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Abstract: In this paper, we generalize the composition construction of Khoo et al. for highly 
nonlinear Boolean functions ([1]). We utilize general quadratic forms instead of the trace map in 
the construction. The construction composes an -variable Boolean function and an -variable 

quadratic form over  to get an -variable Boolean function with beautiful spectrum 

property and a doubled algebraic degree. Especially, the method is suitable to construct functions 
with 3-valued spectra (bent-like functions) or ones with better spectra (near-bent functions). Our 
proof technique is based on classification of quadratic forms over finite fields and enumeration of 
solutions of quadratic equations. We also prove the 

n m

nF
2

nm

p -ary analogy of these results for odd prime 
p . 

Keywords: bent-like function, bent function, near-bent function, algebraic degree, 3-valued 
spectrum, quadratic form 

1 Introduction 

Boolean functions used in cryptosystems are required to have good cryptographic properties, 
such as balancedness, high nonlinearity and high algebraic degree, to ensure the systems are 
resistant against linear cryptanalysis ([2]). Besides, it is a desirable property that a Boolean 
function has 3-valued spectra. This property provides a protection against the soft output joint 
attack ([3]). 

A framework unifies such cryptographic properties is to introduce the concept of near-bent 
function. Except balancedness, such a function behaves like a bent function, that is, it has 3-valued 
spectra and high nonlinearity close to the upper bound on nonlinearity, and may have high 
algebraic degree. It is important to study near-bent functions since bent functions are not balanced 
and can’t be directly used in a cryptosystem. 

There is an intrinsic relation between near-bent functions and bent functions. Bent functions 
can be constructed from near-bent functions ([4]), and vice versa. Another important aspect to 
study bent and near-bent functions is that the theory is closely related to combinatorics ([5-7]) and 
communication ([8-15]) in some useful fields such as difference set, partial spread, and sequences 
with low cross correlation. 
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Recently, Khoo et al. present a new construction for highly nonlinear Boolean functions from 
the theory of geometric sequence ([1, 15]). Their functions are cryptographically good and do not 
have a weakness shared by Boolean functions constructed by concatenating linear functions ([16]). 
They use a composition construction idea originated from GMW-sequences in communication 
([17]). Essentially, they utilize in their construction a special quadratic form, which can be derived 
from a trace map between finite fields. 

In this paper, we generalize their idea to utilize general quadratic forms. Our generalization 
can obtain a larger class of functions than that in Khoo et al.’s method. On the other hand, our 
method not only can construct usual binary near-bent functions, but also p -ary functions 
([18-22,10]) for any prime p . In addition, our method constructs a larger class of functions than 
near-bent functions, called bent-like functions. On the other hand, our proof method is completely 
different with that of Khoo et al. It is direct and is based on classification of quadratic forms over 
finite fields and enumeration of solutions of quadratic equations. The proof of Khoo et al. is 
especially indirect and makes reference to one result of Klapper etc. ([17]), which again makes 
reference to another one ([23]) whose proof is complicated and very long. 

This paper is arranged as follows. We give some definitions and preliminaries in Section 2. In 
Sections 3-4 we construct binary bent-like and near-bent functions, and discuss the basic 
construction in Section 3 and extend it to a cascaded construction in Section 4. In section 5, we 

first show a quadratic form over  must be bent-like, and then give the similar construction of pF

p -ary bent-like and near-bent functions for odd p . 

2 Preliminaries 

Let p  be a prime, , and  and  be the finite fields with q  and  

elements, respectively. An -variable function (over ) is a map  from  to . It is 

usually called a Boolean function if 

npq =

n

qF mq
F

pF

mq

f n
pF pF

2=p  and a generalized Boolean function if . 2>p

Taking a basis ),,,( 21 nααα L

qF

 of  over , an -tuple  over  

uniquely represents an element of , 

qF pF n

na

),,,( 21 naaa L pF

naa ααα +++ L2 2

nm

11 . Under this representation and 

its induced representation, we always assume in this paper that  is the domain of any 

-variable function , and  is the domains of -variable functions. 

qF

n f m
qF

Let ),,,( 21 nβββ L  be the dual basis of ),,,( 21 nααα L , i.e., 1)(Tr =iiβα  and 

0) =(Tr jiβα  for ji ≠ , where Tr  is the trace map from  to . Then the usual dot 

product of two n -tuples  and  over  is Tr

qF

),,, 21 nbb L

pF

pF),,( 21 naaa ,L (b )(αβ , where 
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nnaaa αααα +++= L2211  and nnbbb ββββ +++= L2211

),,, ,2,11,1 nmaa L ,( 1,1 bb

nniii aaa

. As a consequence, the dot 

product of two -tuples  and  over  is 

, where 

nm

)(Tr 11 mmvuvu ++L

(a

i

),, ,2,1 nmbL pF

u ααα ,22,11, +++= L  and v nnibii b ββ ,+1 +1,= L . 

