
-Geometri
 Mean, whi
h has

the same asymptoti
 behaviour as [36℄, but is faster by some 
onstant. Re
ently,

Satoh, Skjernaa and Tagu
hi [31℄ des
ribed an algorithm whi
h has a better


omplexity than all previous algorithms, but requires some pre
omputations. A

ni
e overview of all these variants 
an be found in the survey by Satoh [32℄.

The equivalent problem for higher genus 
urves seems to be mu
h more dif-

�
ult. Pila [28℄ des
ribed a theoreti
al generalization of S
hoof's approa
h, but

the algorithm is not pra
ti
al, not even for genus 2 
urves as shown by Gaudry

and Harley [13℄. An extension of Satoh's method to higher genus 
urves needs

the Serre-Tate 
anoni
al lift of the Ja
obian of the 
urve, whi
h need not be

a Ja
obian itself and thus is diÆ
ult to 
ompute with. The AGM method does

generalize to hyperellipti
 
urves, but 
urrently only the genus 2 
ase is pra
ti
al.

Re
ently Kedlaya [15℄ des
ribed a p-adi
 algorithm to 
ompute the zeta fun
-

tion of hyperellipti
 
urves over �nite �elds of small odd 
hara
teristi
, using the

theory of Monsky-Washnitzer 
ohomology. The running time of the algorithm is

O(g

4+"

n

3+"

) for a hyperellipti
 
urve of genus g over F

p

n

. The algorithm readily

generalizes to superellipti
 
urves as shown by Gaudry and Gurel [14℄.

A related approa
h by Lauder and Wan [18℄ is based on Dwork's proof of

the rationality of the zeta fun
tion and leads to a polynomial time algorithm for


omputing the zeta fun
tion of an arbitrary variety over a �nite �eld. Note that

Wan [37℄ suggested the use of p-adi
 methods, in
luding the method of Dwork

and Monsky, already several years ago. Despite the polynomial time 
omplexity

of the Lauder andWan algorithm, it is not pra
ti
al for 
ryptographi
al sizes. Us-

ing Dwork 
ohomology, Lauder and Wan [19℄ adapted their original algorithm for

the spe
ial 
ase of Artin-S
hreier 
urves, resulting in an O(g

5+"

n

3+"

) time algo-

rithm. In [6℄, we des
ribed an extension of Kedlaya's algorithm to Artin-S
hreier


urves in 
hara
teristi
 2 whi
h has the same time 
omplexity O(g

5+"

n

3+"

).

In this paper we extend Kedlaya's algorithm to arbitrary hyperellipti
 
urves

de�ned over a �nite �eld of 
hara
teristi
 2. For a genus g hyperellipti
 
urve de-

�ned over F

2

n

, the average-
ase time 
omplexity is O(g

4+"

n

3+"

) and the average-


ase spa
e 
omplexity is O(g

3

n

3

), whereas the worst-
ase time and spa
e 
om-

plexities are O(g

5+"

n

3+"

) and O(g

4

n

3

) respe
tively.

Furthermore, a �rst implementation of this algorithm in the C programming

language shows that 
ryptographi
al sizes are now feasible for any genus g. For

instan
e, 
omputing the order of a 160-bit Ja
obian of a hyperellipti
 
urve of

genus 2, 3 or 4 takes less than 100 se
onds.

The remainder of the paper is organized as follows: after re
alling the for-

malism of Monsky-Washnitzer 
ohomology in Se
tion 2, we study 
ohomology

of hyperellipti
 
urves over �nite �elds and show how to extend Kedlaya's algo-

rithm to 
hara
teristi
 2 in Se
tion 3. Se
tion 4 
ontains a ready to implement

2



des
ription of the resulting algorithm and a detailed 
omplexity analysis. In Se
-

tion 5, we present running times and memory usages of an implementation of

this algorithm in the C programming language and we give a few examples of

hyperellipti
 
urves suitable for use in 
ryptography.

2 Monsky-Washnitzer Cohomology

In this se
tion we brie
y re
all the de�nition and main properties of Monsky-

Washnitzer 
ohomology. More details 
an be found in the seminal papers by

Monsky and Washnitzer [24{26℄, the le
tures by Monsky [27℄ and the survey by

van der Put [35℄.

Let X be a smooth aÆne variety over a �nite �eld k := F

q

with 
oordinate

ring A. Let R denote a 
omplete dis
rete valuation ring with uniformizer �,

residue �eld R=�R = k and fra
tion �eld K of 
hara
teristi
 0. Elkik [8℄ showed

that there always exists a smooth �nitely generated R-algebra A su
h that

A=�A

�

=

A. To 
ompute the zeta fun
tion of X we need to lift the Frobenius

endomorphism F on A to the R-algebra A, but in general this is not possible.

Note that for ellipti
 
urves, Satoh solves this problem by using the Serre-Tate


anoni
al lift whi
h does admit a lift of the Frobenius endomorphism. To remedy

this diÆ
ulty one 
ould work with the �-adi
 
ompletion A

1

of A. But again

we run into diÆ
ulties sin
e the de Rham 
ohomology of A

1

is larger than that

of A. As an example, 
onsider the aÆne line over F

p

, so A = R[x℄, then ea
h

term in

P

1

n=0

p

n

x

p

n

�1

dx is an exa
t di�erential form, but its sum is not, sin
e

P

1

n=0

x

p

n

is not in A

1

. The main problem is that the series

P

1

n=0

p

n

x

p

n

�1

does not 
onverge fast enough for its integral to 
onverge as well. Monsky and

Washnitzer solve this problem by working with a subalgebra A

y

of A

1

, whose

elements satisfy growth 
onditions. This dagger ring or weak 
ompletion A

y

is

de�ned as follows: write A := R[x

1

; : : : ; x

n

℄=(f

1

; : : : ; f

m

), then

A

y

:= Rhx

1

; : : : ; x

n

i

y

=(f

1

; : : : ; f

m

); (1)

where Rhx

1

; : : : ; x

n

i

y


onsists of power series

n

X

a

�

x

�

2 R[[x

1

; : : : ; x

n

℄℄ j 9C; � 2 R; C > 0; 0 < � < 1;8� : ja

�

j � C�

j�j

o

;

(2)

with � := (�

1

; : : : ; �

n

), x

�

:= x

�

1

1

� � �x

�

n

n

and j�j :=

P

n

i=0

�

i

. Equivalently,

Rhx

1

; : : : ; x

n

i

y


an be de�ned as the set of over
onvergent power series, i.e.

elements of R[[x

1

; : : : ; x

n

℄℄ that 
onverge in a polydis


f(x

1

; : : : ; x

n

) 2 K

n

j jx

1

j � �

1

; : : : ; jx

n

j � �

n

g (3)

with all �

i

> 1. A homomorphi
 image of Rhx

1

; : : : ; x

n

i

y

is 
alled a weakly


omplete �netely generated (w.
.f.g.) algebra over R. The ring A

y


learly is a

w.
.f.g. algebra and furthermore satis�es A

y

=�A

y

= A and is 
at over R. An

algebra whi
h satis�es these three properties is 
alled a lift of A. One 
an show

that if A is smooth and �nitely generated, there always exists a lift A

y

of A and

3



that every lift of A is R-isomorphi
 to A

y

. Furthermore, let B=k be smooth and

�nitely generated, with lift B

y

and let G : A! B be a morphism of k-algebra's,

then there exists an R-homomorphism G : A

y

! B

y

lifting G. This last property

implies that we 
an lift the q-power Frobenius from A to A

y

.

For A

y

we 
an de�ne the universal module D

1

(A

y

) of di�erentials

D

1

(A

y

) := (A

y

dx

1

+ � � �+A

y

dx

n

)=(

m

X

i=1

A

y

(

�f

i

�x

1

dx

1

+ � � �+

�f

i

�x

n

dx

n

)): (4)

Let D

i

(A

y

) :=

V

i

D

1

(A

y

) be the i-th exterior produ
t of D

1

(A

y

) and denote

with d

i

: D

i

(A

y

)! D

i+1

(A

y

) the exterior di�erentiation. Sin
e d

i+1

Æ d

i

= 0 we

get the de Rham 
omplex D(A

y

)

0 �! D

0

(A

y

)

d

0

�! D

1

(A

y

)

d

1

�! D

2

(A

y

)

d

2

�! D

3

(A

y

) � � � (5)

The i-th 
ohomology group of D(A

y

) is de�ned as H

i

(A=R) := Ker d

i

=Im d

i�1

and H

i

(A=K) := H

i

(A=R) 


R

K �nally de�nes the i-th Monsky-Washnitzer


ohomology group. One 
an prove that for smooth, �nitely generated k-algebra's

A the map A 7! H

�

(A=K) is well de�ned and fun
torial, whi
h justi�es the

notation. Let F be a lift of the q-power Frobenius endomorphism of A to A

y

, then

F indu
es an endomorphism F

�

on the 
ohomology groups. The main theorem

of Monsky-Washnitzer 
ohomology is that the H

i

(A=K) satisfy a Lefs
hetz �xed

point formula.

Theorem 1 (Lefs
hetz �xed point formula) Let X=F

q

be a smooth aÆne

variety of dimension d, then the number of F

q

-rational points on X equals

d

X

i=0

(�1)

i

Tr

�

q

d

F

�1

�

jH

i

(A=K)

�

: (6)

3 Cohomology of Hyperellipti
 Curves

3.1 Overview of Kedlaya's Constru
tion

Let F

q

be a �nite �eld with q = p

n

elements and �x an algebrai
 
losure F

q

.

