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Abstrat

Perfetly balaned funtions were introdued by Sumarokov in [1℄.

A well known lass of suh funtions are those linear either in the

�rst or in the last variable. We present a novel tehnique to onstrut

perfetly balaned funtions not in the above lass.
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1 Introdution

Let N be the set of natural numbers. For n 2 N let V

n

= F

2

be the n-

dimensional vetor spae over the �eld F

2

= GF (2). We use � for the

addition modulo 2. A Boolean funtion over V

n

is a mapping V

n

! F

2

. For

any n 2 N we denote by F

n

the set of all Boolean funtions in variables

fx

1

; : : : ; x

n

g. We also identify F

n

with F

2

[x

1

; : : : ; x

n

℄=(x

2

i

� x

i

; i = 1; : : : ; n),

the quotient ring of the ring of polynomials with oeÆients in F

2

w.r.t. the

ideal generated by the polynomials x

2

i

� x

i

, i 2 f1; : : : ; ng. Then for any

f 2 F

n

we have the algebrai normal form

f(x) =

M

a

1

;:::;a

n

2F

2

g(a

1

; : : : ; a

n

)x

a

1

1

: : : x

a

n

n

=

M

a2V

n

g(a)x

a

; (1.1)

where g 2 F

n

and f ! g is alled M�obius Transform of F

n

. By deg(f) we

denote the algebrai degree of a funtion f 2 F

n

.
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Let f 2 F

n

and i 2 f1; : : : ; ng. We use the following notation

deg(f; x

i

) = deg(f(x� e

i

)� f(x)) + 1;

where e

i

, i = 1; : : : ; n, are the vetors of the anonial basis of V

n

. If

deg(f; x

i

) = 1, then we say that f depends linearly on x

i

. The weight wt(f)

of f is the number of x 2 V suh that f(x) = 1. A funtion f is balaned if

wt(f) = wt(f � 1) = 2

n�1

.

Let A =

S

1

s=1

F

s

2

. By de�nition, put B =

S

1

t=n

F

t

2

. A Boolean funtion

f 2 F

n

indues a mapping B ! A of the form

b = (b

1

; : : : ; b

l

)! (f(b

1

; : : : ; b

n

); : : : ; f(b

l�n+1

; : : : ; b

l

)) (1.2)

for any b 2 B.

Perfetly balaned funtions (i.e., Boolean funtions f suh that the map-

ping (1.2) is onto) were introdued by Sumarokov in [1℄. A well known lass

of suh funtions (f. [2℄) onsists of all funtions that are linear either in

the �rst or in the last variable. The aim of this paper is to develop a novel

tehnique to onstrut perfetly balaned funtions not in the above lass.

2 Basi de�nitions

Let f 2 F

n

and m 2 N . Consider the system of equations

f(x

s

; x

s+1

; : : : ; x

s+n�1

) = y

s

; s = 1; 2; : : : ; m; (2.1)

where x = (x

1

; : : : ; x

m+n�1

) 2 V

m+n�1

; y = (y

1

; : : : ; y

m

) 2 V

m

. In vetorial

form this system an be written as follows

y = f

�

m

(x);

where

f

�

m

(x

1

; x

2

; : : : ; x

m+n�1

)

= (f(x

1

; : : : ; x

n

); f(x

2

; : : : ; x

n+1

); : : : ; f(x

m

; : : : ; x

m+n�1

)): (2.2)

For any f 2 F

n

and any m 2 N onsider a set

J(f;m) = fy 2 V

m

j 8x 2 V

m+n�1

f(x) 6= yg: (2.3)

Denote by Def

m

(f) the ardinality of J(f;m).
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De�nition 2.1 ([1℄). A funtion f 2 F

n

is said to have defet zero i�

Def

m

(f) = 0 for any m 2 N .

It is easy to see ([1℄) that f 2 F

n

has defet zero if deg(f; x

1

) = 1 or

deg(f; x

n

) = 1. Let

L

n

= ff 2 F

n

j deg(f; x

1

) = 1g

and

R

n

= ff 2 F

n

j deg(f; x

n

) = 1g:

De�nition 2.2 ([1℄). A funtion f 2 F

n

is alled perfetly balaned i�

℄(f

�

m

)

�1

(y) = 2

n�1

for any m 2 N and for every y 2 V

m

(℄M denotes the ardinality of the set

M).