In this paper, we will study the -variable functions over  with good Walsh spectra, and 

we always make such a convention that the input variables of the functions are written as 

 where each 

nm pF

qi Fx),,,( 21 mxxx L ∈  corresponds to an -dimensional vector 

 over  by 

n

n),,,( ,2,1, niii xxx L pF niiii xxxx ααα ,22,11, +++= L

)n

 under the representation 

derived from the basis ,,,( 21 ααα L

,1

, whilst the input variables of the Walsh spectra of the 

functions are written as ),,2 m( λλλ L i where each F∈λ  corresponds to an 

-dimensional vector n ,( 1,i ), ,ni,2,i λλλ L  over  by pF ii nni βλβλλ ,11, ++= L  under the 

representation derived from the basis ),,,( 21 nβββ L

pF

i
n

nxL piin Fcx
n

. 

n

∑
−

=

=
1

0
)(

q

s

s
s xaxf sax ∈,

∑∑
−

=

−

=

=
1

0
,,

1

0
1 1

1

),,(
p

i
ii

p

i
n

n

cxxf LL L

f

qF

n
x1

1i ∈,,1 1
,,, LL

}0:max{ ,,1 1
f deg( ) ≠++=

niin cii LLf

}0:)(Whmax{ ≠sp as

s
pie /2πω =

)(Wh sp

p

n qFf →:

∑
∈

−=
qFx

xxf
fW )(Tr)()( λωλ

pF fW

qF

qF

∈λ n
pF

∑
∈

⋅−=
n

pFx

xxf
fW λωλ )()( n

pF∈λ x n
pF f

f

An -variable function  over  has a unique polynomial expression of the form 

 ( ) and a unique algebraic expression of the form 

 ( x ). The algebraic degree of 

 is defined as , and it is equal to 

 ([24]), where  is the sum of the coefficients of the p-adic 

expression of . 

Let  be a primitive complex -th root of unity. The Walsh transform of an 

-variable function  is a complex function  defined over  and defined 

by  for , or equivalently, defined over  and defined by 

 for , where  is a vector of . The values of W  are 

called the spectra of . 
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Definition 1:  is called a bent-like function if |pq FFf →: |)(λfW  is 0 or  for any up

qF∈λ , where  is a fixed integer.  is called a bent function if  for any u2 f 2/np|)(f =λ|W

qF∈λ . A bent-like function is called a near-bent function if 2/)1( += nu  when , and 

 for odd  and 

2>p

2/)1+(= nu n 2/)2( += nu  for even  when n 2=p . 

 

Remark 1: (i) Parseval’s equation n

F
f pW

q

22
)( =∑

∈λ

λ  tells us that if |)(| λfW  takes only one 

nonzero value θ  for qF∈λ , then  is a rational number. However,  is an 

algebraic integer ([25]), so  is an integer ([25,26]), and hence divides  by Parseval’s 

equation again. So,  for some  with  being an integer. 

2θ

u u2

2|)(λfW2 |θ =

np22θ

up=θ

(ii) Parseval’s equation also says that u  for a bent-like function, and that if 

 then |

2/n≥

2/nu = |)(λfW  is always nonzero. 

(iii) When , the above defined bent-like functions are also called plateaued functions 

([27,28,1]) or ones with 3-value spectra ([29-34,1]) since 

2=p

)(λfW  takes one of three values 0, , 

and , and for odd , the near-bent functions are also called Gold-like ([12,14,15]). 

u2

u2− n

(iv) For , 2=p )(λfW  is always an integer. So,  is an integer for a bent-like function, 

and a bent function exists only when  is even. This is a well known fact. For ,  may 

be a half integer. See [15] and the example in Section 5 (Theorem 3). For results on existence of 
generalized bent functions, see [20-22]. 

u

n 2>p u

 

Definition 2: Let  be an -variable function over . If the outputs of  at exact 1  

of its all possible inputs are  for any element  of , then  is called to be balanced. 

f n

a

pF

pF

f p/

a f

 

Lemma 1: Let  be an -variable function over .  is balanced if and only if 

. 

f n pF f

0)0( =fW
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    Proof. It is clear by the fact that  if and only if 0
1

0
=∑

−

=

p

i

i
iaω 110 −=== paaa L , where 

 are integers. 10 ,, −paa L

 
Bent functions are ones with optimal nonlinearity ([35]), but they are not balanced by 

Lemma 1 (also a well known fact), so they can’t be directly used in the design of cryptosystems. 
Patterson and Wiedemann show that for odd , it is possible to construct functions whose 
nonlinearity is greater than that obtained by concatenating two bent functions ([36]). Maitra and 
Sarkar give methods to heuristically modify the Patterson-Wiedemann and bent functions to 
achieve balanced and still retain nonlinearity higher than the bent concatenation value ([37]). 
However, the spectra of these modified functions are not considered and maybe they are 
vulnerable under the soft output joint attack ([3]). One of our purposes is also to obtain balanced 
Boolean functions with good nonlinearity and we concentrate our attention on studying near-bent 
functions. Different from their methods, our idea is composing an -variable near-bent function 

and a quadratic form over . See [38] for knowledge of quadratic form over a finite field. 

15≥n

n

np
F

 

Definition 3: An -variable quadratic form over  is a polynomial over  of the form 

,

m

a
m

j
∑
=1

qF

qF

qF

cxbxxxxQ
m

i
ii

i
jiijm ++= ∑

=1,
1 ),,( L iij cba ∈,,

qF

. It needs not to be homogeneous, i.e., 

 and  may be nonzero. If for any ib c ∈β , the outputs of  at exact 1  of 

its all possible inputs are 

),,( 1 mxxQ L q/

β , then  is called to be balanced.  is called to be 

non-degenerate if it is not transformed to a quadratic form of fewer variables under any invertible 

affine transformation over  on . 

Q

qF ,( 1x L

),,( 1 mxxQ L

), mx

3 Bent-like functions from quadratic forms 

In this section, we assume , and present a construction of bent-like functions, which 

composes balanced quadratic forms. 