Throughout this se
tion we will assume that p is a small odd prime. Let Q(x)

be a moni
 polynomial of degree 2g + 1 over F

q

without repeated roots and let

C be the aÆne hyperellipti
 
urve de�ned by the equation y

2

= Q(x). Kedlaya

does not work with the 
urve C itself, but with the aÆne 
urve C

0

whi
h is

obtained from C by removing the lo
us of y = 0, i.e. the points (�

i

; 0) 2 F

q

� F

q

where �

i

is a zero of Q(x). The 
oordinate ring A of C

0

is 
learly given by

F

q

[x; y; y

�1

℄=(y

2

� Q(x)). It is not really ne
essary to work with the 
urve C

0

instead of C, but in pra
ti
e it is more eÆ
ient to do so.

Let K be a degree n unrami�ed extension of Q

p

, with valuation ring R, su
h

that R=pR = F

q

. Take any moni
 lift Q(x) 2 R[x℄ of Q(x) and let C be the

4



smooth aÆne hyperellipti
 
urve de�ned by y

2

= Q(x). Let C

0

be the 
urve

obtained from C by removing the lo
us of y = 0. Then the 
oordinate ring

of C

0

is A = R[x; y; y

�1

℄=(y

2

� Q(x)). Let A

y

denote the weak 
ompletion of

A. Sin
e F = �

n

, with � the p-power Frobenius, it is suÆ
ient to lift � to an

endomorphism � of A

y

. It is natural to de�ne � as the Frobenius substitution

on R and to extend it to A

y

by mapping x to x

�

:= x

p

and y to y

�

with

y

�

:= y

p

�

1 +

Q(x)

�

�Q(x)

p

Q(x)

p

�

1=2

= y

p

1

X

i=0

�

1=2

i

�

(Q(x)

�

�Q(x)

p

)

i

y

2pi

: (7)

An easy 
al
ulation shows that ord

p

�

1=2

i

�

� 0 whi
h implies that y

�

is an element

of A

y

, sin
e p divides Q(x)

�

� Q(x)

p

. Note that it is essential that y

�1

is an

element of A

y

, whi
h explains why we 
ompute with C

0

instead of C. By 
hoosing

a di�erent lift of F one 
an avoid working with C

0

altogether, but this will be

less eÆ
ient sin
e the analogue of the Newton iteration (7) is more involved.

Sin
e C

0

has dimension one, the only non-trivial Monsky-Washnitzer 
oho-

mology groups are H

0

(A=K) and H

1

(A=K). Finding a basis for H

0

(A=K) is

easy sin
e by de�nition H

0

(A=K) := Kerd

0

, with d

0

the derivation from A

y

into D

1

A

y

, whi
h implies that H

0

(A=K) is a one dimensional K-ve
torspa
e.

The 
ase H

1

(A=K) is more diÆ
ult and pro
eeds in two steps. Kedlaya �rst


onstru
ts a basis for the algebrai
 de Rham 
ohomology of A and devises re-

du
tion formulae to express any di�erential form on this basis. Then he proves

that these formulae lead to a 
onvergent pro
ess when applied to the de Rham


ohomology of A

y

, i.e. H

1

(A=K) and 
on
ludes that the basis for the algebrai


de Rham 
ohomology also is a basis for H

1

(A=K).

The de Rham 
ohomology of A splits into eigenspa
es under the hyperellipti


involution: a positive eigenspa
e generated by x

i

=y

2

dx for i = 0; : : : ; 2g and a

negative eigenspa
e generated by x

i

=y dx for i = 0; : : : ; 2g�1. Using the equation

of the 
urve, any di�erential form 
an be written as

P

B

L

k=�B

U

P

2g

i=0

a

i;k

x

i

=y

k

dx

with a

i;k

2 K and B

U

; B

L

2 N. Sin
e Q(x) has no repeated roots, we 
an always

write an arbitrary polynomial P (x) 2 K[x℄ as P (x) = S(x)Q(x) + T (x)Q

0

(x).

Using the fa
t that d(T (x)=y

s�2

) is exa
t, one obtains

P (x)

y

s

dx �

�

S(x) +

2T

0

(x)

(s� 2)

�

dx

y

s�2

; (8)

where � means equality modulo exa
t di�erentials. This 
ongruen
e 
an be used

to redu
e everything to the 
ase k = 1 and k = 2. A di�erential P (x)=y dx with

degP (x) = m � 2g 
an be redu
ed by repeatedly subtra
ting suitable multiples

of the exa
t di�erential d(x

i�2g

y) for i = m; : : : 2g. Finally, it is 
lear that the

di�erential P (x)=y

2

dx is 
ongruent to (P (x) mod Q(x))=y

2

dx modulo exa
t

di�erentials.

Kedlaya then proves two lemmata whi
h bound the denominators introdu
ed

during the above redu
tion pro
ess. The result is as follows: let A(x) 2 R[x℄ be

a polynomial of degree at most 2g, then for k 2 Z the redu
tion of A(x)y

2k+1

dx

be
omes integral upon multipli
ation by p

b

log

p

(2jkj+1)




. This implies that the

redu
tion pro
ess 
onverges for elements of D

1

(A

y

).

5



The �nal step in the algorithm 
onsists of 
omputing the a
tion indu
ed by �

on a basis of H

1

(A=K). Using the Lefs
hetz �xed point theorem, Kedlaya shows

that it is suÆ
ient to 
ompute the matrix M through whi
h � a
ts on the anti-

invariant part H

1

(A=K)

�

of H

1

(A=K). Therefore we only need to 
ompute

(x

i

=y dx)

�

= px

p(i+1)�1

=y

�

dx for i = 0; : : : ; 2g � 1. Using the aforementioned

redu
tion pro
ess we express (x

i

=y dx)

�

on the basis of H

1

(A=K)

�

and 
om-

pute the matrix M . The 
hara
teristi
 polynomial of Frobenius 
an then be

re
overed from the 
oeÆ
ients of the 
hara
teristi
 polynomial of the matrix

MM

�

� � �M

�

n�1

through whi
h the Frobenius F = �

n

a
ts on H

1

(A=K)

�

.

3.2 Cohomology of Hyperellipti
 Curves over F

2

n

Let F

q

be a �nite �eld with q = 2

n

elements and �x an algebrai
 
losure F

q

.

Consider the smooth aÆne hyperellipti
 
urve C of genus g de�ned by the equa-

tion

C : y

2

+ h(x)y = f(x) ; (9)

with h(x); f (x) 2 F

q

[x℄, f(x) moni
 of degree 2g + 1 and deg h(x) � g. Write

h(x) as 
 �

Q

s

i=0

(x � �

i

)

m

i

with �

i

2 F

q

, 
 2 F

q

n f0g the leading 
oeÆ
ient

of h(x) and de�ne H(x) =

Q

s

i=0

(x � �

i

) 2 F

q

[x℄. If h(x) is a 
onstant, we set

H(x) = 1. Without loss of generality we 
an assume that H(x) jf (x). Indeed, the

isomorphism de�ned by x 7! x and y 7! y +

P

s

i=0

b

i

x

i

transforms the 
urve in

y

2

+ h(x)y = f(x)�

s

X

i=0

b

2

i

x

2i

� h(x)

s

X

i=0

b

i

x

i

: (10)

The polynomial H(x) will divide the right hand side of the above equation if and

only if f(�

j

) =

P

s

i=0

b

2

i

��

2i

j

for j = 0; : : : ; s. This is a system of linear equations in

the indeterminates b

2

i

and its determinant is a Vandermonde determinant. Sin
e

the �

j

are the zeros of a polynomial de�ned over F

q

, the system of equations is

invariant under the q-th power Frobenius automorphism F and it follows that

the b

2

i

and therefore the b

i

are elements of F

q

. We 
on
lude that we 
an always

assume that H(x) jf(x).

Let � : C(F

q

) ! A

1

(F

q

) be the proje
tion on the x-axis. It is 
lear that �

rami�es at the points (�

i

; 0) 2 F

q

� F

q

for i = 0; : : : ; s where H(�

i

) = 0. Note

that the ordinate of these points is zero, sin
e we assumed that H(x) jf(x). Let

C

0

be the 
urve obtained from C by removing the rami�
ation points (�

i

; 0) for

i = 0; : : : ; s. Then the 
oordinate ring A of C

0

is

F

q

[x; y;H(x)

�1

℄=(y

2

+ h(x)y � f(x)) (11)

Analogous to the odd 
hara
teristi
 
ase, it is not really ne
essary to work with

the aÆne 
urve C

0

instead of C , but again it turns out to be more eÆ
ient. The


oordinate ring of C

0


ontains the inverse of H(x) whi
h will enable us to 
hoose

a parti
ular lift of the Frobenius endomorphism F of A.

6



Let K be a degree n unrami�ed extension of Q

2

with valuation ring R and

residue �eld R=2R = F

q

. Write h(x) = 
 �

Q

r

i=0

P

i

(x)

t

i

, where the P

i

(x) are

moni
 irredu
ible over F

q

. Let D = max

i

t

i

, then h(x) divides H(x)

D

, sin
e

we have the identity H(x) =

Q

r

i=0

P

i

(x). Lift P

i

(x) for i = 0; : : : ; r to any

moni
 polynomial P

i

(x) 2 R[x℄. De�ne H(x) =

Q

r

i=0

P

i

(x) and h(x) = 
 �

Q

r

i=0

P

i

(x)

t

i

, with 
 any lift of 
 to R. Sin
e H(x) divides f(x) we 
an de�ne

Q

f

(x) = f(x)=H(x). Let Q

f

(x) 2 R[x℄ be any moni
 lift of Q

f

(x) and �nally

set f(x) = H(x)Q

f

(x). The result is that we have now 
onstru
ted a lift C of

the 
urve C to R de�ned by the equation

C : y

2

+ h(x)y = f(x) : (12)

Note that due to the 
areful 
onstru
tion of C we have the following properties:

H(x) jh(x), H(x) jf(x) and h(x) jH(x)

D

. Let K

ur

be the maximal unrami�ed

extension of K with valuation ring R

ur

. For k = 0; : : : ; s, let �

k

be the zeros of

H(x) and note that these are units in R

ur

. Furthermore, let � : C(K) ! A

1

(K)

be the proje
tion on the x-axis, then the (�

k

; 0) are rami�
ation points of �.

