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ABSTRACT. Let k = F, be a finite field of odd characteristic. We find
a closed formula for the number of k-isomorphism classes of pointed,
and non-pointed, hyperelliptic curves of genus g over k, admitting a
Koblitz model. These numbers are expressed as a polynomial in ¢ with
integer coefficients (for pointed curves) and rational coefficients (for non-
pointed curves). The coefficients depend on g and the set of divisors of
q— 1 and g+ 1. These formulas show that the number of hyperelliptic
curves of genus g suitable (in principle) of cryptographic applications
is asymptotically (1 — e™")2¢?97!, and not 2¢*9~" as it was believed.
The curves of genus g = 2 and g = 3 are more resistant to the attacks
to the DLP; for these values of g the number of curves is respectively
(91/72)¢* + O(q?) and (3641/2880)q° + O(q*).

INTRODUCTION

In a seminal paper Neal Koblitz introduced cryptosystems of El Gamal
type based on the group of k-rational points of the Jacobian of a hyperel-
liptic curve over a finite field k& [10]. In order to apply Cantor’s algorithm
for computing the group law of the Jacobian one works with non-singular
Weierstrass equations of the type:

(1) y* + h(x)y = f(x),

where h(z), f(x) are polynomials in k[x] of degree deg h(x) < g, deg f(z) =
2g + 1, and the polynomial f(x) is monic. The projective and smooth
hyperelliptic curve C obtained as the normalization of the projective closure
of this affine curve has always a k-rational Weierstrass point at infinity. We
say that the equation (1) is a Koblitz model of the curve C. Conversely, any
hyperelliptic curve having a k-rational Weierstrass point admits a Koblitz
model. These models have the advantage of covering simultaneously the
cases of odd and even characteristic. In this paper we deal only with the
odd characteristic case, and the change of variables y = y — h(z)/2 allows
us to suppose h(z) = 0.
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The paper of Koblitz had an enormous impact in the cryptographic com-
munity and it was the origin of a stream of papers addressing to fundamental
problems like the acceleration of the addition algorithm in the Jacobian, the
computation of the number of k-rational points of the Jacobian, and attacks
to the discrete logarithm problem.

Some interest arose also on the problem of counting the k-isomorphism
classes of hyperelliptic curves of a given genus, admitting a Koblitz model.
For genus 2 there is a nice review in [6], refering to previous work of several
authors [7, 8, 1, 2, 4]. For genus 3 we can quote [3, 9, 5]. However, all these
papers count k-isomorphism classes of pointed hyperelliptic curves (C, 00);
the distinguished point is always the Weierstrass point at infinity and two
pointed curves (C, ), (C’, ") are considered to be isomorphic if there is a
k-isomorphism between C and C’ sending oo to oo’. P. Lockhart translated
this isomorphism condition into a concrete equivalence relation between the
Koblitz models [11, Prop.1.2] and in the quoted papers the authors count
the number of classes of Koblitz models under this equivalence relation.

In this paper we use another method to find for all g > 1 a closed formula
for the isomorphism classes of pointed hyperelliptic curves of genus g over
finite fields of odd characteristic (Theorem 3.2). For g large the number of
pointed curves is asymptotically 2¢%9~! (Corollary 3.3).

Also, we solve the problem of counting the k-isomorphism classes of hy-
perelliptic curves of a given genus, admitting a Koblitz model. We give a
closed formula for this number of isomorphism classes in Theorem 4.1. The
dominant term of the formula is

11 1
1 — 4 — e =) 942971
< 21 3] (29+2)!>q ’

so that for g large the number of curves is asymptotically (1 — e~1)2¢?9~1
(Corollary 4.2). This number of isomorphism classes provides the real size
of the bunch of curves suitable of cryptographic applications. For instance
if k is the field of ¢ elements with ¢ = 1 (mod 3), ¢ > 7, the following two
genus-2 curves are k-isomorphic