2=p

Let  be an -variable Boolean function, and Q  be an -variable 

quadratic form over . Define an -variable function 

f n

qF

),,( 1 mxx L m

nm g  as . )),, mxL(( 1xQf

 

Theorem 1: Assume  and  are balanced.  Then f ),,( 1 mxxQ L g  is balanced, and the 

 5



spectra of g  take such values: 0 and , , where  is an integer depending 

only on . 

)(λf
dWq±

m
q

*
qF∈λ d

),, mxQ L

=Λ (λ

( 1x

∑
∈

−
m

qm Fx

x

),

(Tr 11)1( λ ++ mm fx )L λ

,,( 21 xx

m ))

),1 mxx ,L 11xd dm+L

1≥

0≥

tx2 ≥

12 +t ≥

2
2txα+

2
2 ++ txα

'Q

xxx 321 +

321 + xxx

321 + xxx

xxx 321 +

321 + xxx

21( xxx +

321( + xxx

q

tx2 1≥

122 ++ tt xx

2
122 ++ tt xx

tt xx 2
1222 ++ −−

2
122 + ++ tt xxx

2
1221 ) tt xx α+ −−

2
1221 ) −+ tt xx α 1≥

F∈α Q

)L, mx

∑
∈

−
m

qm Fxx ),,(

Tr

1

)1(
L

++ m xdxd 11 LΛgW (

(),(

x,,1 L

,1 L =mλλ 0,,0( L),,( 1 L =mdd

)1

)1

1)(Tr

,,(

)(Tr

0

1

0

)1(

)1(

(

('(

−

− )0∑

∈

−

m

z

md

xx

d

q

L

+

∈

q

m
q

F

zf

F

xQf

'Q g

Proof. Let . Then m F∈),,1 λL

+=Λ
x

xxQ
gW

,(

,,((

1

1)(
L

L . 

By applying an invertible affine transformation on  ([38]), ), mxL mm xx λλ ++L11  

and  can be transformed into (Q 0dxm ++  and , 

respectively, where  is of one of the following (pairwisely affinely non-equivalent) 

forms: 

01 ),,(' cxx m +LQ

),,( 1 mxx L

i)  ( t ); txx 124 −++L

ii)  ( t ); 124 −++ txx L

iii)  ( t ); 124 −++ txx L

iv)  ( t ); txx 324 ++ −L 1

v)  ( t ); 124 −++ txx L 0

vi)  ( t ); 243 txx ++L 1≥

vii)  ( t ), 1224 +−++ tt xxx L

where  satisfies Tr 1)( =α . Since  is balanced, so is . By Lemma 3 in Appendix, 

 should be one of Cases ii), iii), iv), and vii). 

'Q

,(' 1xQ

We have 
++−= mm cxQfd ))('()()(Tr 00)1()  

If )0,,0 L=Λ , then ) , and 

0(            

()(

)

)

),,

0

1

=−=

−=Λ

∑

+m

c

cx
gW L

 

since  and  are balanced. By Lemma 1, f  is balanced. Below we assume that 
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)0,,0(),,( 1 LL ≠=Λ mλλ  and )0,,0(),,( 1 LL ≠mdd . For qFzy ∈, , let zy ,δ  be the 

number of  satisfying both that m
qFmxx ∈),,( 1 L ym =xdmxd ++L11  and 

. Then zxxQ m =),,(' 1 L

∑
∈

−−
qFzy

y
zy

d

,

(Tr
,

)(Tr 0 )1()1 δ +czf )( 0= ()ΛgW (

0≠Λ

zy ,

)

δ y 0)( =ΛgW

',, , 21 ddNN

 if              
 if     

1

21





≠
=+

=
dzyN
dzyNN

',, , 21 ddNN

y

y

z

 

z

,zyδ

)()( 2 dWNW fg ±=Λ

 
 '

, =zyδ

)()( 2
2 dWNW fg ±=Λ

N
+czf )( 0)1

0)(Tr =

−

)1

− Tr)1(

∑
∈ qFy

)1( Tr−

=ΛgW )(

)( =Λ y

)1 )(

)(

)

0

0

zf

cz

c

+

+

gW

          

          

)(Wg Λ

1( 

1( 

(

−=

−=

−= (

f

z

−

 −) 1( . 

Now we need the following lemma. 
 

Lemma 2: For a fixed ,  

(a) If  is independent on , then . 

(b) Assume there exist integers , independent on  and , such that 

 '
'

+
+

d
d

 

Then . 

(c) Assume there exist integers , independent on  and , such that 

 if              

' if     

1

21







+≠

+=+

dzdyN

dzdyNN
 

Then . 

(d) For any constant , 

∑
∈

−−
qFzy

y
zy

d N
,

)(Tr
,

)( 0 ()1)((δ . 

Proof. We use the fact that . So, (d) is trivial. 0)1( )(Tr =− y

(a) We have 

()1( )(
,

)( 00 −−∑ ∑
∈ ∈

+

q qFz Fy

czf
zy

d δ . 