Consider the 
urve C

0

obtained from C by deleting the rami�
ation points

(�

k

; 0) for k = 0; : : : ; s, then the 
oordinate ring A of C

0

is

R[x; y;H(x)

�1

℄=(y

2

+ h(x)y � f(x)) (13)

and there exists an involution { on A whi
h sends x to x and y to �y�h(x). Let

A

y

denote the weak 
ompletion of A. Using the equation of the 
urve, we 
an

represent any element of A

y

as a series

P

+1

i=�1

(U

i

(x) + V

i

(x)y)S(x)

i

, with the

degree of U

i

(x) and V

i

(x) smaller that the degree of S(x), where S(x) = H(x) if

degH(x) > 0 and S(x) = x ifH(x) = 1. The growth 
ondition on the dagger ring

implies that there exist real numbers Æ and � > 0 su
h that ord

2

(U

i

(x)) � ��jij+Æ

and ord

2

(V

i

(x)) � � � ji+1j+ Æ, where ord

2

(P (x)) is de�ned as min

j

ord

2

(p

j

) for

P (x) =

P

p

j

x

j

2 K[x℄.

Lift the 2-power Frobenius � on F

q

to the Frobenius substitution � on R. We

extend � to an endomorphism of A

y

by mapping x to x

2

and y to y

�

, with

(y

�

)

2

+ h(x)

�

y

�

� f(x)

�

= 0 and y

�

� y

2

mod 2: (14)

Using Newton lifting we 
an 
ompute the solution to the above equations as an

element of the 2-adi
 
ompletion of A as

W

k+1

�W

k

�

W

2

k

+ h(x)

�

W

k

� f(x)

�

2W

k

+ h(x)

�

mod 2

k+1

: (15)

The only remaining diÆ
ulty in the above Newton iteration is that we have to

invert 2W

k

+ h(x)

�

in the ring A

1

. Sin
e h(x) jH(x)

D

, it makes sense to de�ne

Q

H

(x) := H(x)

D

=h(x) and we 
learly have 1=h(x) = Q

H

(x)=H(x)

D

. We 
an

now 
ompute the inverse of 2W

k

+ h(x)

�

as

Q

H

(x)

2

H(x)

2D

�

�

1 +

Q

H

(x)

2

(2W

k

+h(x)

�

�h(x)

2

)

H(x)

2D

�

: (16)
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Note that h(x)

�

� h(x)

2

mod 2, whi
h implies that the denominator in the

above formula is invertible in A

1

. Contrary to the odd 
hara
teristi
 
ase it

is not immediately 
lear that the solution W := lim

k!+1

W

k

is an element

of A

y

. The existen
e of su
h a solution follows immediately from a theorem by

Bos
h [4℄, but sin
e we need an expli
it estimate of the rate of 
onvergen
e, we

prove the following lemma.

Lemma 1 For k � 1, let W

k

=

P

A

k

i=�L

k

U

i

(x)S(x)

i

+

P

B

k

i=�L

k

V

i

(x)S(x)

i

y 2 A,

with S(x) = H(x) if degH(x) > 0 and S(x) = x if H(x) = 1, satisfy

W

2

k

+ h(x)

�

W

k

� f(x)

�

� 0 mod 2

k

and W

k

� y

2

mod 2 (17)

with ord

2

(U

i

(x)) < k for �L

k

� i � A

k

and ord

2

(V

i

(x)) < k for �L

k

� i � B

k

.

Then A

k

, B

k

and L

k


an be bounded for k � 1 as

A

k

� 2k(d

f

S

� 2d

h

S

) + 2d

h

S

;

B

k

� 2(k � 1)(d

f

S

� 2d

h

S

) + (d

f

S

� d

h

S

);

L

k

� 4kD � 2D;

(18)

with d

f

S

:= deg f(x)= degS(x) and d

h

S

:= deg h(x)= degS(x).

Proof: The lemma is 
learly valid for k = 1 sin
e W

1

= f(x) � h(x)y whi
h

implies that A

1

� d

f

S

, B

1

� d

h

S

and L

1

� 0. The Newton iteration (15) 
an be

rewritten as

h(x)

2

W

k+1

� �W

2

k

+ (h(x)

2

� h(x)

�

)W

k

+ f(x)

�

mod 2

k+1

: (19)

Let �

k

(x) :=

P

A

k

i=�L

k

U

i

(x)S(x)

i

and �

k

(x) :=

P

B

k

l=�L

k

V

i

(x)S(x)

i

su
h that

W

k

= �

k

(x) + �

k

(x)y. Note that W

k

�W

k�1

mod 2

k�1

, so we 
an de�ne

�

�;k

(x) :=

�

k

(x)� �

k�1

(x)

2

k�1

and �

�;k

(x) :=

�

k

(x)� �

k�1

(x)

2

k�1

; (20)

for k � 1 and �

�;0

(x) := �

�;0

(x) := 0. It is 
lear that W

k


an be written as

W

k

= �

�;1

+2�

�;2

+ � � �+2

k�1

�

�;k

+y

�

�

�;1

+ 2�

�;2

+ � � �+ 2

k�1

�

�;k

�

: (21)

Plugging this into the Newton iteration gives the following equation

h(x)

2

W

k+1

� �

X

1�i<j

i+j�1<k+1

2

i+j�1

(�

�;i

�

�;j

+ (f(x)� h(x)y)�

�;i

�

�;j

)

� y

X

i+j�1<k+1

2

i+j�1

�

�;i

�

�;j

�

X

2(i�1)<k+1

2

2(i�1)

�

�

2

�;i

+ (f(x)� h(x)y)�

2

�;i

�

+ (h(x)

2

� h(x)

�

)

X

i<k+1

2

i�1

(�

�;i

+�

�;i

y) + f(x)

�

mod 2

k+1

: (22)
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By de�nition Q

H

(x)h(x) = H(x)

D

, whi
h implies 1=h(x)

2

= Q

H

(x)

2

=H(x)

2D

and degQ

H

(x) = D degH(x)�deg h(x). Sin
e deg�

�;i

� A

i

and deg�

�;i

� B

i

,

we 
on
lude that A

k+1

is less than or equal to

max

�

max

i+j<k+2

(A

i

+A

j

; B

i

+B

j

+ d

f

S

); max

2i<k+3

(2A

i

; 2B

i

+ d

f

S

);

max

i<k+1

A

i

+ 2d

h

S

; 2d

f

S

�

� 2d

h

S

: (23)

Using the bounds given in (18) for A

i

and B

i

we see that A

k+1

also satis�es the

bounds (18). A similar reasoning 
an be used to prove that B

k+1

and L

k+1

also

satisfy the given bounds. �

The previous lemma indeed shows that we 
an lift the q-power Frobenius

F to an endomorphism F on the dagger ring A

y

; it suÆ
es to take F := �

n

.

Before we 
an a
tually 
ompute the zeta fun
tion using the Lefs
hetz �xed point

theorem, we need to determine a basis of the K-ve
torspa
e H

1

(A=K).

Analogous to the odd 
hara
teristi
 
ase, the algebrai
 de Rham 
ohomology

H

1

DR

(A=K) of A splits into eigenspa
es under the hyperellipti
 involution. The

positive eigenspa
e H

1

DR

(A=K)

+

is generated by x

i

=H(x)dx for i = 0; : : : ; s and

the negative eigenspa
eH

1

DR

(A=K)

�

is generated by x

i

y dx for i = 0; : : : ; 2g � 1.

Note that the positive eigenspa
e 
orresponds to the deleted rami�
ation points

(�

k

; 0) for k = 0; : : : ; s. Every element of H

1

DR

(A=K) 
an be written as a lin-

ear 
ombination of di�erentials of the form x

k

H(x)

m

y

l

dx, x

k

H(x)

m

y

l

dy with

k; l 2 N and m 2 Z. Using the equation of the 
urve, we 
an redu
e to the


ase l = 0 or 1. Sin
e d(x

k

H(x)

m

y) and d(x

k

H(x)

m

y

2

) are exa
t, we 
on-


lude that H

1

DR

(A=K) is generated by di�erentials of the form x

k

H(x)

m

dx

and x

k

H(x)

m

y dx with k 2 N and m 2 Z.

It is 
lear that x

k

H(x)

m

dx is exa
t for k 2 N and m � 0. If degH(x) > 0

and m < 0 we 
an assume that 0 � k < degH(x) and sin
e H(x) is squarefree

we 
an write x

k

as A(x)H(x) +B(x)H

0

(x), whi
h leads to

x

k

H(x)

m

dx = A(x)H(x)

m+1

dx+B(x)H

0

(x)H(x)

m

dx : (24)

Sin
e d(B(x)H(x)

m+1

) is exa
t we 
an redu
e the above di�erential further for

m < �1 by using the relation

B(x)H

0

(x)H(x)

m

dx � �

B

0

(x)H(x)

m+1

m+ 1

dx ; (25)

where�means equality modulo exa
t di�erentials. As a result we 
an now redu
e

any form x

k

H(x)

m

dx to a linear 
ombination of the di�erentials x

i

=H(x)dx for

i = 0; : : : ; s.