Let E

n

denote the set of all perfetly balaned funtions in F

n

. From

De�nition 2.2 it is easy to see that a perfetly balaned funtion f 2 F

n

is

balaned, i.e., wt(f) = 2

n�1

. It follows immediately that ℄E

n

=2

2

n

! 0 as

n!1.

3 Preliminaries

Theorem 3.1 ([1℄). A Boolean funtion has defet zero i� it is perfetly

balaned.

Denote by D

n

the set of Boolean funtions in E

n

suh that

deg(f; x

1

) � 1; deg(f; x

n

) � 1:

Sumarokov [1℄ developed a tehnique to onstrut funtions in D

n

n(L

n

[R

n

)

was developed.

Example 3.2 ([1℄). A Boolean funtion

f(x

1

; x

2

; x

3

; x

4

) = x

1

x

2

� x

2

� x

3

� x

1

x

2

x

4

� x

2

x

4

� 1

is a perfetly balaned funtion in D

4

n (L

4

[R

4

).
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Furthermore Sumarokov [1℄ proved some upper bounds onm for funtions

of nonzero defet and de�ned the following mappings 

0

; 

1

; 

2

from F

n

onto

F

n

suh that 

i

(E

n

) = E

n

, i = 1; 2; 3:

(1) 

0

: f(x

1

; : : : ; x

n

)! f(x

1

; : : : ; x

n

)� 1;

(2) 

1

: f(x

1

; : : : ; x

n

)! f(x

1

� 1; : : : ; x

n

� 1);

(3) 

2

: f(x

1

; : : : ; x

n

)! f(x

n

; : : : ; x

1

).

For ertain appliations it is interesting to investigate onditions under

whih the distribution of the right-hand side of (2.1) is uniform provided that

the distribution of the random vetor X

m

= (x

1

; : : : ; x

m+n�1

) is uniform.

Theorem 3.3 ([3℄). Let fX

m

= (x

1

; : : : ; x

m+n�1

)g

1

m=1

be a sequene of ran-

dom variables, where X

m

is distributed uniformly over V

m+n�1

. Then the

random variable Y

m

= f

�

m

(X

m

) is distributed uniformly for any m 2 N i� the

funtion f is perfetly balaned.

4 Main result

For any k 2 N and any l 2 N onsider a mapping �

k;l

: F

k

� F

l

! F

k+l�1

of

the form

�

k;l

(f; g) = f [g℄ = h 2 F

k+l�1

; f 2 F

k

; g 2 F

l

;

where

h(x

1

; : : : ; x

k+l�1

) = f [g℄(x

1

; : : : ; x

k+l�1

)

= f(g(x

1

; : : : ; x

k

); g(x

2

; : : : ; x

k+1

); : : : ; g(x

k

; : : : ; x

k+l�1

)):

Our main result is the next theorem.

Theorem 4.1. Let f 2 F

k

; g 2 F

l

. A Boolean funtion h = f [g℄ 2 F

k+l�1

is perfetly balaned i� both funtions f and g are perfetly balaned.

Proof. Let f and g be perfetly balaned funtions and m be any natural

number. Then for any vetor z = (z

1

; : : : ; z

m

) 2 V

m

we have ℄(f

�

m

)

�1

(z) =

2

k�1

. Furthermore for every vetor y = (y

1

; : : : ; y

m+k�1

) 2 (f

�

m

)

�1

(z) we have

℄(g

�

m+k�1

)

�1

(y) = 2

l�1

. It now follows that

℄(h

�

m

)

�1

(z) = ℄(f [g℄

�

m

)

�1

(z)

=

X

y2℄(f

�

m

)

�1

(z)

℄(g

�

m+k�1

)

�1

(y) = 2

k+l�2

= 2

(k+l�1)�1

;
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for any m 2 N and any z 2 V

m

, i.e. a funtion h 2 F

k+l�1

is perfetly

balaned.