(b) We have 

).()1(           

()1()

)1()1()

)1()1()1

2
)'(Tr

)'(Tr
2

)(Tr

)'(Tr
2

)(Tr

'
,

)(Tr
2

)(Tr

00

00

0

0

dWN

N

N

N

f
ddcd

Fz

ddcdzd

Fz

ddzd

ddzy
Fzy

fyd

q

q

q

+−

∈

+−

∈

+

+=
∈

−=

−

−−

−−

∑

∑

∑
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(c) Similarly as (b), we have 

).()1(           

)1()1()1(           

)1()1()1()(

2)'(Tr

)()(Tr
2

)'(Tr

)()(Tr
2

)'(Tr

00

2
00

00

dW

N

NW

f
ddcd

Fz

zfzdddcd

Fz

zfzdddcd
g

q

q

+−

∈

+−

∈

+−

−=

−−−=

−−−=Λ

∑

∑

 

 

    Continue the proof of Theorem 1. Note that zy ,δ  is the number of the solutions 

 of the system of equations m
qm Fxx ∈),,( 1 L

 
(2)                                                   ),,('
(1)                                              

1

11





=
=++

zxxQ
yxdxd

m

mm

L

L
 

Let  be the all variables which appear in the expression of , that is, 

 for iv), and  for ii), iii), and vii). If there exists a subscript  such that 

, then by taking values of  satisfying (2), arbitrarily taking values for 

 and then taking a uniquely determined value for  to 

make (1) holds, we are easy to know that 

uxx ,,1 L

t2

0≠

ux ,,, 2 L+

),,(' 1 mxxQ L

ui >u =

id

ux 1+

12 += tu

ii x ,,, 21 L++

uxx ,,1 L

zy ,

mi xxx ,1− ix

δ  is equal to the product of  and the number 

of solutions  of Equation (2), and 

1−−umq

), uxL,, 21 xx( zy ,δ  is independent on . Thus, by Lemma 

2 (a), . 

y

0=)(ΛgW

    Below we assume that 01 ===+ mu dd L

uxxx ,,, 21 L

. Then the system of equations (1) and (2) is 

degenerately on the variables . Let zy ,'δ  be the number of the solutions 

 of this degenerated system of equations, then . u
qu Fxx ∈),,( 1 L zy

um
zy q ,, 'δδ −=

    If , then by taking values of  satisfying (1) and taking a uniquely 

determined value of  satisfying (2), we have  and , then by Lemma 

2 (a) again, 

0=ud 121 ,,, −uxxx L

,' = u
zy qδux

0

2− 2
,

−= m
zy qδ

)( =ΛgW . 

Assume . Then 0≠ud

uuuu dyxcxcx /1111 +++= −−L , 
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where . Replacing  in (2) by cuii ddc /= ux uuu dyxcx /1111 +++ −−L

121 ,,, −uxxx L

, the degenerated 

system of equations becomes a single equation on variables , which has a form of 

one of the following: 

∑∑
=

−
=

− ++=
t

i
iiu

t

i
ii ccdyzxx

1
212

1
212 /''                         (3) 

2

1

2
2

2
2

2
2

2
12212 )/()( u

t

i
iiiiii dyzxcxcxx +=++∑

=
−−                   (4) 

∑∑
−

=
−−−−

−

=
− ++=++

1

1
2121212

2
12

1

1
212 /''

t

i
iiuttt

t

i
ii ccdyzxcxxx                 (5) 

∑∑
=

−−−
=

− ++++=++
t

i
iittutt

t

i
ii ccccdyzxxxx

1
212

2
2

2
12

2
2

2
12

1
212 /'''' αααα           (6) 

corresponding to Cases ii), iii), iv), and vii), respectively, where  and 

 (

iii cxx 21212' += −−

1222' −+= iii cxx ti ≤≤1 ) in (3), (5), and (6).  

For Case ii), by Lemma 3 in Appendix,  

 
/ if             

/ if     
'

1
212

112

1
212

112

,










≠+−

=++−
=

∑

∑

=
−

−−

=
−

−−

t

i
iiu

tt

t

i
iiu

ttt

zy

ccdyzqq

ccdyzqqq
δ  

and by Lemma 2 (b), . )()()( 112
uf

tm
uf

ttm
g dWqdWqqW −−−− ±=±=Λ

For Case iii), by Lemma 4 in Appendix,  

 
0)/( if             

0)/( if     
'

2112

2112

,






≠+±

=+±
=

−−

−−

u
tt

u
ttt

zy dyzqq

dyzqqq m
δ  

and by Lemma 2(c), . )''()''()( 112 dWqdWqqW f
tm

f
ttm

g
−−−− ±=±=Λ

For Case iv), if  then  and 012 =−tc 22
,' −= t
zy qδ 0)( =ΛgW  by Lemma 2(a). Suppose 

. Replacing  by c  (1012 ≠−tc ix' it x ''12 − 22 −≤≤ ti ) and replacing  by , (5) 

become 

12' −tx 1212 '' −− tt xc

12
2

1

1
21212

2
12

1

1
212 /)/('''''''' −

−

=
−−−

−

=
− ∑∑ ++=++ t

t

i
iiutt

t

i
ii cccdyzxxxx . 

By Lemma 3, we have 
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 )1(' )(Tr122
,

att
zy qq −+= −−δ , ,  )1( )(Tr12

,
atmm

zy qq −+= −−−δ

where . By Lemma 2(d), 12
2

1

1
212 /)/( −

−

=
−∑++= t

t

i
iiu cccdyza







=±

≠
=

−−±=Λ

−
−

−
−

−

∈

++−− ∑

1 if           )( 

1 if                                     0
            

)1()1()(

12
22

12

12
2

,

)()(Tr1 0

tutf
tm

tu

Fzy

czfaytm
g

cdcWq

cd

qW
q

 

For Case vii), by Lemma 3,  

 
otherwise            

/ if     
'

112
1

212
2
2

2
12

112

,








−

++=++−
=

−−

=
−−

−− ∑
tt

t

i
iittu

ttt

zy

qq

ccccdyzqqq αα
δ  

and by Lemma 2(b) again, . This completes the 

proof. 

