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Abstract

In this paper, we show explicitly the classes of elliptic and hyperelliptic

curves of low genera de�ned over extension �elds, which have weak cover-

ings, i.e. their Weil restrictions can be attacked by either index calculus

attacks to hyperelliptic curves or Diem's recent attack to non-hyperelliptic

curves. In particular, we show how to construct such coverings from these

curves and analyze density of the curves for them such construction is

possible.
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1 Introduction

It is known that besides the square-root algorithms such as Pollard's rho or

lambda method, there are two generic attacks to algebraic curve based cryp-

tosystems. i.e. the Gaudry and other's variations of the index calculus attack

[11][8][20][12][18] and the Weil descent attack or cover attack[9] [13][10] [16][5]

[14][15] [21][22][7].

Among the index calculus attacks to curves other than elliptic curves, i.e.

curves with genera greater than one, the double-large-prime variation[12][18] is

the most powerful to hyperelliptic curves. It is known that the hyperelliptic

curves of genera g � 4 but not too large can be attacked by these algorithms

more e�ectively than the square-root attacks. In spite of a common believing

that non-hyperelliptic curves should be harder to attack than hyperelliptic ones,

Diem recently showed an attack under which non-hyperelliptic curves of low

degrees and genera greater than three are weaker than hyperelliptic curves[6].

1



In particular, genus three non-hyperelliptic curves over F

q

represented by degree

4 plane curves can be attacked in an expected time

~

O(q) by the double-large-

prime variation of his attack, while the double-large-prime attack to genus three

hyperelliptic curves cost

~

O(q

4=3

) and the square-root attacks cost

~

O(q

3=2

).

In this paper, we show explicitly classes of elliptic curves and hyperelliptic

curves of low genera de�ned over extension �elds, which have weak coverings,

i.e. their Weil restrictions can be attacked e�ectively by one of the above two

index calculus attacks. In particular, we show how to construct such coverings

from these curves and analyze density of the curves for them such construction

is possible.

We will present results on odd characteristic cases. The even characteristic

case will be reported in the near future.

2 A review of attacks to algebraic curve based

cryptosystems

Below we review attacks to discrete logarithm on algebraic curve based systems

and their complexities.

2.1 Key length and size of ground �elds

Let q be a power of a odd prime. k := F

q

; k

n

:= F

q

n

.

Assume the key length of a �nite abelian group used in a cryptosystem is

l =

~

O(2

160

)

here we use the symbol:

~

O(x) := O(x log

m

x).

Now consider a cryptosystem based on an abelian variety A de�ned over k

with dimension dimA = g(� 1)

Then one can assume the size of the de�nition �eld k = F

q

to be

q =

~

O

�

l

1

g

�

For A=k

n

,

q =

~

O

�

l

1

gn

�

2.2 Square-root Attacks on �nite abelian groups

General attacks to discrete logarithm on an arbitraty abelian group, such as

the Baby-step-giant-step attack or Pollard's rho-method or lambda-method are

\square-root" attacks, i.e., they have computional costs of the square-root of

the group order. For examples, their costs for A with di�erent g are shown as

follows:
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dimA = g 1 2 � � � g

Attack cost

~

O(q

1=2

)

~

O(q) � � �

~

O(q

g

2

)

In term of l

~

O(l

1=2

)

~

O(l

1=2

) � � �

~

O(l

1=2

)

2.3 Index calculus attacks on algebraic curve based sys-

tems

Now we consider the case when A is the Jacobian variety of an algebraic curve

C, i.e., A = J(C) and C=k is an algebraic curve de�ned over k, then g equals

to the genus of C.