=@ - D)@ —2)(w—3/2), o =a(®—1)(w—1/2)(z—2/3),

through the mapping (z,y) — (1/x,y/(v/—3x3)); thus, from the point of
view of cryptographic applications they are identical. Nevertheless, they
are not isomorphic as pointed curves. In fact, any k-isomorphism between
the two curves preserving the point at infinity will act as = +— ax + b at
the level of x-coordinates, with a € k*, b € k; this map has to preserve the
sets of x-coordinates of Weierstrass points of both curves and it is easy to
check that there is no transformation of this type sending {0,1,—1,2,3/2}
to {0,1,—1,1/2,2/3}. Thus, in the computation of isomorphism classes of
pointed curves these curves count as two different curves.

To obtain our results we use a general technique for enumerating PGLy(k)-
orbits of rational n-sets of P! that was developed in [12] and extended to
arbitrary dimension in [14]. This technique was used in [15] to obtain a
formula for the total number of k-isomorphism classes of hyperelliptic curves.
In section 1 we obtain some results on the enumeration of rational n-sets
of algebraic varieties; the main result is Theorem 1.3 where, for a given
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automorphism v of P!, we compute the number of rational n-sets of P!
that are fixed by + and contain at least one rational point. In section 2
we recall some results concerning the classification of hyperelliptic curves
up to k-isomorphism. In section 3 we count pointed hyperelliptic curves
by analyzing the action of the affine group on rational (2g + 1)-sets of the
affine line. In section 4 we count hyperelliptic curves admitting a rational
Weierstrass point by analyzing the action of the projective group on rational
(2g + 2)-sets of the projective line, containing at least one rational point.

Notations. We fix once and for all a finite field & = F, of odd characteristic
p and an algebraic closure k of k. We denote by o € Gal(k/k) the Frobe-
nius automorphism, o(z) = x%. Also, ko will denote the unique quadratic
extension of k in k and ¢ denotes Euler’s totient function.

1. RATIONAL n-SETS OF ALGEBRAIC VARIETIES
Let V' be an algebraic variety defined over k. A rational n-set of V is by
definition a k-rational point of the variety < Z > of n-sets of V. Thus, a

rational n-set S € < Z) (k) is just an unordered family S = {t1,...,t,}

of n different points of V(k), which is globally invariant under the Galois
action: S = 57.
For any subset Z C V(k) of k-rational points of V' we denote

(2), o= (Dl n}
(Z)Z::{SG<X>(I<:)‘SGZ;AO)}.

For instance, for Z = V(k) we obtain in the last case the set of rational
n-sets of V' containing at least one k-rational point. In the cases Z = V (k)
and Z = {P} we use a special notation

Y- (Y-

For any pair r, n of non-negative integers we denote:

= |(1). w2

where Z is any subset of V (k) with |Z| = r. Also, we introduce a particular
notation for the extreme cases:
1% rat
()]

\%
vt i=av0m) = |( ) ®
Hence, ay (n) counts the total number of rational n-sets of V' whereas by (n)
counts the number of rational n-sets of V' that contain at least one rational
point.

, by(ry,n) =

)

;o bv(n) =by([V(E)|,n) =
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z
Since < V> and ( v > are complementary subsets of < v > (k) we
n n /), n
have, for all r, n > 0:
(2) ay(r,n) + by (r,n) = ay(n).
It is easy to compute ay (r,n) in terms of the function ay:

Lemma 1.1. For any algebraic variety V defined over k:

av(rn) = (1) (7)) avte-,

i=0
Proof. We proceed by induction on r. Let Z = {t} for some t € V (k).
Distributing the rational n-sets of V into two families according to the fact
that they contain ¢ or not we see that

aV(n) = av(l,’l’b) + aV(lvn - 1)

By Moebius inversion we get

n

(3) aV(17 n) = Z(—l)iav(n - i)?
i=0
and the statement of the lemma is proven for r = 1.

Suppose that the claim has been checked for all varieties V' and all subsets
Z CV(k) with |Z]| <r—1:

ay(r—1,n) = f:(—ni << " 1 >> ay(n — ).

