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Abstract

Perfectly balanced functions were introduced by Sumarokov in [1].
A well known class of such functions are those linear either in the
first or in the last variable. We present a novel technique to construct
perfectly balanced functions not in the above class.
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1 Introduction

Let N be the set of natural numbers. For n € N let V,, = F, be the n-
dimensional vector space over the field F, = GF(2). We use @ for the
addition modulo 2. A Boolean function over V,, is a mapping V,, — Fy. For
any n € N we denote by F, the set of all Boolean functions in variables
{x1,...,2,}. We also identify F, with Fy[zy,...,z,]/(2? ® z;,i = 1,...,n),
the quotient ring of the ring of polynomials with coefficients in F, w.r.t. the
ideal generated by the polynomials 2? @ z;, i € {1,...,n}. Then for any
f € F,, we have the algebraic normal form

f(z) = @ glay, ... ap)x}t .. a8 = @ gla)z®, (1.1)

@1 y.-y0n € acVn

where g € F,, and f — g is called Mdbius Transform of F,. By deg(f) we
denote the algebraic degree of a function f € F,.



Let f € F, and i € {1,...,n}. We use the following notation

deg(f, z;) = deg(f(z @ &) @ f(2)) + 1,

where e;, © = 1,...,n, are the vectors of the canonical basis of V,. If
deg(f,x;) =1, then we say that f depends linearly on z;. The weight wt(f)
of f is the number of € V such that f(z) = 1. A function f is balanced if
wt(f) =wt(f 1) =2""1

Let A = J,-, F5. By definition, put B = |J,-,, F,. A Boolean function
f € F, induces a mapping B — A of the form

b= (bryeeoib) = (FOry by Fbionins - ) (1.2)

for any b € B.

Perfectly balanced functions (i.e., Boolean functions f such that the map-
ping (1.2) is onto) were introduced by Sumarokov in [1]. A well known class
of such functions (cf. [2]) consists of all functions that are linear either in
the first or in the last variable. The aim of this paper is to develop a novel
technique to construct perfectly balanced functions not in the above class.

2 Basic definitions

Let f € F, and m € N. Consider the system of equations

[T, Tsq1ye oy Tsin1) =Ys, S=1,2,...,m, (2.1)
where z = (z1,.. ., Tmin-1) € Vinen-1, ¥ = (Y1, -, Ym) € Vin. In vectorial
form this system can be written as follows

y=fm(@),
where
fr(xy, Ty oy Tingn—1)

= (f(xy, ., z), f(x2y oy Tns1), oo, [ (T -+ o Tne1) ) (2.2)

For any f € F, and any m € N consider a set

J(f,m)={y € Viu|Vo € Vi1 fz) #y}. (2.3)
Denote by Def,,(f) the cardinality of J(f,m).
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Definition 2.1 ([1]). A function f € F, is said to have defect zero iff
Def,,(f) = 0 for any m € N.

It is easy to see ([1]) that f € F,, has defect zero if deg(f,z;) = 1 or
deg(f,xz,) = 1. Let

£n:{f€fn| deg(faxl):]'}

and
Rn={f € Ful| deg(f,z,) = 1}.

Definition 2.2 ([1]). A function f € F, is called perfectly balanced iff
1fm) Hy) =2

for any m € N and for every y € V,,, (M denotes the cardinality of the set

Let &, denote the set of all perfectly balanced functions in F,. From
Definition 2.2 it is easy to see that a perfectly balanced function f € F, is
balanced, i.e., wt(f) = 2"~ Tt follows immediately that £&€,/2?" — 0 as
n — oo.

3 Preliminaries

Theorem 3.1 ([1]). A Boolean function has defect zero iff it is perfectly
balanced.

Denote by D,, the set of Boolean functions in &, such that

deg(f: xl) > ]-7 deg(f) xn) > 1.

Sumarokov [1] developed a technique to construct functions in D, \ (£, UR,,)
was developed.

Example 3.2 ([1]). A Boolean function
f(@1, @9, 3, 24) = 2102 @ T2 ® T3 D 512204 B Tox4 D 1

is a perfectly balanced function in Dy \ (L4 U Ry).



Furthermore Sumarokov [1] proved some upper bounds on m for functions
of nonzero defect and defined the following mappings 7y, 71, 72 from F,, onto
Fn such that v;(&,) =&y, i =1,2,3:

(1) vo: f(z1,. . xn) = fz1,. .. x,) O 1
(2) m: floy,.o oz = fr @1, .z, ®1);

(3) V2 f(xla"'axn) - f(xna"'axl)'
For certain applications it is interesting to investigate conditions under

which the distribution of the right-hand side of (2.1) is uniform provided that
the distribution of the random vector X,, = (xy,..., Tpyin_1) is uniform.