For m > 0 we 
an redu
e the di�erential form x

k

H(x)

m

y dx for k 2 N if we

know how to redu
e the form x

i

y dx for i 2 N. Rewriting the equation of the


urve as (2y + h(x))

2

= 4f(x) + h(x)

2

and di�erentiating both sides leads to

9



(2y + h(x))d(2y + h(x)) = (2f

0

(x) + h(x)h

0

(x))dx. Furthermore, for all j � 1,

we have the following relations

x

j

(2f

0

(x) + h(x)h

0

(x))(2y + h(x))dx = x

j

(2y + h(x))

2

d(2y + h(x))

� �

1

3

(2y + h(x))

3

dx

j

= �

j

3

x

j�1

(4f(x) + h(x)

2

)(2y + h(x))dx :

Sin
e P (x)h(x)dx is exa
t for any polynomial P (x) 2 K[x℄, we �nally obtain

that

�

x

j

(2f

0

(x) + h(x)h

0

(x)) +

j

3

x

j�1

(4f(x) + h(x)

2

)

�

y dx � 0 :

The polynomial between bra
kets has degree 2g+ j and its leading 
oeÆ
ient is

2(2g + 1) + 4j=3 6= 0. Note that the formula is also valid for j = 0. This means

that we 
an redu
e x

i

y dx for any i � 2g by subtra
ting a suitable multiple of

the above di�erential for j = i� 2g.

For m < 0 we need an extra tri
k to redu
e the form x

k

H(x)

m

y dx with

k 2 N. Re
all that Q

f

(x) = f(x)=H(x) and sin
e the 
urve is non-singular,

we 
on
lude that g
d(Q

f

(x); H(x)) = 1. Furthermore, H(x) has no repeated

roots whi
h implies g
d(H(x); Q

f

(x)H

0

(x)) = 1. Let i = �m > 0, then we 
an

partially redu
e x

k

y=H(x)

i

dx by writing x

k

as A(x)H(x) + B(x)Q

f

(x)H

0

(x),

whi
h leads to

x

k

H(x)

i

y dx =

A(x)

H(x)

i�1

y dx+

B(x)Q

f

(x)H

0

(x)

H(x)

i

y dx : (26)

The latter di�erential form 
an be redu
ed using the following 
ongruen
e

B(x)

H(x)

i

(2f

0

(x) + h(x)h

0

(x))(2y + h(x))dx =

B(x)

H(x)

i

(2y + h(x))

2

d(2y + h(x))

� �

1

3

(2y + h(x))

3

d

�

B(x)

H(x)

i

�

:

(27)

Substituting the expressions h(x) = Q

h

(x)H(x), f(x) = Q

f

(x)H(x) and

(2y + h(x))

2

= 4f(x) + h(x)

2

, we get

B(x)Q

f

(x)H

0

(x)

H(x)

i

y dx �

B(iH

0

Q

2

h

� 6Q

0

f

� 3Q

h

h

0

)�B

0

(4Q

f

+Q

h

h)

(6� 4i)H

i�1

y dx+

I

H

dx ; (28)

where I(x)=H(x)dx is a suitable invariant di�erential. As a result we 
an write

any form x

k

H(x)

m

y dx for k 2 N and m 2 Z as a linear 
ombination of the

di�erentials x

i

y dx for i = 0; : : : ; 2g � 1 and x

i

=H(x)dx for i = 0; : : : ; s.
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To show that the Monsky-Washnitzer 
ohomology H

1

(A=K) is generated by

the same di�erential forms as the algebrai
 de Rham 
ohomology, we need to

bound the denominators introdu
ed during the redu
tion pro
ess. Therefore we

prove the following two lemmata.

Lemma 2 Let A := R[x; y℄=(y

2

+ h(x)y � f(x)) and suppose that

x

r

y dx =

2g�1

X

i=0

a

i

x

i

y dx+ dS; (29)

with r 2 N, a

i

2 K and S 2 A 
 K. Then 2

m

a

i

2 R, 2

m

0

S � � 2 A, where

m = 3 + blog

2

(r + g + 1)
, m

0

= 1 + m + blog

2

(2g + deg h(x))
 and � some

suitable element in K.

Proof: The proof has two distin
t parts. The �rst part is similar to Kedlaya's

argument in [15, Lemma 3℄, and is based on a lo
al analysis around the point at

in�nity of the 
urve C. Put t = x

g

=y, then one easily veri�es that

x = t

�2

0

�

1 +

1

X

j=1

�

j

t

j

1

A

and y = t

�2g�1

0

�

1 +

1

X

j=1

�

j

t

j

1

A

; (30)

with �

j

; �

j

2 R. To see this, put z = 1=x, rewrite the equation of the 
urve C

as z + tz

g+1

h(1=z)� t

2

z

2g+1

f(1=z) = 0 and write z as a power series in t using

Newton iteration. The relation (29) 
an be rewritten as

2

m�1

x

r

(2y + h(x)) dx =

2g�1

X

i=0

2

m�1

a

i

x

i

(2y + h(x)) dx+ dT; (31)

with T 2 A 
 K. Considering the involution { of A whi
h sends x to x and

2y+ h(x) to �(2y+ h(x)), we see that we 
an write T =

P

N

i=0

A

i

x

i

(2y+ h(x)),

with N big enough and A

i

2 K. This yields

2

m�1

x

r

(2y + h(x)) dx�

2g�1

X

i=0

2

m�1

a

i

x

i

(2y + h(x)) dx

= d

 

N

X

i=0

A

i

x

i

(2y + h(x))

!

: (32)

In the above equation we express x and y in terms of t using equalities (30).

Sin
e x

i

y = t

�2i�2g�1

+ � � � , we get x

i

(2y + h(x)) dx = (�4t

�2i�2g�4

+ � � � ) dt,

whi
h yields

2

m�1

X

j=�max(2r+2g+4;6g+2)




j

t

j

dt

= d

 

N

X

i=0

2A

i

(t

�2i�2g�1

+ � � � ) +A

i

(
 t

�2i�2 deg h(x)

+ � � � )

!

; (33)
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with 


j

2 K for all j and 


j

2 R when j < �2(2g � 1) � 2g � 4 = �6g � 2

and 
 the leading 
oeÆ
ient of h(x). Note that 
 is a unit in R. Integrating with

respe
t to t and dividing by 2 gives

X

j��max(2r+2g+3;6g+1)




0

j

t

j

=

N

X

i=0

A

i

(t

�2i�2g�1

+ � � � )+

N

X

i=0

A

i

2

(
 t

�2i�2 degh(x)

+ � � � );

(34)

with 


0

j

2 K for all j and 


0

j

2 R when j < �6g � 1. Indeed the integration

pro
ess introdu
es denominators whi
h be
ome integral after multipli
ation with

2

blog(2r+2g+2)


= 2

m�2

if r � 2g � 1. A �rst 
onsequen
e of (34) is that A

i

= 0

for all i > max(r+1; 2g). We 
laim that (34) implies that A

i

2 R for all i > 2g.

Suppose the 
laim is false. Then let i

0

be the largest integer with i

0

> 2g and

A

i

0

62 R. Note that �2i

0

�2g�1 < �6g�1, sin
e i

0

> 2g. Hen
e the monomials

in the left hand side of (34) with degree � �2i

0

� 2g � 1 have 
oeÆ
ients in R.

Moreover the monomials of degree < �2i

0

� 2g� 1, in the �rst sum in the right

hand side of (34) also have 
oeÆ
ients in R, but this is false for the monomial of

degree �2i

0

�2g�1. Hen
e the se
ond sum in the right hand side of (34) 
ontains

a monomial of degree �2i

0

� 2g � 1 whose 
oeÆ
ient is not in R. That means

that there is a maximal i

1

with A

i

1

=2 62 R and �2i

1

�2 degh(x) � �2i

0

�2g�1.

Be
ause of parity we have that �2i

1

�2 degh(x) < �2i

0

�2g�1. Sin
e 
 is a unit,

the right hand side of (34) 
ontains a monomial of degree �2i

1

� 2 degh(x) <

�2i

0

� 2g � 1 whose 
oeÆ
ient is not in R. But this 
ontradi
ts what we said

about the left hand side. This �nishes the 
laim that A

i

2 R for all i > 2g.

We now turn to the se
ond part of the proof. Note that (2y + h(x))

2

=

v(x) with v(x) := 4f(x) + h(x)

2

. Moreover, d(2y + h(x)) =

w(x)

2y+h(x)

dx, where

w(x) := 2f

0

(x) + h(x)h

0

(x). We will use these formulae to dedu
e from (32)

a relation whi
h does not involve y. For this purpose we multiply (32) with

2y+h(x)

dx

=

w(x)

d(2y+h(x))

obtaining

2

m�1

x

r

v(x) �

2g�1

X

i=0

2

m�1

a

i

x

i

v(x) =

N

X

i=0

A

i

ix

i�1

v(x) +

N

X

i=0

A

i

x

i

w(x): (35)

We rewrite this in the form

 

2g�1

X

i=0

2

m�1

a

i

x

i

!

v(x) +

 

2g

X

i=0

A

i

ix

i�1

!

v(x) +

 

2g

X

i=0

A

i

x

i

!