=0
By (3) we have

n

ay(r,n) = Z(—l)iav(r —1,n —1),

i=0
and using the two formulas we get

av<r,n>=§<—1>i <((7°51>> R ((7’;1>>>av<n_i):

- ZZ:;(—l)i << ; >> ay (n —1).

O
By (2) we get immediately a computation of by (r,n):
Corollary 1.2. For any algebraic variety V defined over k:
_ - 1y (T o
i) = S (7)) avte-,

We prove now a result that will be crucial in the enumeration of PGLy(k)-
orbits of rational n-sets of P1. The projective action of PGLa(k) on P!(k)
induces a natural action of PGLa(k) on the set of rational n-sets of PL.
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For any v € PGL2(k) we denote by Fix, the set of fixed points of 7 in
PL(k). More generally, if X is a set admitting an action of v we denote by
Fix, X the subset of fixed points of vy in X.

Theorem 1.3. Let v be an element of PGLa(k), v # 1, and let m be the
order of . Let V be the open subvariety P!\ Fix, of PL. Then, for any
positive integer n

Fix, ( ’ ) (k:)‘ — ay (n/m),

rat
Fix, < Z >

with the convention that ay(z) = 0= by (r,z) if x is not a positive integer.

= by ([V(K)[/m,n/m),

Proof. Let P!/~ be the quotient variety of P! under the action of the cyclic
group generated by 7. The curve P!/v is k-isomorphic to P! because it
is normal and birrationally equivalent to P! (by Liiroth’s theorem). Also,
the Zariski closed set (P'/7) \ (V/7) is isomorphic to Fix., as a Galois set;
therefore, V/v is k-isomorphic to V' too and ay/,(n) = ay(n), by, (r,n) =
by (r,n), for all r, n.

Consider the canonical projection

m:V—V/y.

For any t € V (k) the y-orbit O,(t) = {t,y(t),...,y™ (t)} has cardinality
m (and not a proper divisor of m) [12, Lem.2.3]. Thus, if an n-set of V' is
~-invariant then necessarily n is a multiple of m. On the other hand, the
mapping 7 establishes a 1-1 correspondence between ~-invariant n-rational
sets of V' and rational n/m-sets of V/v. In particular,

Fix, () 09] = v (n/m) = ay (n/m).

n

The y-orbits O := O,(t) such that O = O are in 1-1 correspondence
with the set of k-rational points of V/v. Exactly |V (k)|/m of these orbits
have the property that O contains a k-rational point (or equivalently all
points of O are k-rational); thus, the ~-invariant rational m-sets of V' that
contain at least one k-rational point are in 1-1 correspondence with certain
subset Z C (V/v)(k) of cardinality |V (k)|/m. Therefore, m determines a 1-1
correspondence between ~v-invariant n-rational sets of V' containing at least
one k-rational point, and rational n/m-sets of V/~ containing at least one

point of Z. Hence,
_ VE)| nY _ V(k)| n
- bV/’y ) = by ’ .
m 'm m 'm

rat
Fix, ( ‘Ti >

In sections 3 and 4 we shall express the number of isomorphism classes
of pointed and non-pointed hyperelliptic curves admitting a rational Weier-
strass point, in terms of ay (n) and by (r,n) for the varieties

V=P, Al, Gn, Py,

O
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where P} is the subvariety P!\ {¢,t°}, being ¢ any point in P!(kg) \ P*(k).
Formulas for ay (n) for these four varieties were found in [12, Lem. 2.1] and
the value of by (r,n) is deduced from Corollary 1.2. Actually, we shall use
certain normalizations of these numbers. The following lemma collects all
the formulas we need.

Lemma 1.4. For positive integers n, m we have

qn - qn_27 Zf n 2 37
ap1(n) =< ¢?, if n=2,

q+1, if n=1.

a n n—1_ n—2 : > 9
A (n) = M):{(f A

ag,, (n q" — (—=1)"
As(n) = q—(l): q—(kl) .