(1) When C is a hyperelliptic curve, the most powerful attack is the double-

large-prime variation of index calculus by Gaudry-Theriault-Thome and Nagao

[12], [18], with complexities as follows.

g = g(C) 1 2 � � � g

Attack cost

~

O(q

1=2

)

~

O(q) � � �

~

O(q

2�

2

g

)

In term of l

~

O(l

1=2

)

~

O(l

1=2

) � � �

~

O(l

2(g�1)

g

2

)

(2) When C is a non-hyperelliptic curve of genus g � 3, one can almost always

�nd a birational transform over k

C

birat

��! C

0

� P

2

such that degC

0

= d � g + 1. (Notice that when C

0

is a hyperelliptic curve,

one has degC

0

= d � g + 2).) Then when C

0

is de�ned over k, the complexity

of Diem's double-large-prime variation [6] are as follows.

g = g(C) 3 � � � g

Attack cost

~

O(q) � � �

~

O(q

2�

2

d�2

)

In term of l

~

O(l

1=3

) � � �

~

O(l

2(d�3)

(d�2)(d�1)

)

When d = g + 1

~

O(l

1=3

) � � �

~

O(l

2(g�2)

g(g�1)

)

The last row is when one could transform C=k to C

0

=k with degree d = g+1.

2.4 Weil descent or covering attacks

Let C

0

�

k

n

to be an algebraic curve over k

n

with genus g(C

0

) � 1.

If there exists an algebraic curve C de�ned over k and

� : C � C

0

is a covering de�ned over k

n

then

�

�

: J(C) �! Res

k

n

�

k

�

(J(C

0

))

�
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de�nes an isogeny over k.

The covering attack as a generalization of the Weil descent attack is to trans-

form the discrete logarithm on J(C

0

)

�

k

n

to the discrete logarithm on J(C)

�

k.

2.5 Weil descent or covering attack + Index calculus

In this paper, we show explicit classes of elliptic curves and hyperelliptic curves

of genus two and three de�ned on extension �elds whose Weil restrictions can be

e�ectively attacked by either of the index calculus algorithms for hyperelliptic

curves and non-hyperelliptic curves.

Using the same symbols of the previous section, let g

0

:= g(C

0

); g := g(C) =

ng

0

. The discrete logarithm on C

0

will be attacked by index calculus algorithms

in the following complexities.

2.5.1 When C is a hyperelliptic curve

The double-large-prime attack to hyperelliptic curves costs

~

O(q

2�

2

ng

0

) =

~

O(l

2(ng

0

�1)

n

2

g

2

0

)

2.5.2 When C is a non-hyperelliptic curve with degree d = ng

0

+ 1

Diem's double-large-prime variation costs

~

O(q

2�

2

ng

0

�1

) =

~

O(l

2(ng

0

�2)

(ng

0

�1)ng

0

)

3 On Scholten forms

We �rst show some results on the so-called Scholtem forms of elliptic curves as a

preparation of the rest of the paper. Assume hereafter chark 6= 2. More general

results can also be proved for chark = 2 case but we omit them here.

3.1 Scholten forms over a quadratic extension �eld k

2

A Scholten form is de�ned as an elliptic curve in the form of [19]

E

�

k

2

: y

2

= �x

3

+ �x

2

+ �

q

x+ �

q

: (1)

Let

x :=

�

t� �

q

t � �

�

2

; � 2 k

2

n k (2)

S := (t � �)

3

y (3)

then one obtains a (2,2) covering

C

2

�

2

E

2

�

2

P

1

(x) (4)
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where

C

�

k : S

2

= �(t� �

q

)

6

+ �(t� �

q

)

4

(t� �)

2

+ �

q

(t� �

q

)(t� �)

4

+ �

q

(t � �)

6

(5)

3.2 A triangle of equivalences

Let C

�

k be an algebraic curve de�ned over k with genus g(C) = 2, � the bi-

elliptic involution acting on C de�ned over k

2

, � the Frobenius map and � the

hyperelliptic involution. Assume that

�

� = ��.

We can prove the equivalences in the following triangle.

E ' C

�

�

4<

t|

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

bj

"*

M

M

M

M

M

M

M

M

M

M

M

M

M

M

M

M

M

M

fS � formsg (a); (c)

+3ks

Here (a); (c) are among the following three cases for the elliptic curves:

E=k

2

: y

2

= f (x) deg f (x) = 3

(a) : f(x) is irreducible over k

2

;

(b) : f (x) is a product of a linear factor and a quadratic irreducible factor over

k

2

;

(c) : f(x) is a product of three linear factors.