w(x) = F (x); (36)

where

F (x) := 2

m�1

x

r

v(x) �

N

X

i=2g+1

A

i

ix

i�1

v(x) �

N

X

i=2g+1

A

i

x

i

w(x) (37)

is a polynomial over R, sin
e A

i

2 R for all i > 2g. From equations (36) and (37)

it follows that

P

2g

i=0

A

i

�

i

k

has valuation � 0 for ea
h root �

k

of H(x), be
ause

12



v(�

k

) = 0 and w(�

k

) 6= 0. To get rid of the disturbing fa
tor 2 in the de�nition

of w(x), we 
onsider q(x) := h

0

(x)H(x)=h(x) 2 R[x℄ and u(x) :=

1

2

(w(x) �

q(x)v(x)=H(x)) = f

0

(x) � 2q(x)f(x)=H(x). Note that u(x) 2 R[x℄, deg q(x) =

max(0; degH(x)� 1), deg u(x) = 2g and that the leading 
oeÆ
ient of u(x) is a

unit in R. Rewrite equation (36) in su
h a way that w(x) gets repla
ed by u(x):

 

2g�1

X

i=0

2

m�1

a

i

x

i

+

2g

X

i=0

A

i

ix

i�1

+

q(x)

H(x)

2g

X

i=0

A

i

x

i

!

v(x)

+

 

2g

X

i=0

2A

i

x

i

!

u(x) = F (x): (38)

Write q(x)

P

2g

i=0

A

i

x

i

= H(x)

P

2g�1

i=0

B

i

x

i

+ Rem(x), with Rem(x) 2 K[x℄ of

degree < degH(x). Sin
e

P

2g

i=0

A

i

�

i

k

has valuation � 0 for ea
h root �

k

of H(x),

the same holds for Rem(�

k

). Thus Rem(x) 2 R[x℄ sin
e the dis
riminant of H(x)

is a unit in R. Hen
e

 

2g�1

X

i=0

�

2

m�1

a

i

+ (i+ 1)A

i+1

+B

i

�

x

i

!

v(x) +

 

2g

X

i=0

2A

i

x

i

!

u(x)

= F (x) �

Rem(x)v(x)

H(x)

: (39)

We 
onsider (39) as a system of 4g+1 linear equations in the unknowns 2

m�1

a

i

+

(i + 1)A

i+1

+ B

i

for i = 0; : : : ; 2g � 1 and 2A

i

for i = 0; : : : ; 2g. The determi-

nant of this system is the resultant Res(v(x); u(x)) of v(x) and u(x) be
ause

deg v(x) = 2g + 1 and deg u(x) = 2g. This resultant is a unit in R be
ause the

valuation of v(�) is zero for ea
h root � of u(x), sin
e the resultant of f

0

(x) and

h(x) is a unit. We 
on
lude that the solutions of the linear system are elements

of R, thus 2A

i

2 R and 2

m�1

a

i

+(i+1)A

i+1

+B

i

2 R. From the de�nition of the

B

i

it follows that 2B

i

2 R sin
e 2A

i

2 R and Rem(x) 2 R[x℄. Hen
e 2

m

a

i

2 R,

whi
h 
on
ludes the proof of Lemma 2. �

Remark Lemma 2 remains valid when we repla
e

P

2g�1

i=0

by

P

2g�1+�

i=�

whenever

r � � 2 N. The proof is the same, ex
ept that we also have to show that A

i

= 0

for all i < �. This follows from (32) using a lo
al analysis at a point on the 
urve

with x = �

k

. Su
h a lo
al analysis is given in the proof of Lemma 3 below.

Lemma 3 Let A := R[x; y;H(x)

�1

℄=(y

2

+ h(x)y� f(x)) with deg h(x) > 0 and

suppose that

B(x)

H(x)

r

y dx =

2g�1

X

i=0

a

i

x

i

y dx+

s

X

i=0

b

i

x

i

H(x)

dx+ dS; (40)

where r 2 N, B(x) 2 R[x℄ of degree < degH(x), a

i

; b

i

2 K and S 2 A 
 K.

Then 2

m

a

i

2 R, 2

m

0

b

i

2 R, 2

m

0

S � � 2 A, with m = 3 + blog

2

(r + 1)
, m

0

=

1 +m+ blog

2

(2g + degh(x))
 and � some suitable element in K.

13



Proof: The proof again 
onsists of two distin
t parts. The �rst part is similar

to Kedlaya's argument in [15, Lemma 2℄ and is based on a lo
al analysis around

the rami�
ation points (�

k

; 0) for k = 0; : : : ; s. In the 
ompletion of the lo
al

ring of the 
urve at (�

k

; 0) we 
an write

x� �

k

= 


k;2

y

2

+

X

j�3




k;j

y

j

; (41)

with 


k;j

2 R

ur

and 


k;2

a unit in R

ur

. Indeed, to see this write h(x) and f(x) as

a Taylor expansion around �

k

and use the equation of the 
urve and the 
ondition

f

0

(�

k

) 6= 0 mod 2, to express x��

k

as a power series in y using Newton iteration.

Applying the involution { to equation (40), we see that this relation implies

2

m�1

B(x)H(x)

�r

(2y + h(x)) dx�

2g�1

X

i=0

2

m�1

a

i

x

i

(2y + h(x)) dx

= d

 

M

X

i=�N

B

i

(x)H(x)

i

(2y + h(x))

!

; (42)

with N and M large enough integers. Expressing x � �

k

in terms of y, we get

B

i

(x)H(x)

i

= u

k;i

B

i

(�

k

)y

2i

+ � � � with u

k;i

a unit in R

ur

. Substituting this in

equation (42) and dividing by 2 we obtain

2

m�2

X

j��2r+2




0

k;j

y

j

dy

= d

 

M

X

i=�N

(u

k;i

B

i

(�

k

)y

2i+1

+ � � � ) + (

u

k;i

B

i

(�

k

)

2




m

k

k;2

h

(m

k

)

(�

k

)

m

k

!

y

2i+2m

k

+ � � � )

!

(43)

with 


0

k;j

2 K

ur

for all j and 


0

k;j

2 R

ur

when j � 1. Integrating the left

hand side of this equation with respe
t to y yields a series whose terms of de-

gree � 2 have 
oeÆ
ients in R

ur

. The leading term of the right hand side is

u

k;�N

B

�N

(�

k

)y

�2N+1

, whi
h implies that B

�N

(�

k

) is integral for k = 0; : : : ; s.

Sin
e the dis
riminant of H(x) is a unit in R we 
on
lude that B

�N

(x) has inte-

gral 
oeÆ
ients. Bringing the integral terms to the left hand side and repeating

the same argument, shows that B

i

(x) 2 R[x℄ for i = �N; : : : ; 0. This terminates

the �rst part of the proof.

The se
ond part of the proof pro
eeds along the same lines as in Lemma 2.

Rewrite the sum

P

M

i=1

B

i

(x)H(x)

i

(2y + h(x)) as

P

M

0

i=0

A

i

x

i

(2y + h(x)) with

M

0

2 N and A

i

2 K. Using the same formulae as in Lemma 2 we dedu
e

from (42) a relation whi
h does not involve y by multiplying both sides with

14



2y+h(x)

dx

=

w(x)

d(2y+h(x))

, whi
h leads to

2

m�1

B(x)

H(x)

r

v(x)�

2g�1

X

i=0

2

m�1

a

i

x

i

v(x) =

0

X

i=�N

B

i

(x)H(x)

i

w(x)+

M

0

X

i=0

A

i

x

i

w(x)

+

0

X

i=�N

�

B

i

(x)iH(x)

i�1

H

0

(x) +B

0

i

(x)H(x)

i

�

v(x) +

M

0

X

i=0

A

i

ix

i�1

v(x) : (44)

Comparing the valuation at in�nity of both sides shows that A

i

= 0 for i > 2g.

We 
an therefore rewrite the above equation in the form

 

2g�1

X

i=0

2

m�1

a

i

x

i

!

v(x) +

 

2g

X

i=0

A

i

ix

i�1

!

v(x) +

 

2g

X

i=0

A

i

x

i

!

w(x) = F (x); (45)

where

F (x) := 2

m�1

B(x)

H(x)

r

v(x)�

0

X

i=�N

B

i

(x)H(x)

i

w(x)

�

0

X

i=�N

(B

i

(x)iH(x)

i�1

H

0

(x) +B

0

i

(x)H(x)

i

)v(x) (46)

is a polynomial over R sin
e the B

i

(x) 2 R[x℄ for i = �N; : : : ; 0 and the left-

hand side of (45) is a polynomial. The lo
al analysis around (�

k

; 0) shows that

P

2g

i=0

A

i

�

i

k

has valuation � 0 for k = 0; : : : ; s. It is now easy to see that the rest

of the proof is exa
tly the same as in the proof of Lemma 2, hen
e 2

m

a

i

2 R

and this 
on
ludes the proof of Lemma 3. �

Remark Lemma 3 remains valid when we repla
e the term

P

2g�1

i=0

a

i

x

i

y dx in

equation (40) by

P

���

i=��

C

i

(x)H(x)

i

y dx, with � = b(2g � 1)= degH(x)
 and

C

i

(x) 2 K[x℄ of degree < degH(x) whenever r � � 2 N. The proof is exa
tly

the same.

Remark If r = 0, then in the above proof the B

i

(x) are zero for all i � 0,

and for 0 � i � 2g � 1 the a

i

are 
ompletely determined by (45) as we saw by


onsidering resultants. This shows that the x

i

y dx for i = 0; : : : ; 2g � 1 and the

x

i

H(x)

dx for i = 0; : : : ; s are linearly independent in H

1

DR

(A=K).