_apy (n) gt =g — (~D)2lg 4 (1) D/2]
S g+l > +1 '

e () s

1 -1
By(m,n) := bg,, <q—,n> =
q m

n—1

_ z—:(_l)m << (@ 1)/m >> Ao — i) — % << (4= 1)/m >> .

=1
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2. CLASSIFICATION OF HYPERELLIPTIC CURVES UP TO k-ISOMORPHISM

In this section we recall the connection between rational sets of P! and hy-
perelliptic curves over k. For generalities on hyperelliptic curves we address
the reader to [15, Sec.1].

From now on we assume that n = 2g + 2, where g is a positive integer,
g > 1. To each rational n-set S of P! we can attach the monic separable
polynomial fg(z) € k[x] of degree n or n — 1 given by:

fs@@) = [ @-0.

tes, t#oo

1
To every A\ € k*, S € <]I; > (k), we can attach the hyperelliptic curve

C).s determined by the Weierstrass equation y? = Afg(z).
For any p € k* the morphism (z,y) — (z,uy) sets a k-isomorphism
between C) g and Cy,2 g. Thus, if we let the pairs (A, S) run on the set

(\S) e X, = (k;*/(k;*)2) X <]I;1 > (k),

the curves C) ¢ contain representatives of all k-isomorphism classes of hy-
perelliptic curves of genus g.

The natural action of PGLa (k) on n-sets of P! determines a natural action
of PGLg(k) on the set of hyperelliptic curves defined over k. In order to recall
this action we introduce multipliers J(v, S) € k* that depend in principle on
the choice of a representative in GLa(k) of v € PGLa(k). Consider a matrix

= (Z 2) € GLy(k).

For any t € P!(k) we can define a local multiplier j(v,t) € & by
det(y)(ct +d)~' ift # oo, t # —d/c

. )« ift=—d/c,c#0
Jnt) = d ift=00,c=0
—det(y)c! ift=o00,c#0

For any rational n-set S of P! we define a global multiplier
J(v,8) = H](/% t) € k.
tesS
There is a well-defined action of PGLa(k) on the set A,:

(A, 8) == (AT (7, 9),7(5)),

which is independent of the choice of a representative of 7 € PGLy(k) in
GL2(k). The map (A, S) — C) g induces a 1-1 correspondence

PGLy(k)\X,, — Hg,

where H, is the set of k-isomorphism classes of hyperelliptic curves over k
of genus g [15, Thm.2.4].

Let us adapt this result to the situation we are dealing with in this paper.
Recall that a pointed hyperelliptic curve is for us a pair (C, P) where C is
a hyperelliptic curve over k and P is a rational Weierstrass point of C. We
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say that two pointed curves (C, P), (C’, P') are k-isomorphic if there is a

k-isomorphism between C' and C’ sending P to P’. Denote by H; the set

of k-isomorphism classes of pointed hyperelliptic curves of genus g. On the

other hand, denote by H;at the set of k-isomorphism classes of hyperelliptic

curves of genus g admitting at least one rational Weierstrass point.
Consider the sets

V= (k*/(k*)?) x <E;1 )oo, Z, = (k*/(k*)?) x <E;1 >rat.

These subsets of X, are stable under the action of PGLy(k). Moreover,
the set ), is stable under the action of the affine subgroup, which is the
stabilizer of the point co € P!(k):

The following result is an immediate consequence of [15, Thm.2.4].

Theorem 2.1. The map (A, S) — C) s induces 1-1 correspondences
Affy(K)\Yn — H;, PGLy(k)\Z,, — H;at.

After this result the aim of the paper is to find closed formulas for the car-
dinalities of the two sets Affa(k)\V,, PGL2(k)\Z,. To this end we need the
computation of the class of J(v,S) modulo squares given in [15, Thm.3.4],
which we recall in Theorem 2.3 below.