)()()( 112
uf

tm
uf

ttm
g dWqdWqqW −−−− ±=±=Λ

 
Remark 2: (1) As noted in Introduction, our proof technique is direct and is based on enumeration 
of solutions of quadratic forms over a finite field. Khoo et al. prove their conclusion by using a 
result on crosscorrelation of sequences. 

(2) Our result is different with that of Khoo et al. in three aspects: a) The quadratic form used 

in [1] is , where Tr  is the trace map from  to . The form is 

homogeneous, and is special among homogeneous forms, while the form in our construction is 
any (balanced) and may be not homogeneous; b) The index  in [1] is assumed to be odd, while 
in ours  can be even; c) The quadratic form used in [1,17] is non-degenerate and is equivalent 
to only one case, Case iii) in Theorem 1, while ours can be any balanced form. 

)(Tr 1
/

+k

m
q

qq
x

qqm / mq
F qF

m
m

 

Corollary 1: Assume  and Q  are balanced and  is non-degenerate.  Then 

the spectrum set of  is 

f

(Q

),,( 1 mxx L

)), mx

Q

,( 1xf L [ ] :)(2/
f

m FW ∈λλ }q{ . q±

 

Corollary 2: Assume  is balanced and the spectra of  are 3-valued: 0 and , 

where  is an integer satisfying  and 

f f

)2

2/)(2 ln+±

l 1≥l (modnl = , and assume  is 

balanced and non-degenerate.  Then the spectra of  are also 3-valued: 0 and 

. Furthermore, if m  is odd, then the nonzero spectrum values of 

 are , and consequently,  is near-bent if and 

), mxL,( 1xQ

)), mx

,,1 xx L

,1 L

(Q

(( xQf

(f

[ ]2 n+

,1x

2/)(/2 lnm +±

,(( mxQf L )) 2/)(2 lnm+± ))m
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only if also is ; while if  is even, the nonzero spectrum values are f m 2/)(2 lnnm ++± . 

2

}m ∑
=

=)(
q

s
xf

),,( 1 mxx L

,L

,0 q

t

}m

us2 1 s <≤ L10

ut

ss = u

xQ

0

(

+

2

s

,'1t

<'1

Wh+L 0 ( u
q qWh

,,, 1 ttf u

)+v

     
)Q
= .

(q= L

 

Remark 3: When  is even,  can’t be a near-bent function. It is an 

interesting phenomenon that in study of bent-like functions, we usually obtain better conclusion in 
the case of  being odd than that of  being even. 

m )),,(( 1 mxxQf L

mm
 

Theorem 2: Assume . Then ≥m ).deg(2)),,((deg 1 fxxQf m =L  

Proof. Let { ,,1 γγ L  be a basis of the field  over . Let  be 

the polynomial expression of . Set 

mq
F

mx

qF
−1

0

s
s xa

f mxX γγ ++= L11 . Since  is quadratic, 

it can be written as 

Q

∑
∈S

t
t Xc=

t
)mxxQ ,( 1 , where  

0,0:,{ wvvmuqqS wvvu <+<≤<≤+= + , 

and there exists a subscript  of the form  such that wvv qq ++ 0≠tc . 

    Let  be the binary expression of , , ss 2++= L s ns 21 <≤ nsu << . 

Then 

ussus

u

s

u

t
tt

StSt

q

s
s

q

s

s

t

t
tsm

Xccaa

Xcaxf

2222
1

1

1

0
1

1
11

1

1

)()),,(

++

∈∈

−

=

−

=

∑∑∑

∑ ∑

=

=

LLL

L

 

It is easy to show that if , then ' , , and 

, where  is the binary expression of , 

, 

'2'22 '
1

'
1

11
v

ss
u

ss tttt vu ++=++ LL

'' 22' 1 vsss ++= L

nsv

v=

)',(),,( 1 vu ttt LL =

ns 2'1 <≤

's

<< 'L

)()( 1 uqq tWht ++L 0(

≤0

)22( 12
1

u
ss ttWh u+

, and also to show that 

, where = ) =qWh , , and 

. So, 

1) =

2( =+ uu
q qqWh

deg2          
}deg)(1:)()max{(deg 21

f
SsWhutWhtWhf uq ∈≤=≤++L
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4  Recursively composed bent-like functions 

Similar as the construction of cascaded GMW sequences ([17]), we recursively compose 
bent-like functions in this section. 

    Set   ,20
nqq == ,1

im
ii qq −= .1 li ≤≤  Let  be an -variable Boolean 

function, and  be an -variable quadratic form over . 

Define recursively the functions 

20 : FFg q →

im

n

1−
→

iqF:),
ii qm Fx,( 1i xQ L

1−iqF

.1)),,,(()( 11 lixxQgxg
imiii ≤≤= − L  

By Theorems 1-2 and Corollary 2 we have 

 

Corollary 3: Assume  and Q  with  are balanced. f ),,( 1 imi xx L 2≥im

    (i)  is balanced, and . lg fg l
l deg2deg =

    (ii) The spectra of  take the values 0 and , , where 

 is an integer depending only on . 

lg )(110
21 λf

e
l

ee Wqqq l
−± L

),
imxL

*
qF∈λ

]2/[ ii me ≥ ,( 1i xQ

(iii) Assume all  are non-degenerate. Then the spectra of  take the values 0 and 

, where . In particular, when all  are odd, 

the spectra of  take values 0 and 

iQ

]2/ W

lg

)([
1

]2/[
1

]2/[
0

21 λf
m

l
mm qqq l

−± L

lg

*
qF∈λ )1( limi ≤≤

)(
1

λf

m

W
l −

2
21mm

q
L

± , . Furthermore, if  is 

near-bent, then also is . 