Lemma 2 and 3 show that the basis for H

1

DR

(A=K) is a generating set for

H

1

(A=K), sin
e the redu
tion pro
ess 
onverges. Indeed, for

P

k;l

a

k;l

x

k

S(x)

l

y 2

A

y

with k; l 2 Z and 0 � k < degS(x) the valuation of a

k;l

grows as a linear

fun
tion of jlj, while the valuation of the denominators introdu
ed during the

redu
tion pro
ess are only logarithmi
 in jlj.

The Monsky-Washnitzer 
ohomology H

1

(A=K) is the dire
t sum of the

{-invariant part H

1

(A=K)

+

on whi
h { a
ts trivially and the {-anti-invariant
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part H

1

(A=K)

�

on whi
h { a
ts as multipli
ation by �1. Let r

k

be the num-

ber of rami�
ation points (�; 0) de�ned over F

q

k , then the Lefs
hetz �xed point

formula applied to C

0

gives

#C(F

q

k )� r

k

= #C

0

(F

q

k )

= Tr

�

q

k

F

�k

�

jH

0

(A=K)

�

� Tr

�

q

k

F

�k

�

jH

1

(A=K)

�

= q

k

� Tr

�

q

k

F

�k

�

jH

1

(A=K)

+

�

� Tr

�

q

k

F

�k

�

jH

1

(A=K)

�

�

= q

k

� r

k

� Tr

�

q

k

F

�k

�

jH

1

(A=K)

�

�

:

Let

e

C be the unique smooth proje
tive 
urve birational to C, then

#

e

C(F

q

k ) = q

k

+ 1� Tr

�

q

k

F

�k

�

jH

1

(A=K)

�

�

= q

k

+ 1�

2g

X

i=1

�

k

i

;

where �

i

are the eigenvalues of qF

�1

�

on H

1

(A=K)

�

. By the Weil 
onje
tures

there exists a polynomial �(t) 2 Z[t℄ of the form t

2g

+a

1

t

2g�1

+ � � �+a

2g

, whose

roots �

1

; : : : ; �

2g

satisfy �

i

�

g+i

= q for i = 1; : : : ; g, j�

i

j =

p

q for i = 1; : : : ; 2g

and #

e

C(F

q

k ) = q

k

+ 1�

P

2g

i=1

�

k

i

for all k > 0. This implies that we 
an label

the �'s su
h that �

i

= �

i

for i = 1; : : : ; 2g. Sin
e �

i

�

g+i

= q, the �

i

are also

the eigenvalues of F

�

on H

1

(A=K)

�

. It is well known that the zeta fun
tion

Z(

e

C=F

q

; t) 
an be written as

Z(

e

C=F

q

; t) =

t

2g

�(1=t)

(1� t)(1� qt)

:

Therefore, it is suÆ
ient to 
ompute �(t) as the 
hara
teristi
 polynomial of F

�

on H

1

(A=K)

�

.

4 Algorithm and Complexity

Using the formulae of the previous se
tion, we des
ribe an algorithm for 
om-

puting the 
hara
teristi
 polynomial of Frobenius �(t) and the zeta fun
tion of

a smooth proje
tive hyperellipti
 
urve

e

C of genus g over F

q

with q = 2

n

.

4.1 Pre
ision of Computation

We have shown that �(t) = t

2g

+ a

1

t

2g�1

+ � � � + a

2g


an be 
omputed as the


hara
teristi
 polynomial of F

�

on H

1

(A=K)

�

. The Weil 
onje
tures imply that

q

g�i

a

i

= a

2g�i

, so it suÆ
es to 
ompute a

1

; : : : ; a

g

. Furthermore, for i = 1; : : : ; g

the a

i


an be bounded by

ja

i

j �

�

2g

i

�

q

i=2

�

�

2g

g

�

q

g=2

� 2

2g

q

g=2

:
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Therefore it suÆ
es to 
ompute the a
tion of F

�

on a basis of H

1

(A=K)

�

modulo

2

B

with

B �

�

log

2

�

2

�

2g

g

�

q

g=2

��

: (47)

However, it is not suÆ
ient to 
ompute y

�

modulo 2

B

sin
e we need to take

into a

ount the loss of pre
ision introdu
ed during the redu
tion pro
ess of the

di�erential forms.

Let y

�

� �

N

+ �

N

y mod 2

N

and write �

N

=

P

B

N

i=�L

N

V

i

(x)S(x)

i

, then

Lemma 1 implies that L

N

� 4ND�2D and B

N

� 2(N�1)(d

f

S

�2d

h

S

)+(d

f

S

�d

h

S

),

with d

f

S

:= deg f(x)= degS(x) and d

h

S

:= deg h(x)= degS(x).

Algorithm 1 (Hyperellipti
 Zeta Fun
tion)

IN: Hyperellipti
 
urve C over F

q

given by equation y

2

+ h(x)y = f(x).

OUT: The zeta fun
tion Z(

e

C=F

q

; t).

1. B =

l

log

2

�

2

�

2g

g

�

q

g=2

�m

; N �max(


N;1

; 


N;2

) > B;

2. (h(x); f(x); H(x); D) = Lift Curve(h(x); f(x));

3. �

N

; �

N

= Lift Frobenius y(h; f;H;D;N);

4. For i = 0 To 2g � 1 Do

4.1. Red

i

(x) = Redu
e MW Cohomology(2x

2i+1

�

N

; h; f;H;B);

4.2. For j = 0 To 2g � 1 Do M [j℄[i℄ = Coeff(Red

i

; j);

5. M

F

=MM

�

� � �M

�

n�1

mod 2

B

;

6. �(T ) = Chara
teristi
 Pol(M

F

) mod 2

B

;

7. For i = 0 To g Do

7.1. If Coeff(�; 2g� i) >

�

2g

i

�

q

i=2

Then Coeff(�; 2g� i) � = 2

B

;

7.2. Coeff(�; i) = q

g�i

Coeff(�; 2g� i);

8. Return Z(

e

C=F

q

; t) =

t

2g

�(1=t)

(1� t)(1� qt)

.

Sin
e we have to redu
e the forms x

2i+1

y

�

dx for i = 0; : : : ; 2g � 1, the loss of

pre
ision will be determined by the redu
tion of x

4g�1

V

B

N

(x)S(x)

B

N

y dx and

xV

�L

N

S(x)

�L

N

y dx. The highest power of x appearing in the former di�erential

form is less than 2N(deg f(x)�2 degh(x))+6g and by Lemma 2 the loss of pre
i-

sion is bounded by 


N;1

:= 3+blog

2

(2N(deg f(x)� 2 degh(x)) + 7g + 1)
. Simi-

larly, Lemma 3 implies that the loss of pre
ision introdu
ed during the redu
tion

of the latter di�erential form is bounded by 


N;2

:= 3 + blog

2

(4ND � 2D + 1)
.
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As a result, we 
on
lude that it is suÆ
ient to 
ompute modulo 2

N

with

N �max(


N;1

; 


N;2

) > B : (48)

4.2 Detailed Algorithm

The fun
tion Hyperellipti
 Zeta Fun
tion given in Algorithm 1 
omputes the

zeta fun
tion of a smooth proje
tive hyperellipti
 
urve

e

C de�ned over F

q

with

q = 2

n

. Step 1 determines the minimal pre
ision N satisfying inequality (48).

Algorithm 2 (Lift Frobenius y)

IN: Curve C : y

2

+ h(x)y = f(x) over R, polynomial H(x) 2 R[x℄ with

H jh and H jf , D 2 N su
h that hjH

D

and pre
ision N .

OUT: Series �

N

; �

N

2 R[x;H;H

�1

℄ with y

�

� �

N

+ �

N

y mod 2

N

.

1. B = dlog

2

Ne+ 1; T = N ; Q

H

:= H

D

div h;

2. For i = B Down To 1 Do P [i℄ = T ; T = dT=2e;

3. � � f mod 2; � � �h mod 2; 
 = 1; Æ = 0;

4. For i = 2 To B Do

4.1. T

A

�

�

(�+ h

�

) � �+ �

2

� f � f

�

�

�Q

2

H

�H

�2D

mod 2

P [i℄

;

4.2. T

B

� (2�� h � � + h

�

) � � �Q

2

H

�H

�2D

mod 2

P [i℄

;

4.3. D

A

� 1 + (h

�

� h

2

+ 2�) �Q

2

H

�H

�2D

mod 2

P [i�1℄

;

4.4. D

B

� 2� �Q

2

H

�H

�2D

mod 2

P [i�1℄

;

4.5. V

A

� D

A

� 
 +D

B

� Æ � f � 1 mod 2

P [i�1℄

;

4.6. V

B

� D

A

� Æ +D

B

� (
 � Æ � h) mod 2

P [i�1℄

;

4.7. 
 � 
 � (V

A

� 
 + V

B

� Æ � f) mod 2

P [i�1℄

;

4.8. Æ � Æ � (V

A

� Æ + V

B

� (
 � Æ � h)) mod 2

P [i�1℄

;

4.9. � � �� (T

A

� 
 + T

B

� Æ � f) mod 2

P [i℄

;

4.10. � � � � (T

A

� Æ + T

B

� (
 � Æ � h)) mod 2

P [i℄

;

5. Return �

N

= �, �

N

= �.