Theorem 3.3 ([3]). Let {X,, = (1,..., Tmin_1) oo, be a sequence of ran-
dom wvariables, where X,, is distributed uniformly over V., 1. Then the
random variable Y, = f} (X,,) is distributed uniformly for any m € N iff the

m

function f 1is perfectly balanced.

4 Main result

For any £ € N and any [ € N consider a mapping Z;;: Fi, X F; = Fpq—1 of
the form

Erlf,9) = flal=h € Fryi 1, f € Fryg € Fy
where
h(zi,. .., 2pp-1) = flgl(z1, ..., Trpi-1)
- f(g(xla s 7xk)7g(1‘27 s 7xk+1)7 s 79(5[;/67 s 71‘k+l71))-
Our main result is the next theorem.

Theorem 4.1. Let f € Fi, g € F;. A Boolean function h = flg] € Fr11
1s perfectly balanced iff both functions f and g are perfectly balanced.

Proof. Let f and g be perfectly balanced functions and m be any natural

number. Then for any vector z = (21,...,2,) € Vi, we have §(f5)7(z) =
2k=L Furthermore for every vector y = (y1,. .., Ymir_1) € (f) () we have

8(g5, k1) H(y) =271 It now follows that
t(hy,) " (2) = 8(flaly) "' (2)

= Y (g () =2 =20
yE(fr)~1(2)



for any m € N and any z € V,,, i.e. a function h € Fiy 1 is perfectly
balanced.

Let the function h = f[g] € Fiyi_1 be perfectly balanced. Assume the
contrary, namely, that either f or ¢ is not perfectly balanced. First assume
that f is not perfectly balanced. By Theorem 3.1, f is not a function of defect
zero. Then there exist a natural number m and a vector z = (21,...,2,) €
Vi such that z € J(f,m). Therefore we have z € J(f[g],m), i.e., f[g] is not
a function of defect zero. By Theorem 3.1, f[g] is not perfectly balanced.
This contradiction proves that f is perfectly balanced.

Now, assume that ¢ is not perfectly balanced. Then there exist a natural
number r and a vector y* = (y},...,y’) € V, such that #(g7) "1 (y*) = 2!~ +q,
where 0 < o < 2!=1. Using the vector y*, we construct a set M, ;, t = 1,2, ...
of vectors in Vi (s41)4(—1)¢ of the form

Y= UriUrils e Ylr =13 YT e Ypy e
yI) B 7y:7 Yir4+-(t—1)(1=1)5 - - '7yt7“+t(l—1);yr7 .- '7y:)7

where components of y not asterisked are arbitrary. It follows easily that
rt = (271" Using the definition of the set M, ;, one can shown that for
M, = (2'7')". Using the definition of the set M,, hown that f

-1
any y € M, with (g:(t+1)+(l_1)t) (y) # 0, the next inclusion holds:

*

(Grenraend) @) S @)W x .. x ()7 (y") .

o

t+1

Furthermore it is clear that

Gr(t+1)+ (-1t (97) " (y*) x ... % (9:)_1(3/*2 C M.

-

41
Let p; denote an expected number of vectors in the set
() " Hy*) x ... x (g5) ' (y*) per vector of the set M, ;:

i

-~

t+1

2l—1 + o t+1 B « t+].
Nt:%ZQl 1(1+ﬁ)

(27) 2
Since (14 «/2!71) > 1, it follows that there exists a natural number ¢;, such
that g, > 20-H-D-1,



Consequently there exists a vector y € M, ,, with property

. -1 _1)-
(G tornraony,) () > 2000 (4.1)

Let 2 = o1y 1y _ri1(¥)- Using (4.1) we get

* —1 N
ﬁ(f[g](t0+1)(r+l71)fk+1) (z) > 2k+-D=L

i.e., a function f[g] is not perfectly balanced. This contradiction proves the
theorem. 0

Using Theorem 4.1, we can construct perfectly balanced functions in D, \
(L, UR,).

Example 4.2. Let f(xy, 29, 23) = 21 + 2923 € L3 and g(z1, 29, 3) = 129 D
X3 € R3. Then

h($1,x2,x3,1‘4,1'5) = f(g(l‘l,l'g,l'g),g((l'g,l‘g,l'zl),g(l'g,x4,l'5))
= 2100 D 3 P Xox3L4 D Tox3Ts D T3x4 P x4x5 € Dy \ (£5 U R5)
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