*
qF∈λ f

lg

5 A generalization to p-ary bent-like functions 

In this section we assume p  is odd and generalize the above results to p -ary bent-like 

functions. First, we show that any quadratic polynomial  over  is bent-like. 

The similar result is well known for 

),,( 1 nxxh L pF

2=p . Further, we characterize when  is bent 

or near-bent. Second, we show that a composition of a bent-like function and a quadratic form is 
also bent-like, and as a consequence, there is also a GMW-like construction of bent-like functions 
for odd 

),( nxxh ,L1

p . These are a generalization of the results in Sections 3-4. The proof is similar as 
Theorem 1. Some proof details will be omitted. 
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Theorem 3: Let p  be odd and h  be an -variable quadratic form over . Then ),,( 1 nxx L n pF

(i)  is always bent-like. ),,( 1 nxxh L

(ii) Assume  is affinely equivalent to a ),,( 1 nxxh L r -variable non-degenerate quadratic 

form. Then the nonzero value of |)(| λhW  is either  or . 2/)2( rnp − 2/)12( +−rnp

(iii)  is bent if and only if it is equivalent to , where 

, . 

),,( 1 nxxh L

qFc ∈0

0
2

1

1

2 ccxx n

n

i
i ++∑

−

=

*
qFc∈

(iv) If  is homogeneous, then the nonzero value of ),,( 1 nxxh L |)(| λhW  is , 

and  is bent and near-bent if and only if 

2/)2( rnp −

), nxL,( 1xh nr =  and 1−n , respectively. 

Proof. Let  denote a row vector. There are an ),,( 1 nxxx L= nn×  matrix , a column 

vector 

A

B  and a pFc∈  such that , where  denotes the 

transpose of 

cxBxAxxxh t
n ++=),,( 1 L

tx

x . Then for , n
pn F∈)λ= (λλ ,,1 L

∑∑

∑∑

∑

∑

∈

+

∈

−⋅−

∈

−−+

∈

⋅−

∈

+⋅−++−⋅

∈

⋅−−⋅

=

=

=

=

n
p

tt

n
p

n
p

n
p

n
p

n
p

Fx

xAAz

Fz

czzh

Fx

zhxhzxh

Fz

zzh

Fzx

zxzxhxhx

Fyx

yyhxhx
hW

)()(

)()()()(

,

)()()(

,

)()(2

             

             

             

|)(|

ωω

ωω

ω

ωωλ

λ

λ

λλ

λλ

 

Let  and }0)(:{ =+∈= tn
p AAzFzV sV

pF =dim . Since 0=∑
∈ n

p

t

Fx

zxω  for 0 , 

we have 

n
pFz∈≠

  |)(| )(2 ∑
∈

−⋅−=
Vz

czzhn
h pW λωλ . 

cxh −)(

Vz
∑
∈

ω

 is a linear function on  since h , and 

so,  or 0. Thus,  or 0, and  is 

bent-like. 

V 0)()()()( =+=−−−+ tt zAAzczhxhzx

2/)(|)( sn
h pW +=λ ,,,( 21 nxxxh Lsczzh p=−⋅−λ)( | )
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By applying an invertible affine transformation over  on  ([38]), 

 is transformed into 

pF ),,( 1 nxx L

),,( 1 nxxh L 01 ),,(' cxxh n +L , where  is of one of the 

following (pairwisely affinely non-equivalent) forms: 

)n, xh L,(' 1x

i)  (∑
=

r

i
ix

1

2 nr ≤≤1 ); 

ii)  (2
0

1

1

2
r

r

i
i xzx +∑

−

=

r  being even and nr ≤≤2 ); 

iii)  ( 2 ); r

r

i
i xx +∑

−

=

1

1

2 nr ≤≤

iv)  (rr

r

i
i xxzx ++ −

−

=
∑ 2

10

2

1

2 r  being odd and nr ≤≤3 ), 

where  is a non-square element in . 0z *
qF

It is clear that rns −=  for Cases i) and ii) and 1+−= rns  for Cases iii) and iv). So, 

the nonzero value of |)(| λhW  is  for Cases i) and ii) and is  for Cases iii) 

and iv). In the last two cases,  is not bent. If  is homogeneous, 

then we can easily show that  can’t be of the form iii) or iv), and thus, it is one of 

the former two cases. 

2/)2( rnp −

,,, 21 xx L

),,1 nxL

2/)12( +−rnp

), nxL)( nxh

(' x

,( 1xh

h

 

Remark 4: Given an -variable quadratic form  over , we can transform 

 to one of the standard forms in i)-iv) in Theorem 3 by a series of concrete 

elementary transformations ([38]), and so, it is easy to judge whether  is bent or 

near-bent by Theorem 3. Conversely, from a proper standard form we can obtain a quadratic form 
with known 

n ),,( 1 nxxh L pF

( 1xh

),,( 1 nxxh L

),, nxL

r  by using an affine transformation, especially, obtain a bent or near-bent quadratic 
form. 
 