In step 2 we 
all the subroutine Lift Curve, whi
h �rst 
onstru
ts an isomor-

phi
 
urve su
h that H(x) jh(x) and H(x) jf(x) and lifts the 
urve using the


onstru
tion des
ribed in Se
tion 3.2. The result of this fun
tion is a hyperellip-

ti
 
urve C : y

2

+ h(x)y = f(x) over R, a polynomial H(x) and an integer D

su
h that H(x) jh(x), H(x) jf(x) and h(x) jH(x)

D

. Sin
e this fun
tion is rather

straightforward, we have omitted the pseudo-
ode.
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In step 3 we 
ompute y

�

mod 2

N

using the fun
tion Lift Frobenius y given

in Algorithm 2. The parameters �

N

; �

N

are Laurent series in S(x) with 
oef-

�
ients polynomials over R mod 2

N

of degree < degS(x). This fun
tion im-

plements the Newton iteration (15), but has quadrati
, instead of linear, 
on-

vergen
e. Note that Algorithm 2 is in fa
t a double Newton iteration: � + �y


onverges to y

�

, whereas 
 + Æy is an approximation of the inverse of the de-

nominator (16) in the Newton iteration.

On
e we have determined an approximation of y

�

, we 
ompute the a
tion

of �

�

on the basis of H

1

(A=K)

�

as 2x

2i+1

y

�

dx for i = 0; : : : ; 2g � 1. In step 4

we redu
e these forms using the fun
tion Redu
e MW Cohomology given in Algo-

rithm 3, whi
h is based on the redu
tion formulae devised in Se
tion 3.2. Given

a di�erential Gy dx with G 2 R[x;H;H

�1

℄, this fun
tion 
omputes a polynomial

� 2 K[x℄, with deg� < 2g su
h that for a given pre
ision B we have the follow-

ing equivalen
e modulo exa
t forms and invariant forms �y dx � Gy dx mod 2

B

,

where mod 2

B

means modulo 2

B

(Ry dx+� � �+Rx

2g�1

y dx). The result of step 4

of Algorithm 1 is an approximation modulo 2

B

of the matrix M through whi
h

�

�

a
ts on H

1

(A=K)

�

. In step 5 we 
ompute its norm M

F

as MM

�

� � �M

�

n�1

.

Note that sin
e M is not ne
essarily de�ned over R, we have to 
ompute this

produ
t with a high enough pre
ision to obtain the 
orre
t result.

Algorithm 3 (Redu
e MW Cohomology)

IN: Series G 2 R[x;H;H

�1

℄, polynomials h; f;H 2 R[x℄ and pre
ision B.

OUT: � 2 K[x℄, with deg� < 2g su
h that �y dx � Gy dx mod 2

B

.

1. N �max(


N;1

; 


N;2

) > B;

2. D

G

= degG; V

G

= Valuation(G); D

T

= (D

G

+ 1) � degH; T = 0;

3. For i = D

G

Down To 0 Do T = T �H+ Coeff(G; i) mod 2

N

;

4. For i = D

T

Down To 2g

4.1. P � x

i�2g

(2f

0

+ h � h

0

) +

i�2g

3

x

i�2g�1

(4f + h

2

) mod 2

N

;

4.2. T � T � (Coeff(T; i)�P )= Coeff(P; i) mod 2

N

;

5. Q

f

= f div H; Q

h

= h div H; P = 0;

6. For i = V

G

To �1

6.1. V � P+ Coeff(G,i) mod 2

N

;

6.2. P � V div H mod 2

N

; V � V � P �H mod 2

N

;

6.3. C;L

A

; L

B

= XGCD(V �H, V �Q

f

�H

0

, N);

6.4. P � P + L

A

+

L

B

�(�iQ

2

h

�H

0

�3(2Q

0

f

+Q

h

�h

0

))�L

0

B

�(4Q

f

+Q

h

h)

6+4i

mod 2

N

;

7. Return � � T + P mod 2

B

.
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In steps 6 and 7 we re
over the 
hara
teristi
 polynomial of Frobenius from the

�rst g 
oeÆ
ients of the 
hara
teristi
 polynomial of M

F

. Finally, we return the

zeta fun
tion of the smooth proje
tive hyperellipti
 
urve

e

C birational to C in

Step 8.

4.3 Complexity

In this se
tion we analyze the spa
e and time requirements of Algorithm 1 for

a genus g hyperellipti
 
urve over F

2

n

assuming fast arithmeti
, i.e. multipli
a-

tion of two obje
ts of bit-size O(m) 
an be 
omputed in time O(m

1+"

). Before

pro
eeding through the individual steps of the algorithm, we analyze the 
om-

plexity of the basi
 operations in Algorithm 1 and the asymptoti
 behaviour of

the bounds given in Lemma 1.

For a �xed pre
ision N , let R

N

denote the degree n unrami�ed extension of

Z

2

=2

N

Z

2

. Elements of R

N

are represented as polynomials over Z=2

N

Z modulo

a sparse irredu
ible polynomial P (t) of degree n. Sin
e ea
h element of this ring

requires O(nN) spa
e, we 
an perform the basi
 operations, i.e. multipli
ation

and division, in time O(n

1+"

N

1+"

).

Computing the Frobenius substitution � on R

N


an be a

omplished in time

O(n

2+"

N

1+"

) as follows. Sin
e t is a root of P (t), t

�

will also be a root of P (t) and

t

�

� t

2

mod 2. Therefore, t

�


an be 
omputed using the Newton iteration T

k+1

=

T

k

� P (T

k

)=P

0

(T

k

) initialized with t

2

. Sin
e the Newton iteration 
onverges

quadrati
ally and we 
ompute with the minimal pre
ision in ea
h step, the total


omplexity will be determined by the last step whi
h takes O(n) multipli
ations

in R

N

. Pre
omputing t

�

mod 2

N


an thus be a

omplished in time O(n

2+"

N

1+"

).

After this pre
omputation, we 
an 
ompute the Frobenius substitution of any

element E(t) as E(t

�

), whi
h needs O(n) multipli
ations in R

N

and thus takes

O(n

2+"

N

1+"

) time.

Lemma 1 bounds the maximum bit-size of the Laurent series we 
ompute with

and therefore determines the 
omplexity of Algorithm 1. Sin
e these bounds de-

pend on the degree and splitting type of h(x), we make a distin
tion between

average-
ase and worst-
ase 
omplexity. To this end we introdu
e three param-

eters whi
h allow us to analyze both 
ases simultaneously.

{ Let the asymptoti
 behaviour of deg f(x) � 2 degh(x) be O(g

�

). Sin
e the

degree of f(x) is 2g + 1 and h(x) is a random polynomial of degree � g, we


on
lude that � = 0 on average and � = 1 in the worst 
ase.

{ Let the asymptoti
 behaviour of degH(x) be O(g

�

). With very high prob-

ability a random polynomial of degree � g has O(g) di�erent roots, whi
h

implies that � = 1 on average and � = 0 in the extreme 
ase.

{ Let the asymptoti
 behaviour of D be O(g

�

), then � = 0 on average and

� = 1 in the worst 
ase, sin
e a random polynomial only has roots with

multipli
ity O(1).

The fun
tion Lift Frobenius y in Step 3 of Algorithm 1 is a Newton lifting.

Sin
e the pre
ision doubles in every iteration, we see that its 
omplexity is de-

termined by the last iteration, whi
h 
onsists of O(1) multipli
ations of Laurent
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series in S(x) with 
oeÆ
ients polynomials over R

N

of degree less than degS(x).

Lemma 1 implies that the bit-size of these obje
ts is O((g

�

+ g

�+�

)nN

2

). Sin
e

the 
ost of the other operations in Lift Frobenius y, e.g. 
omputing the Frobe-

nius substitution of O(g) elements of R

N

, is less than the O(1) multipli
ations,

the overall time 
omplexity of Step 3 is O((g

�

+ g

�+�

)

1+"

n

1+"

N

2+"

).

In step 4 of Algorithm 1 we redu
e the 2g di�erential forms 2x

2i+1

�

N

y dx

for i = 0; : : : ; 2g � 1 using the fun
tion Redu
e MW Cohomology given in Algo-

rithm 3. Write �

N

as

P

B

N

i=�L

N

V

i

(x)S(x)

i

, then Step 2 essentially is Horner's

rule to 
ompute

P

B

N

i=0

V

i

(x)S(x)

i

. Note that in pra
ti
e we perform this step

only on
e for all of the 2g redu
tions and use a binary tree algorithm whi
h

is asymptoti
ally faster than Horner's method. The 
omplexity of Step 2 then

be
omes O(g

�+"

n

1+"

N

2+"

). Lemma 1 implies that Substeps 3.1 and 3.2 have

to be exe
uted O(g

�

N) times and sin
e ea
h iteration 
onsists of O(g) multi-

pli
ations in R

N

, the time 
omplexity of Step 3 is O(g

1+�

n

1+"

N

2+"

). In Step 5

the dominant operations are O(1) multipli
ations of polynomials over R

N

of

degree O(g) and the extended GCD 
omputation of two su
h polynomials. The

former operation 
learly takes time O(g

1+"

n

1+"

N

1+"

) and using Moen
k's algo-

rithm [23℄ the latter operation 
an also be performed in time O(g

1+"

n

1+"

N

1+"

).

Note that in pra
ti
e we pre
ompute polynomials A(x) and B(x) su
h that

A(x)H(x) + B(x)Q

f

(x)H

0

(x) = 1 and 
ompute L

A

(x) as the redu
tion of

A(x)V (x) modulo Q

f

(x)H

0

(x) and L

B

(x) as the redu
tion of V (x)B(x) modulo

H(x). Lemma 1 implies that these operations have to be repeated O(g

�

N) times,

so the time 
omplexity of Step 5 is O(g

1+�+"

n

1+"

N

2+"

). Sin
e we have to redu
e

O(g) di�erential forms, the overall time 
omplexity of Step 4 of Algorithm 1 is

O((g

2+�

+ g

2+�+"

)n

1+"

N

2+"

).