Denote by e the map

e: PGLy(k) x <E;1 > (k) -5 k) (k*)2 — {£11,

where the last map is the unique non-trivial group homomorphism between
these two groups of order two. We want to compute €(v,.S) for v running
on a system of representatives of conjugacy classes of PGLy(k), and S a
rational n-set of P! fixed by 7: (S) = S.

Let us recall how these representatives can be chosen, the possible values
of the order m of v in each conjugacy class, the number of representatives
of a given order and the cardinality of the centralizers

L, = {p € PGLy(k) | p~'yp =7}
The following result is extracted from [13, Prop.2.3, Lem.2.4].

Lemma 2.2. There are q + 2 conjugacy classes in PGLa(k), which we dis-
tribute in four types:

A. The identity, v(t) = t, has order m = 1 and |I'y| = |PGLa(k)| =
q(q =g +1).

B. The translation vo(t) =t + 1. It has Fix,, = {oco}, order m = p and
|F“fo| =q.

C. The homothetic automorphisms (conjugate tot — At, for some X € k*,

A\ # 1). They have two fized points, lying in P1(k), and order m = ordg«(\),
which is a divisor of ¢ — 1.
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There are (¢ —1)/2 homothetic conjugacy classes. For any divisor m > 1
of ¢ — 1, if Cypy, is a system of representatives of the homothetic conjugacy
classes of order m, we have

S %

YECm

D. The potentially homothetic automorphisms; i.e. those v conjugate to
the class in PGLa(k) of a matriz (2 c1l> € GLa(k) with eigenvalues o, o
in ko \ k. They have two fized points, which are quadratic conjugate points
in PL(kq); the order is the least positive integer m such that &™ € k, and it
is a divisor of ¢ + 1.

There are (q + 1)/2 potentially homothetic conjugacy classes. For any
divisor m > 1 of g+ 1, if C,, is a system of representatives of the potentially
homothetic conjugacy classes of order m, we have

! ﬂ
PYEZC;I”Y‘ q+1)

Theorem 2.3. Let n be an even positive integer, S a rational n-set of P!,
and v € PGLa(k) an automorphism of P of order m such that v(S) = S.
Then,

L, fy=1ory=m
(—=1)a=1/ if v homothetic and oo € S

e(y,9) =4 1, if v homothetic and oo & S
(—1)la+D)/m(_1)(n=2)/m z:fv pot. homothetz:c and F%Xfy cs
(— 1)"/m if v pot. homothetic and Fix, € S

3. COUNTING POINTED HYPERELLIPTIC CURVES

Let T' be a finite group acting on a finite set X. The number of orbits of
this action can be counted as the average number of fixed points:

Fix, X
0 PV = 3 i X = S0 AL
| |~,er vec T

where C is a set of representatives of conjugacy classes of elements of I' and

Fix, X == {z € X |y(z) =a}, Ty={pel |[pyp ' =1}

In this section we apply this formula to compute the number hyp®(g) of
orbits of the set

1 o
X =Y :=Vogia = (K*/(k*)?) x <29P+ 2>

under the action of the affine group I' := Affy(k). By Theorem 2.1 this is
the number of k-isomorphism classes of pointed hyperelliptic curves of genus
g9: hyp*(g) = [Hgl.

The following lemma exhibits a system of representatives of conjugacy
classes of the affine group:
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Lemma 3.1. There are q conjugacy classes in Affy(k), represented by the
following elements, which we distribute in three types:

A. The identity, v(t) = t, has order m = 1 and |T'y| = | Aff2(k)| = q(¢—1).

B. The translation vo(t) = t + 1. It has Fix,, = {oco}, order m = p and
Tyl = q

C. The homotheties y(t) = Xt, A € k*, X # 1. They have Fix, = {00, 0},
order m = ordy« (), which is a divisor of ¢ — 1, and |I'y| = ¢ — 1.

In particular, for any divisor m > 1 of ¢ — 1 there are p(m) conjugacy

classes in Affa(k) of order m.