Let the funtion h = f [g℄ 2 F

k+l�1

be perfetly balaned. Assume the

ontrary, namely, that either f or g is not perfetly balaned. First assume

that f is not perfetly balaned. By Theorem 3.1, f is not a funtion of defet

zero. Then there exist a natural number m and a vetor z = (z

1

; : : : ; z

m

) 2

V

m

suh that z 2 J(f;m). Therefore we have z 2 J(f [g℄; m), i.e., f [g℄ is not

a funtion of defet zero. By Theorem 3.1, f [g℄ is not perfetly balaned.

This ontradition proves that f is perfetly balaned.

Now, assume that g is not perfetly balaned. Then there exist a natural

number r and a vetor y

�

= (y

�

1

; : : : ; y

�

r

) 2 V

r

suh that ℄(g

�

r

)

�1

(y

�

) = 2

l�1

+�,

where 0 < � � 2

l�1

. Using the vetor y

�

, we onstrut a set M

r;t

, t = 1; 2; : : :

of vetors in V

r(t+1)+(l�1)t

of the form

y = (y

�

1

; : : : ; y

�

r

; y

r+1

; : : : ; y

l+r�1

; y

�

1

; : : : ; y

�

r

; : : : ;

y

�

1

; : : : ; y

�

r

; y

tr+(t�1)(l�1)

; : : : ; y

tr+t(l�1)

; y

�

1

; : : : ; y

�

r

);

where omponents of y not asterisked are arbitrary. It follows easily that

℄M

r;t

= (2

l�1

)

t

. Using the de�nition of the set M

r;t

, one an shown that for

any y 2M

r;t

with

�

g

�

r(t+1)+(l�1)t

�

�1

(y) 6= ;, the next inlusion holds:

�

g

�

r(t+1)+(l�1)t

�

�1

(y) � (g

�

r

)

�1

(y

�

)� : : :� (g

�

r

)

�1

(y

�

)

| {z }

t+1

:

Furthermore it is lear that

g

�

r(t+1)+(l�1)t

0

�

(g

�

r

)

�1

(y

�

)� : : :� (g

�

r

)

�1

(y

�

)

| {z }

t+1

1

A

�M

r;t

:

Let �

t

denote an expeted number of vetors in the set

(g

�

r

)

�1

(y

�

)� : : :� (g

�

r

)

�1

(y

�

)

| {z }

t+1

per vetor of the set M

r;t

:

�

t

=

2

l�1

+ �)

t+1

(2

l�1

)

t

= 2

l�1

�

1 +

�

2

l�1

�

t+1

:

Sine (1+ �=2

l�1

) > 1, it follows that there exists a natural number t

0

, suh

that �

t

0

> 2

(k+l�1)�1

.
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Consequently there exists a vetor y 2M

r;t

0

with property

℄

�

g

�

r(t

0

+1)+(l�1)t

0

�

�1

(y) > 2

(k+l�1)�1

: (4.1)

Let z = f

�

r(t

0

+1)+(l�1)t

0

�k+1

(y). Using (4.1) we get

℄

�

f [g℄

�

(t

0

+1)(r+l�1)�k+1

�

�1

(z) > 2

(k+l�1)�1

;

i.e., a funtion f [g℄ is not perfetly balaned. This ontradition proves the

theorem.

Using Theorem 4.1, we an onstrut perfetly balaned funtions in D

n

n

(L

n

[R

n

).

Example 4.2. Let f(x

1

; x

2

; x

3

) = x

1

+ x

2

x

3

2 L

3

and g(x

1

; x

2

; x

3

) = x

1

x

2

�

x

3

2 R

3

. Then

h(x

1

; x

2

; x

3

; x

4

; x

5

) = f(g(x

1

; x

2

; x

3

); g((x

2

; x

3

; x

4

); g(x

3

; x

4

; x

5

))

= x

1

x

2

� x

3

� x

2

x

3

x

4

� x

2

x

3

x

5

� x

3

x

4

� x

4

x

5

2 D

5

n (L

5

[ R

5

):
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