Theorem 4: Assume p  is odd,  and  are balanced. Suppose  

is affinely equivalent to a non-degenerate quadratic form with odd number of variables. Then the 

absolute values of the spectra of  take the values 0 and , 

f ),,( 1 mxxQ L

)),,( 1 mxx L

),,( 1 mxxQ L

|)(| λf
d Wq(Qf
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*
qF∈λ

,(' 1xQ L

, where  is an integer depending only on . d ),,( 1 mxxQ L

),, mxL

r

,(( 1xQf

[ ] |2/m Wq

,1
im

iq − im

1−
→

ii qq FqFg :0

nm1

.1 li ≤≤

g
l

)λ2
21 mmm

q
lL

0

    Proof. Suppose Q  is affinely equivalent to Q  and 

 is of one of the forms i)-iv) in Theorem 3. (Note that: Here  are 

variables taking their values in .) Since  and Q  are balanced, 

by Lemma 5 in Appendix,  should be one of Cases iii) (

),,( 1 mxx L

np
F

,,(' 1xQ L

01 ),,(' cxx r +L

xx ,,1 L

),,1 rxx L

), rx m

( 1xQ ('

)rx r  being odd) and iv). 

The remaining proof is highly similar as that of Theorem 1 and should use the enumeration results 
listed in Lemma 6 in Appendix. We omit the details of the proof. 
 

Remark 5: Unlike in the case 2=p , the number  of variables of the non-degenerate 

quadratic form equivalent to  should be assumed to be odd in Theorem 4. If )(xQ ,,1 mxL r  is 

even, the analogy result doesn’t hold. 
 

Corollary 4: Assume  and  are balanced,  is odd, and Q  is 

non-degenerate. Then the absolute values of the spectra of  take the values 

 (

f ),,( 1 mxxQ L m

,2x )), mxL

|)(λf qF∈λ ). 

 

Corollary 5: Let , ,   be odd, . Assume 

 is balanced, and Q  is a balanced and non-degenerate 

quadratic form over . For 

2>p

1−iqF

npqq ==0

,,( 1i x L

li

iq =

:)
i

F

li ≤≤1

pF→ mx

≤≤1 , recursively define an -variable function imL

)),,,(()( 11 xxQgxg
imiii = − L  

Then  is balanced, and l |)(| Λ
lgW  ( qF∈Λ ) is 0 or takes a value of the form 

|(| fW

lg

1−

, . Furthermore, if  is bent-like (or near-bent, respectively), 

then also is . 

*
qF∈λ g

 
    The p -ary analogy of Theorem 2 doesn’t hold in general. However, we can similarly prove 
the following 
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Theorem 5: Assume  and assume in the polynomial expression  of  there is 

an  such that Wh  and , , , 

then                                       

2≥m

sp )( =

)), xm

∑
−

=

1

0

q

s

s
s xa

n s≤ 10

f

<Ls fdeg

deg(2,1x =L

uss pps ++= L1 s 21 <≤ nsu <<

).((deg fQf
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Appendix: Number of solutions of quadratic forms 

Define a function v  on  as qF 1)0( −= qv  and 1)( −=av  for any 0 . For 

, we have 

qFa∈≠

2=p

 

Lemma 3 ([38]): Let  is a quadratic form of one of the forms i)-vii) in Theorem 1, 

 for i), iv), and vi); and 

),,(' 1 uxxQ L

tu 2= 12 += tu  for other 4 cases. Then as an equation of 

, then numbers ux,Lxx ,, 21 zρ  of solutions of zxxQ u =),,(' 1 L

tq2

 is , , 

, , , , and , respectively. 

)(112 zvqq tt −− + tq2

tq2 q 12 −t )()1( zTr− 12q t−2 tt qq + )(1 zvqt−−

Proof. This lemma is proved in [38] for 0=z . It holds trivially for Cases ii), iii), iv), and 
vii). For Cases i) and vi), it is easy to check the validation of the lemma by the fact that 

 is homogeneous. For Case v), the number is ),,(' 1 uxxQ L

∑
∈

+++−+
qt

t

Fcc

zcc
tt cncncn

,,

)(Tr
2211

1

1 ))1(1)(()()(
L

LL  

since the number of solutions of the univariable equation  is 

, where 

zccxx ttt +++=+ ++ L11212
2

)(Tr 1)1(1 zcc t +++−+ L )()( iii cvqcn +=  is the number of solutions of the equation 

 of two variables. So, iii cxx =− 212

tzt

t

Fc

cz

t

Fc

Fcc

zcc
tt

Fcc
tt

Fcc

zcc
tt

qq

cncn

cncncncncncn

cncncn

qq

qt

t

qt

qt

t

)(Tr2

)(Tr
11

)(Tr
11

,,

)(Tr
2211

,,
2211

,,

)(Tr
2211

)1(

)1)(()1()(

)1)(()()()()()(

))1(1)(()()(

1

1

1

1

1

1

1

1

−+=











−−+





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



=

−+=

−+

∑∑

∑∑

∑

∈∈

∈

+++

∈

∈

+++

L

L

L

L

L
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where we use the facts that  and 2
11

1

)( qcn
Fc

=∑
∈

qcn
Fc

cTr =−∑
∈1

1)(
11 )1)(( . 