In Step 5 we need to determine the norm of a 2g� 2g matrix M over R

N

as

MM

�

� � �M

�

n�1

. This 
an be a

omplished by 
omputing M

i+1

= M

i

M

�

2

i

i

for

i = 0; : : : ; blog

2

n
 and 
ombining these to re
over the norm ofM . Multipli
ation

of two matri
es takes O(g

3

) ring operations at a 
ost of O(g

3

n

1+"

N

1+"

) time.

To 
ompute M

�

2

i

i

for i = 0; : : : ; blog

2

n
, we need O(g

2

logn) appli
ations of

powers of �. If we pre
ompute t

�

2

i

, this requires O(g

2

n

2+"

N

1+"

) time.

Finally, we need to 
ompute the 
hara
teristi
 polynomial of a 2g � 2g ma-

trix over R

N

, whi
h 
an be done using the 
lassi
al algorithm based on the

Hessenberg form [5, Se
tion 2.2.4℄. The 
omplexity of this algorithm is O(g

3

)

ring operations or O(g

3

n

1+"

N

1+"

) time.

Sin
e equation (48) implies that N is O(gn), the overall time 
omplexity of

Algorithm 1 is O((g

�

+ g

�

)g

4+"

n

3+"

) and the overall spa
e 
omplexity be
omes

O((g

�

+ g

�+�

)g

2

n

3

). Note that this means the following:

{ Average 
ase: the time 
omplexity redu
es to O(g

4+"

n

3+"

) and the spa
e


omplexity is O(g

3

n

3

).

{ Worst 
ase: the time 
omplexity grows to O(g

5+"

n

3+"

) and the spa
e 
om-

plexity be
omes O(g

4

n

3

).
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5 Implementation and Numeri
al Results

In this se
tion we present running times of an implementation of Algorithm 1

in the C programming language and give some examples of Ja
obians of hyper-

ellipti
 
urves with almost prime group order.

The basi
 operations on integers modulo 2

N

for N � 256 were written in

assembly language. Elements of R

N

are represented as polynomials over Z=2

N

Z

modulo a degree n irredu
ible polynomial, whi
h we 
hose to be either a trinomial

or a pentanomial. For multipli
ation of elements in R

N

, polynomials over R

N

and Laurent series over R

N

[x℄ we used Karatsuba's algorithm. In the near future,

we plan to implement Toom's algorithm whi
h will lead to a further speed-up of

about 50%.

5.1 Running Times and Memory Usage

Table 1 
ontains running times and memory usages of our algorithm for genus 2, 3

and 4 hyperellipti
 
urves over various �nite �elds of 
hara
teristi
 2. These

results were obtained on an AMD XP 1700+ pro
essor running Linux Redhat 7.1.

Note that the �elds are 
hosen su
h that gn, and therefore the bit size of the

group order of the Ja
obian, is 
onstant a
ross ea
h row.

Table 1. Running time (s) and memory usage (MB) for genus 2, 3 and 4 hyperellipti



urves over F

2

n

Size of Ja
obian Genus 2 
urves Genus 3 
urves Genus 4 
urves

gn Time (s) Mem (MB) Time (s) Mem (MB) Time (s) Mem (MB)

120 30 4.5 38 5.4 35 5.2

144 44 5.7 61 7.3 59 7.2

168 71 8.6 101 11 100 11

192 116 13 143 14 139 13

216 170 16 196 17 185 16

5.2 Hyperellipti
 Curve Examples

In this subse
tion we give three examples of Ja
obians of hyperellipti
 
urves

with almost prime group order. The 
orre
tness of these results is easily proved

by multiplying a random divisor with the given group order and verifying that

the result is prin
ipal, i.e. is the zero element in the Ja
obian J

e

C

(F

q

). It is 
lear

that the given 
urves are non-supersingular, sin
e the 
oeÆ
ient a

g

is odd [11℄.

Furthermore, all 
urves withstand the MOV-FR atta
k [10, 21℄.
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Genus 2 hyperellipti
 
urve over F

2

83

Let F

2

83

be de�ned as F

2

[t℄=P (t) with P (t) = t

83

+t

7

+t

4

+t

2

+1 and 
onsider

the random hyperellipti
 
urve C

2

of genus 2 de�ned by

y

2

+ (

2

X

i=0

h

i

x

i

)y = x

5

+

4

X

i=0

f

i

x

i

;

where

h

0

= 7FF29B08993336B479CD2 h

1

= 32C101713C722F8FB5BC9

h

2

= 553E16B6A3BC6B2432CA8

f

0

= 7AD44882C02B9743CD58B f

1

= 327254FA330B44958262A

f

2

= 204AB23E12828D061AF04 f

3

= 1C827250FFDEFF93B43BE

f

4

= 13D80106C0E5571DFD139

The group order of the Ja
obian J

e

C

2

of C

2

over F

2

83

is

#J

e

C

2

= 2 � 46768052394566313810931349196246034325781246483037 ;

where the last fa
tor is prime. The 
oeÆ
ients a

1

and a

2

of the 
hara
teristi


polynomial of Frobenius �(T ) = T

4

+ a

1

T

3

+ a

2

T

2

+ a

3

T + a

4

are given by

a

1

= �4669345964042 and a

2

= 18983903513383986646766787 :

Genus 3 hyperellipti
 
urve over F

2

59

Let F

2

59

be de�ned as F

2

[t℄=P (t) with P (t) = t

59

+t

7

+t

4

+t

2

+1 and 
onsider

the random hyperellipti
 
urve C

3

of genus 3 de�ned by

y

2

+ (

3

X

i=0

h

i

x

i

)y = x

7

+

6

X

i=0

f

i

x

i

;

where

h

0

= 569121E97EB3821 h

1

= 49F340F25EA38A2

h

2

= 2DE854D48D56154 h

3

= 0B6372FF7310443

f

0

= 1104FDBEB454C58 f

1

= 0C426890E5C7481

f

2

= 34967E2EB7D50C3 f

3

= 1F1728AA28C616C

f

4

= 1AE177BFE49826A f

5

= 3895A0E400F7D18

f

6

= 6DF634A1E2BFA8E

The group order of the Ja
obian J

e

C

3

of C

3

over F

2

59

is

#J

e

C

3

= 2 � 95780971407243394633762332360123160334059170481903949 ;

where the last fa
tor is prime. The 
oeÆ
ients a

1

, a

2

and a

3

of the 
hara
teristi


polynomial of Frobenius �(T ) = T

6

+ a

1

T

5

+ a

2

T

4

+ a

3

T

3

+ a

4

T

2

+ a

5

T + a

6

are given by

a

1

= 620663068;

a

2

= 848092512078818380;

a

3

= 341008017371409573053936945 :
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Genus 4 hyperellipti
 
urve over F

2

43

Let F

2

43

be de�ned as F

2

[t℄=P (t) with P (t) = t

43

+t

6

+t

4

+t

3

+1 and 
onsider

the random hyperellipti
 
urve C

4

of genus 4 de�ned by

y

2

+ (

4

X

i=0

h

i

x

i

)y = x

9

+

8

X

i=0

f

i

x

i

;

where

h

0

= 28E79976104 h

1

= 6D6B97FBB9B h

2

= 2D6524209DB

h

3

= 7F68B16B438 h

4

= 1407613976D

f

0

= 4D8C53D03FB f

1

= 427CDCD7B63 f

2

= 282064866B4

f

3

= 54FE7CA7C26 f

4

= 7D3E9ACFE87 f

5

= 45A6C030DDF

f

6

= 0F470E4047B f

7

= 7BC7F15221C f

8

= 2F380FD7563

The group order of the Ja
obian J

e

C

4

of C

4

over F

2

43

is

#J

e

C

4

= 2 � 2993154057417792912224847413075158366114567502366357 ;

where the last fa
tor is prime. The 
oeÆ
ients a

1

, a

2

, a

3

and a

4

of the 
har-

a
teristi
 polynomial of Frobenius �(T ) = T

8

+ a

1

T

7

+ a

2

T

6

+ a

3

T

5

+ a

4

T

4

+

a

5

T

3

+ a

6

T

2

+ a

7

T + a

8

are given by

a

1

= �3808120;

a

2

= 4933477855906;

a

3

= 6263305780455915698;

a

4

= �14840229309879529733065395 :

6 Con
lusion

We have presented an extension of Kedlaya's algorithm for 
omputing the zeta

fun
tion of an arbitrary hyperellipti
 
urve C over a �nite �eld F

q

of 
hara
-

teristi
 2. As a byprodu
t we obtain the group order of the Ja
obian asso
iated

to C whi
h forms the basis of the 
ryptographi
 s
hemes based on hyperel-

lipti
 
urves. For a genus g hyperellipti
 
urve de�ned over F

2

n

, the average-


ase time 
omplexity is O(g

4+"

n

3+"

) and the average-
ase spa
e 
omplexity is

O(g

3

n

3

), whereas the worst-
ase time and spa
e 
omplexities are O(g

5+"

n

3+"

)

and O(g

4

n

3

) respe
tively. A �rst implementation of this algorithm in the C pro-

gramming language shows that 
ryptographi
al sizes are now feasible for any

genus g. Computing the order of a 160-bit Ja
obian of a hyperellipti
 
urve of

genus 2, 3 or 4 takes less than 100 se
onds. In the near future we plan to use the

formalism of Monsky-Washnitzer 
ohomology as a basis for 
omputing the zeta

fun
tion of any non-singular C

ab


urve over �nite �elds of small 
hara
teristi
.
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