3.2.1 Elliptic curves with (2,2) coverings

Since the following diagram is a (2; 2) covering,

C

||y

y

y

y

y

y

y

y

y

##

F

F

F

F

F

F

F

F

F

E

""

D

D

D

D

D

D

D

D

�

E

||y

y

y

y

y

y

y

y

P

1

(x)

the elliptic curve E has the following form:

E=k

2

: y

2

= ag(x)(x � �)

g(x) 2 k[x]; deg g(x) = 2; or 3

� 2 k

2

n k:
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3.2.2 The case (a)

In the case (a), one has

E : y

2

= a (x� �)

�

x� �

q

2

��

x � �

q

4

�

a 2 k

2

� 2 k

6

n k

2

Lemma 1. Fix an � 2 k

3

n k, then

9A 2 GL

2

(k

2

); s:t: A� = �

which is unique up to a scalar modulo k

�

2

. Here A� denotes a PGL

2

action:

A :=

�

a b

c d

�

; A� :=

a�+ b

c�+ d

Proof: Since PGL

2

(k

2

) acts on k

6

nk

2

without �xed points, and #fPGL

2

(k

2

)g =

#fk

6

n k

2

g . �

Remark: If one denotes

� = a�

2

+ b�+ c

a; b; c 2 k

2

; (a; b) 6= (0; 0)

and

�

3

= r�+ e; r; e 2 k

then A can be written in an explicit form as

A =

�

a(ar + c)� b

2

a

2

e� bc

a �b

�

:

From the lemma 1, E is k

2

-isomorphic to

y

2

= a

0

g(x)(x� �)

here g(x) := (x� �) (x� �

q

)

�

x� �

q

2

�

2 k[x]

3.2.3 Transformation from (a); (c) to Scholten forms

Elliptic curves in forms of (a) or (c) can be transformed into the Scholten forms

by PGL

2

actions.

For the case (a), one can use

B =

�

1 ��

q

1 ��

�

For the case (c), the transform is similiar.
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3.2.4 Weil descent attack on Scholten forms

It is proposed to apply the Weil descent attack to the Scholten forms in [19] [2].

The elliptic curves which have (2,2) covering over k

2

were classi�ed in [17].

4 Weil restriction obtained by (2,2,...,2) cover-

ings

Assume C

0

is a hyperelliptic curve,

C �! C

0

2

�! P

1

(x)

is a (2; 2; :::; 2) covering of degree 2

r

for r = n or n� 1, and

g

0

:= g(C

0

); g := g(C) = ng

0

:

Lemma 2. .

(1) ker

�

J(C) �! Res

k

n

�

k

(J(C

0

))

�

� J(C)[2

r�1

]

(2) If C is hyperellptic, then the above kernel can be described explicitly.

Below, we classify the types of the covering C �! C

0

using the Riemann-

Hurwitz formula.

4.1 The case g

0

= 1

Assume C

0

= E, an elliptic curve.

4.1.1 When n = 3

(i) When the degree of the covering C �! E �! P

1

(x) is eight

In this case, C is a hyperellptic curve over k of genus three

1

. E=k

3

, which

has C as its (2,2) covering, has the form of

E=k

3

: y

2

= eg(x)(x� �)(x� �

q

)

here � 2 k

3

n k;

g(x) 2 k[x]; deg g(x) = 1 or 2;

e 2 k

�

3

Then E become the case (c) under an isogeny of degree 2 and

#fk

3

� isomorphic classes of Eg = O(q

2

)

Next we show how to explicitly construct C=k.

1

This was also mentioned in [5] footnote 6
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We have a diagram as follows, where E

0

is k

3

-isogenous to E (of degree two).

C

||z

z

z

z

z

z

z

z

z

2

!!

C

C

C

C

C

C

C

C

E

0

2

||z

z

z

z

z

z

z

z

z

P

1

(t)

(2;2) covering

}}{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

P

1

2

""

D

D

D

D

D

D

D

D

P

1

(x)

The bi-elliptic involution � on P

1

(t) can be expressed as follows.