 

Lemma 4: Let . Then the number of solutions of -variables equations 

 is . 

qt Fzccc ∈,,,, 221 L

zxcx iiii =+−−
2
22

2
1212 )

t2

2 tc −+Lcxx
t

i
ii +∑

=
−

1
212( )(112 214321)1)(( tcccccTrtt zvqq ++−− −+

Proof: If the lemma is proved for 0=z , then it is easy to check the validation of the lemma 
for nonzero  by the fact that the left side of the equation is homogeneous. Assume . 
First we prove the case of .  

z 0=z
1=t

If , then by an appropriate invertible linear transformation on  and , the 

equation  is transformed to 

021 =cc

21 +xx

1x 2x

02
22

2
11 =+ xcxc 0'' 21 =xx

2
2
11 + xcxc

12x

, which has  

solutions. If c , then the equation  always has a full-zero 

solution. For its nonzero solution, replacing  by c , then the equation can be written as 

, which has solutions (two different solutions) if and only if 

, that is, it has  solutions for the variable . So, the equation 

 has 

)0(12 vq=

1x

q − +

02 ≠

0)/ 2
12 =xx

(1+

02
2 =x

1c

(/ 12 +xx

0)2 =

2
2
11 + cxc

02
221 =+xx

1x

21 +cc

( 1ccTr

21 +xx

)( 21)1 ccTr− 2 /x

)0()1())1(1)(1(1 )()( 2121 vqq ccTrccTr −+=−+−+  

solutions. 
For general , we prove the lemma by induction. Assume the lemma in all cases for less than 

. Let  and  be number of solutions of  

and , respectively. Then the number of solutions of 

 is equal to 

t

c t2

1−i

t

∑
=

t

i

)(zNt

x tt +− 212

21 +− i cx

)(znt

x t +−
2

12

21 +−i c

zxcxcxx
t

i
iiiiii =++∑

=
−−−

1

2
22

2
1212212 )(

zxcx tt =−
2
221

0)2
2

2
222 =iii xxx(

1

)(112

)(2)(32

)()(232
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0
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tttt
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q
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The lemma is proved. 
 

For the case of , define a function 2>p ε  on  as qF 0)0( =ε , 1)( =aε  for any 

 and 2*0 qFa∈≠ 1) −=a(ε  for any . 2*
qFa∉

 

Lemma 5 ([38]): Let  be a quadratic form over ),,(' 1 rxxQ L npq FF =  of one of the forms 

i)-iv) in Theorem 3. Let  denote the set of square elements of . Denote numbers of 

solutions of  by 

2*
qF

zxr =),

*
qF

xQ ,(' 1 L zρ . If r  is odd, then 

    (1) Q  is of the form i). If−  and ' 2*1 qF∉ )4(mod1≡n , then zρ  is )(2
1

1 zqq
r

r −−
−

− ε . 

If  or , then )43≡n (mod 2*1 qF∈− zρ  is )q (2
1

1 zq
r

r −+
−

− ε . 

(2)  is of the form iii) or iv), 'Q zρ  is . 1−rq

If r  is even then 

    (1) Q  is of the form i). If ' 2*2)1( q

r

F∈− , zρ  is )(
1

21 zvq
r

r −− +q . If 2*2)1( q

r

F∉− , zρ  

is )(
11 zvqr −− 2q

r

− . 

    (2) Q  is of the form ii). If ' 2*2)1( q

r

F∈− , zρ  is )(
1

21 zvqq
r

r −− − . If 2*2)1( q

r

F∉− , zρ  

is )(
11 zvqr −− 2q

r

+ . 

    (3) '  is of the form iii), Q zρ  is . 1−rq

 
Using Lemma 5 and a result in [39] we can prove the following Lemma 6. The details are 

omitted. 

Lemma 6: Let  be as in Lemma 5, ),,(' 1 rxxQ L mr ≤ . Let zy ,δ  be the number of 

 satisfying both that m
qm Fxx ∈),,( 1 L yxmdxd m =++L11  and Q . If zxr =),,1 Lx(' r  

is odd then 

    (1)  is of the form i). Let ， ， then 'Q ∑
=

=
r

j
jd

1

2β βγ zy −= 2
zy ,δ  is , 2−mq

2
3

2 )
+

−− ±
rmm qq ε (−z , )(2

3
2 β

+
−− +

rmm vqq )1(() 2
1

εγ
−

−
r

, or )((2
1

z
rm +

−
ε )1 2

1r−

−2 qqm− + . 

    (2)  is of the form iii). Then 'Q zy ,δ  is  or 2−mq
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)4//( 2
1

1

22
3

2
r

r

j
jr

rmm dddyzvqq ∑
−

=

+
−− −−±

'Q

. 

4//( 2
2

1

22
3

2
r

r

j
jr

rmm dddyzvqq
−

=

+
−− −−−± ∑

r

'Q β

2
22 )(
−−− ±

rmm qzvq

    (3)  is of the form iv). Then zy ,δ  is  or 2−mq

)4/ 22
10 rr ddz − . 

If  is even then  

    (1)  is of the form i). Let ， ， then ∑
=

=
r

j
jd

1

2 βγ zy −= 2
zy ,δ  is ,  2−mq

, ))1 2 γ
r

−((
1

22 ε
rmm qq +
−−− , or )2

r

)1(()mq −ε(
1

22
rm

zvq+
−−− . 

    (2) '  is of the form ii). Let Q
0

21

1

2

z
dd r

r

j
j +=∑

−

=

β ， , Then βγ zy −= 2
zy ,δ  is ,  2−mq

))1(( 0
2

12 γε zq
r

m −+
−− 2q

rm−
, or )2

r

)1(()(
1

22
rmm zvqq −+
−−− ε . 

    (3)  is of the form iii). Then 'Q zy ,δ  is or 2−mq

)4//( 2
1

1

22 zdddyqq r

r

j
jr

mm −+± ∑
−

=

−− 1
2
r
−
ε . 
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