� =

�

� b

1 ��

�

here 4� = �

q

2

D = (� � �

q

)

�

� � �

q

2

�

b = D � �

2

Denote again the Frobenius map over k as �, one can see that on P

1

(t)

� �

�

� =

�

� � � =

�

2

�

Now we consider the covering of degree 2:

P

1

2

�! P

1

(x):

Then P

1

is de�ned by

P

1

: Y

2

= g(x) = ax

2

+ bx + c; a; b; c 2 k; (a; b) 6= (0; 0)

y =

�

t+ �(t) �

�

�(t)�

�

2

�(t)

�

Y

and

x = t+ �(t) +

�

�(t) +

�

2

�(t)

=

F (t)

N(t� �)

; N(�) := N

k

3

�

k

(�)

Assume that � 2 k

3

n k satis�es the following equation:

�

3

� a

1

�

2

+ b

1

� � c

1

= 0; 9a

1

; b

1

; c

1

2 k:

then

N(t � �) = t

3

� a

1

t

2

+ b

1

t � c

1

F (t) = t

4

� 2b

1

t

2

+ 8c

1

t+ (b

2

1

� 4a

1

c

1

)
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Thus one obtains the following de�ning equation

2

for C=k

C=k : S

2

= aF (t)

2

+ bF (t)N(t � �) + cN(t� �)

2

S = N(t� �)Y

The following table shows a comparison of complexities between the square-

root attacks to the elliptic curve E=k

3

, which is the most e�ective attacks known

for genus one curves, and the double-large-prime attacks to the genus three

hyperelliptic curve C=k.

Attack to E=k

3

~

O(q

3=2

)

~

O(l

1=2

)

Attack to C=k

~

O(q

4=3

)

~

O(l

4=9

)

(ii) When the degree of the covering C �! E �! P

1

(x) is four

Except for the case that the covering C �! E corresponds to the covering

C �! E

0

in the case (i), C is a non-hyperelliptic curve over k. We will show

how to construct such a C in the section 5.

The elliptic curves E=k

3

which have C as their (2; 2) covering can be divided

into the following two types.

3

Type I: E : y

2

= (x� �) (x� �

q

) (x� �) (x� �

q

) (6)

�; � 2 k

3

n k; #f�; �

q

; �; �

q

g = 4 (7)

Type II: E : y

2

= (x � �)

�

x� �

q

3

�

(x� �

q

)

�

x� �

q

4

�

(8)

� 2 k

6

n fk

2

[ k

3

g (9)

The action of PGL

2

(k) on P

1

(x) induces the action on the sets f�; �g in (6)

and f�g in (8), and this action gives elliptic curves of the same type which are

k

3

-isomorphic to the original curves.

Type I:

This elliptice curve E (6) can be transformed by a k

3

-isomorphism to

E '

=k

3

y

2

= x(x� 1)(x� �) (10)

� =

(���

q

)(�

q

��)

(���)(�

q

��

q

)

(11)

The action of PGL

2

(k) on k

3

n k induces the following action on the set

f�;�g.

f�; �g �! fA�;A�g; 8A 2 GL

2

(k) (12)

2

Another form of the de�ning equation was obtained by N. Theriault [4] Th.22.10.3

3

The equation (6) of Type I was also given as Eq.(10) in [7] as an example.

9



This action transforms E (6) into a new elliptic curve

E

0

: y

2

= (x�A�) (x �A�

q

) (x �A�) (x�A�

q

) (13)

which also has a Legandre canonical form as (10) with

�

0

:=

(A� �A�

q

)(A�

q

�A�)

(A� �A�)(A�

q

�A�

q

)

(14)

Then it is easy to see

� = �

0

(15)

or the Legrandre forms are invariant under this action.

Therefore, by transitivity of the action of PGL

2

(k) on k

3

nk, the �rst element

in the pair f�; �g can be �xed to an � 2 k

3

nk. Thus, we hereafter consider only

the pairs f�; �g and the corresponding values of f�g.

From now we assume the Type I curves to be

E : y

2

= (x� �) (x� �

q

) (x � �) (x� �

q

) (16)

�; � 2 k

3

n k; #f�; �

q

; �; �

q

g = 4 (17)

� =

���

q

���

�

�

q

��

�

q

��

q

(18)

To count the number of the � in (18), de�ne

� :=

�

�

q

��

1 �1

�

� (19)

then since � 6= 0; 1;1, � 6= �; �

q

;1.

De�ne

A =:

�

��+ � + �

q

��

1+q

1 ��

�

(20)

and

B :=

�

2

A

�

A A: (21)

Then we have

Lemma 3.

1. Given an �, there exists a � s.t. (18) holds i�

A� = �

q

(22)

2. The above condition is equivalent to

B� = �: (23)

Then one can easily �nd � from � as solutions of the quadratic equation

obtained from (23), hence �nd elliptic curves which have the covering C.

10



3. When such a � exists,

B 6�

�

� �

0 �

�

mod k

�

3

(24)

since � 6= �; �

q

.

Thus, there are at most two �'s given one �.

4. Let the discriminant

D := (TrB)

2

� 4(detB) (2 k) (25)

then there exist such � given an � if and only if D 2 (k)

2

;

5.

D = 0 =)

9C 2 GL

2

(k); C

2

�

�

1 0

0 1

�

(modk

�

)

� = C�

9

=

;

(26)

Corollary 1. For the elliptic curves (16) having the covering C or de�ned by

the � in (18),

#f�g �

1

2

q

3

: (27)

Type II:

The Type II elliptice curve E can be transformed by a k

3

-isomorphism to

E '

=k

3

y

2

= ex(x� 1)(x � �) (28)

8

<

:

� =

�

�

q

��

q

3

�

q

��

�

1+q

3

e � N

k

6

=k

3

(�

q

� �) mod

�

k

�

3

�

2

(29)

We omit the details but just state the conclusion that the correspondence

PGL

2

(k)

��

�

	

�!

�

�

	

is generically 2 : 1. When the correspondence is 1-1,

9!A 2 PGL

2

(k) s:t: A� = �

q

3

From which such � can be easily found.

Lemma 4. For the elliptic curves (28) having the covering C or de�ned by the

� in (29),

#f�g �

1

2

q

3

: (30)
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Since C is a degree 4 non-hyperelliptic curve over k, the attacks to the

above E=k

3

by the square-root methods and to C=k by Diem's double-large-

prime variation have the following complexities.

Attack to E=k

3

~

O(q

3=2

)

~

O(l

1=2

)

Attack to C=k

~

O(q)

~

O(l

1=3

)

4.1.2 When n = 5

In this case, the (2,2,2,2) covering C of E is a non-hyperelliptic curve over k.

The elliptic curve E=k

5

with C as its covering has a form of

E : y

2

= (x � �) (x� �

q

)

�

x � �

q

2

��

x� �

q

3

�

� 2 k

5

n k

The number of k

5

-isomorphism classes of such E is equal to O(q

2

)

Assume deg(C) = d, the complexity of Diem's double-large-prime variation

to C is

~

O(q

2�

2

d�2

) =

~

O(l

2(d�3)

n(d�2)

). If d = 6 then the complexities for the square-

root attack to E=k

5

and Diem's attack to C=k are as follows.

Attack to E=k

5

~

O(q

5=2

)

~

O(l

1=2

)

Attack to C=k

~

O(q

3=2

)

~

O(l

3=10

)

4.2 The case g

0

= 2

4.2.1 When n = 2

The curve C

0

in this case is in the form

C

0

: y

2

= e(x� �)g(x)

� 2 k

2

n k; g(x) 2 k[x]; deg g(x) = m = 4 or 5

#fk

2

� isomorphic classes of C

0

g = O(q

4

)

Now we show how to construct the covering C=k. First de�ne

u := y +

�

y

v := �(y �

�

y) s:t:

�

� = �� ( 6= 0)

t :=

v

u

�

a b

c d

�

:=

�

�(e�� e

q

�

q

) �(e�+ e

q

�

q

)

�(e� e

q

) �(e+ e

q

)

�

G(X;Y ) := Y

m

g(

X

Y

); m := deg g(x)

S :=

�

c(t

2

+ �

2

) + d�

2

t

�

3

u

12



then the C=k can be constructed as follows when m = 4 and 5.

When m = 4

C : S

2

= (ad�bc)�

2

�

�

c(t

2

+�

2

)+d�

2

t

�

�G

�

a(t

2

+�

2

)+b�

2

t; c(t

2

+�

2

)+d�

2

t

�

When m = 5

C : S

2

= (ad � bc)�

2

�G

�

a(t

2

+ �

2

) + b�

2

t; c(t

2

+ �

2

) + d�

2

t

�

If one applies either the square-root or the double-large-prime attack to

C

0

=k

2

and the double-large-prime attack to these two genus four hyperelliptic

curves C=k, the complexities will be

Attack to C

0

=k

2

~

O(q

2

)

~

O(l

1=2

)

Attack to C=k

~

O(q

3=2

)

~

O(l

3=8

)

4.2.2 When n = 3

In this case, C is a non-hyperelliptic curve over k

The C

0

with C as its covering have the following three forms:

C

(1)

0

: y

2

= (x� �) (x� �

q

) (x� �) (x� �

q

) (x� 
) (x� 


q

)

�; �; 
 2 k

3

n k

C

(2)

0

: y

2

= (x � �) (x� �

q

) (x� �) (x� �

q

)

�

x� �

q

3

��

x� �

q

4

�

� 2 k

3

n k; � 2 k

6

n (k

2

[ k

3

)

C

(3)

0

: y

2

= (x� �) (x� �

q

)

�

x� �

q

3

��

x� �

q

4

��

x� �

q

6

��

x � �

q

7

�

� 2 k

9

n k

3

#

n

k

3

� isomorphic classes of C

(i)

0

o

= O(q

6

)

If one applies the double-large-prime attack to C

(i)

0

=k

3

and Diem's variation

to the non-hyperelliptic curve C=k, the complexities are as follows.

Attack to C

(i)

0

=k

3

~

O(q

3

)

~

O(l

1=2

)

Attack to C=k

~

O(q

2�

2

d�2

)

~

O(l

d�3

3(d�2)

)

Attack to C=k; d = 7

~

O(q

8

5

)

~

O(l

4

15

)

13



4.3 The case g

0

= 3 and C

0

is a hyperelliptic curve

4.3.1 When n = 2

In the case, C is a hyperelliptic curve over k of genus 6.

The C

0

with such C as its covering has the form:

C

0

: y

2

= e(x � �)g(x)

� 2 k

2

n k; g(x) 2 k[x]; deg g(x) = m = 6 or 7

# fk

2

� isomorphic classes of C

0

g = O(q

6

)

The construction of C is the same as in the case of g

0

= 2; n = 2

When one applies the double-large-prime attack to these hyperelliptic curve

C

0

=k

2

and C=k de�ned on di�erent �elds, one has complexities

Attack to C

0

=k

2

~

O(q

8=3

)

~

O(l

4=9

)

Attack to C=k

~

O(q

5

3

)

~

O(l

5

18

)

4.3.2 When n = 3

The C is a non-hyperelliptic curve over k.

The C

0

with C as its covering has the following four forms.

C

(1)

0

: y

2

= (x� �) (x� �

q

) (x � �) (x� �

q

) (x � 
) (x� 


q

) (x� �) (x� �

q

)

�; �; 
; � 2 k

3

n k

C

(2)

0

: y

2

= (x� �) (x� �

q

) (x � �) (x� �

q

) (x � 
) (x� 


q

)

�

x� 


q

3

��

x� 


q

4

�

�; � 2 k

3

n k; 
 2 k

6

n (k

2

[ k

3

)

C

(3)

0

: y

2

= (x� �) (x� �

q

) (x � �) (x� �

q

)

�

x � �

q

3

��

x � �

q

4

��

x� �

q

6

��

x� �

q

7

�

� 2 k

3

n k; � 2 k

9

n k

3

C

(4)

0

: y

2

= (x� �) (x� �

q

)

�

x � �

q

3

��

x � �

q

4

��

x� �

q

6

��

x� �

q

7

��

x� �

q

9

��

x � �

q

10

�

� 2 k

12

n (k

6

[ k

4

)

# fk

3

� isomorphic classes of C

0

g = O(q

9

)

If one applies the double-large-prime variation to the hyperelliptic curve

C

(i)

0

=k

3

and Diem's double-large-prime variation on the non-hyperelliptic curve

C=k, the complexities are as follows.

Attack to C

(i)

0

=k

3

~

O(q

4

)

~

O(l

4=9

)

Attack to C=k

~

O(q

2�

2

d�2

)

~

O(l

2(d�3)

9(d�2)

)

Attack to C=k; d = 10

~

O(q

7

4

)

~

O(l

7

36

)
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5 Construction of covering C �! E for the case

4.1.1(ii)

Since C �! C

0

�! P

1

(x) is a (2,2) covering, the action of the bi-elliptic

involution � on H

0

(C=k

3

;


1

) can be expressed as

� =

0

@

1 0 0

0 �1 0

0 0 �1

1

A

;

�

� =

0

@

�1 0 0

0 1 0

0 0 �1

1

A

;

�

2

� =

0

@

�1 0 0

0 �1 0

0 0 1

1

A

i.e.,

�(!) = !; �(

�

!) = �

�

!; �(

�

2

!) = �

�

2

!

If one de�nes correspondence

!  ! line `

and uses the canonical embedding of C into P

2

, C can be expressed as

C : �`

4

+ �

q �

`

4

+ �

q

2

�

2

`

4

+ �`

2+2�

+ �

q

`

2�+2�

2

+ �

q

2

`

2�

2

+2

= 0

For q � 37, C(k) 6= ;, then we obtain

Lemma 5. When q � 37,

8�; � 2 k

3

n k # f�; �

q

; �; �

q

g = 4

9� 2 k

3

s:t: T r

k

3

�

k

�

��

4

+ ��

2+2q

�

= 0

According to this lemma, one can use the variable change

` 7�! �

�1

`

so that it can be assumed that

Tr

k

3

�

k

(�+ �) = 0:

Next, by use of the correspondences

` ! X

�

` ! Y

�

2

` ! Z

one obtains a de�ning equation of C over k

3

C : �X

4

+ �

q

Y

4

+ �

q

2

Z

4

+ �X

2

Y

2

+ �

q

Y

2

Z

2

+ �

q

2

Z

2

X

2

= 0

Let

y :=

Y

X

; z :=

Z

X

C : � + �

q

y

4

+ �

q

2

z

4

+ �y

2

+ �

q

y

2

z

2

+ �

q

2

z

2

= 0

15



Then

�(y) = �y; �(z) = �z:

Next, let

u := y

2

; v := z

2

; w := yz

then the E=k

3

can be expressed as

E=k

3

: � + �

q

u

2

+ �

q

2

v

2

+ �u+ �

q

uv + �

q

2

v = 0

w

2

= uv

Furthermore, if one de�nes

s :=

1

u

; t :=

v

u

; h :=

w

u

then the de�ning equation of E becomes

E : �s

2

+ �

q

+ �

q

2

t

2

+ �s+ �

q

t+ �

q

2

st = 0

h

2

= t

Now according the condition Tr

k

3

�

k

(�+ �) = 0, one can assume

s = 1 + `(t� 1)

then

t =

�(1� `)

2

+ �(1� `) + �

q

�`

2

+ �

q

2

`+ �

q

2

If one de�nes

S :=

�

�`

2

+ �

q

2

` + �

q

2

�

h

Then the de�ning equation of E becomes

E : S

2

=

�

�`

2

+ �

q

2

`+ �

q

2

�

�

�(1 � `)

2

+ �(1� `) + �

q

	

Now de�ne

D := �

2

� 4�

1+q

We consider two cases according to whether D is a quadratic residue or not.

4

5.1 The case D 2

�

k

�

3

�

2

E '

=k

y

2

= ex(x� 1)(x� �)

e � � mod

�

k

�

3

�

2

here � =

2�+�+�

q

2

+

p

D�

p

D

q

2

2�+�+�

q

2

�

p

D�

p

D

q

2

�

2�+�+�

q

2

�

p

D+

p

D

q

2

2�+�+�

q

2

+

p

D+

p

D

q

2

� =

�

2� + � + �

q

2

�

p

D +

p

D

q

2

��

2�+ � + �

q

2

+

p

D �

p

D

q

2

�

4

The case 5.1 is also studied by K.Nagao with certain conditions.
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5.2 The case D 62

�

k

�

3

�

2

E '

=k

y

2

= ex(x� 1)(x� �

1+q

3

)

e � � mod

�

k

�

3

�

2

here � =

2�+�+�

q

2

+

p

D�

p

D

q

2

2�+�+�

q

2

�

p

D�

p

D

q

2

� =

�

2�+ � + �

q

2

�

p

D +

p

D

q

2

�

1+q

3
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Appendix 1 : Proof of Lemma 3

Proof of Lemma3. 1:

From (18)

� =

� � �

q

� � �

�

�

q

� �

�

q

� �

q

0 = (1� �)�

1+q

+ (��� �

q

)�

q

+ (��

q

� �)� + (1� �)�

1+q

(31)

Since � 6= 0;1;1

0 = �

1+q

�

��� �

q

� � 1

�

q

�

��

q

� �

�� 1

� + �

1+q

(32)

De�ne

� :=

�

� ��

q

1 �1

�

� (33)

� :=

�

�

q

��

1 �1

�

� (34)

Then

0 = �

1+q

� ��

q

� �� + �

1+q

(35)

= �

q

(� � �)� �� + �

1+q

(36)

�

q

=

�� � �

1+q

� � �

(37)

=

�

� ��

1+q

1 ��

�

� (38)

On the other hand, from the de�ntions of �; �

� =

�

�

q

��

1 �1

��

1 ��

q

1 ��

�

� (39)

=

�

�1 �+ �

q

0 1

�

� (40)

= ��+ �+ �

q

(41)

Therefore, if one de�nes

A :=

�

�� + �+ �

q

��

1+q

1 ��

�

(42)

then a � exists for a given � i�

�

q

= A� (43)
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Remark 1.

A� = �; A�

q

= �

q

(44)

Proof of Lemma 3, 2:

(23)(= (22): Easy.

(23)=) (22):

Assume the two solutions of (23) are f�; 
g

B� = �; B
 = 
 (45)

Since

�

2

A

�

A A� = �

A

�

2

A

�

A�

q

= �

q

�

2

A

�

A�

q

= A

�1

�

q

�

2

A

�

A A(A

�1

�

q

) = A

�1

�

q

B(A

�1

�

q

) = A

�1

�

q

Therefore, either

A

�1

�

q

= � i:e: A� = �

q

(46)

or

A

�1

�

q

= 
 i:e: A
 = �

q

: (47)

The latter case is when the action of A exchanges two solutions. i.e.

A
 = �

q

; A� = 


q

(48)

Then

�

A A� =

�

A 


q

= (A
)

q

= �

q

2

(49)

�

2

A

�

A A� =

�

2

A �

q

2

= (A�)

q

2

= 
 (50)

This means

B� = 
 i:e: � = 
 (51)

Proof of Lemma 3.3: (This is quite long so omitted here.)

Proof of Lemma 3.4, 5

Let

B :=

�

a b

c d

�

c 6= 0

then � are solutions of

cx

2

+ (d� a)x� b = 0
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Hence, there exist at most two �.

Let

D := (TrB)

2

� 4(detB) (2 k)

Then

#f�g = 2 () D 2 (k

�

)

2

(52)

#f�g = 1 () D = 0 (53)

#f�g = 0 () D =2 (k

�

)

2

(54)

Now consider the case when D = 0.

De�ne the matrix mapping � to � as C 2 GL

2

(k), which is unique modulo

k

�

. Denote the image of � under C as 
, i.e.:

9! C 2 PGL

2

(k); s:t: C� = �; C� =: 
 (55)

Then

C�

q

= (C�)

q

= �

q

(56)

C�

q

= (C�)

q

= 


q

(57)

Thus under the action of C, one obtains another elliptic curve isomorphic to E

E

00

: y

2

= (x � �)(x� �

q

)(x� 
)(x� 


q

) (58)

i.e. with the same �.

When D = 0, there is only one � is possible so one has 
 = �.

Thus

C� = �; C� = � (59)

C

2

� = � (60)

Since � 2 k

3

n k

C

2

�

�

1 0

0 1

�

(modk

�

) (61)

Thus Tr(C) = 0.

Denote

C =

�

a b

c �a

�

When c = 0, one can assume a = 1, the number of � = C� = �� � b is

#fb 2 kg = q.

When c 6= 0, the number of

� = C� =

a�+ b

�� a

(62)

is #f(a; b) 2 k

2

ja

2

+ b 6= 0g = q(q � 1).

Thus the number of � when D = 0 is q

2

.
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