For any v € Affy(k), a pair (A, S) € Y is fixed by « if and only if v(S) = S
and €(v,S) = 1. Thus,

1 o)
|Fm7yh:%{Sewa<2j:2> ‘4%5):1}+

By Theorem 2.3, |Fix, Y| = 0 if v is an homothety of order m with (¢—1)/m

odd, and
: Pt~ : Al
F1X,Y<2g+2> ‘—2F1X7<2g+1>(k‘)',

otherwise. We can apply now Theorem 1.3 to compute the number of ratio-
nal (2g + 1)-sets of A! which are -invariant. If 7 is an homothety, in order
to be able to apply Theorem 1.3 we split these rational (2g + 1)-sets into
two disjoint groups according to the fact that they contain 0 or not; we get
in this case

me<2fil>(@':

and we obtain

|Fix, V| = 2

Y

Fix, < (g*’; ) (k)‘ + |Fix, < Q;GT : > (k)

Al ayi (29 + 1), ify=1,
pi, (1 ) 09] = 4 s o+ D/ iy =0,
ag,,(2g/m) + ag,, ((29 + 1)/m), otherwise,

where m is the order of ~.

The computation of hyp®(g) given by (4) can be splitted into the sum
of three terms h4 + hp + h¢, each term taking care of the contribution of
all conjugacy classes in a concrete type, as described in Lemma 3.1. Since
the value of |Fix, Y| depends only on m, for the computation of h¢ we can
group together all v with the same order and we obtain
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a1 (29 +1) 2 2 +1
hyp®(g) = Zoari% +1) + —apm ( 97 >+
q(g—1) q
P P 29 + 1
T > wlm) <aGm <Eg> +ag,, ( gm >> =
T S 1cml@=n)2
+

)
+
p

L () e (22)

1<m|(g—1)/2

By using the explicit formulas for A;(n), A2(n) given in Lemma 1.4 we
obtain a closed formula for hyp®(g) as a polynomial in ¢ with integer coeffi-
cients that depend on g and the set of divisors of ¢ — 1. This is more clearly
seen if we rewrite our formula for hyp®(g) in a way that is more suitable for
an effective computation when g is given and we want to deal with a generic
value of q.

Theorem 3.2. The number of k-isomorphism classes of pointed hyperellip-
tic curves of genus g is:

29 + 1
hyp®(g) = 2¢%9~1 + 24, < g; ) +

e T

1<m|2g+1 1<m|2g

(2]

By convention, Ai(xz) = 0 if x is not a positive integer and the terms
(%] condition are considered only if the “condition” is satisfied.

We display in Table 1 the value of hyp®(g) for 2 < g < 7.

Corollary 3.3. The dominant terms of hyp®(g) are
hyp®(g) = 2¢%~" + O(¢? ).

Proof. Apart from the generic term 2¢?9~!, the highest power of ¢ arising
from the other terms is the degree of [A3(g)] 4jq—1» corresponding to the
divisor m = 2 of 2g. O

4. COUNTING HYPERELLIPTIC CURVES WITH A RATIONAL WEIERSTRASS
POINT

rat(

In this section we apply the formula (4) to compute the number hyp™*(g)

of orbits of the set
. o Pl rat
X:Z::Zgg+2: (k /(k ) ) X <2g+2>

under the action of the projective group I' := PGLy(k). By Theorem 2.1
this is the number of k-isomorphism classes of hyperelliptic curves of genus
g having at least one rational Weierstrass point: hyp™'(g) = [HZ*|.
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TABLE 1. Number of pointed hyperelliptic curves of genus g up
to k-isomorphism

g hyp®(g) = [H3|

2¢° +2[q — Uajg—1 + [4lgjg—1 + Blsjg—1 + [2]p=5

312¢° +2[¢* — g+ g1 +4[g — Usjgr + [12]715-1 + [4]19)g—1 + [2]p=r
20" +2[¢° — @ + g — Uajq—1 + 4[> — ¢+ sjg—1 + 4[g — Ugjg—1+

! +[12]9\q71 + [8]16\q71 + 2[‘12 — qlp=3

. 2¢° 4+ 2[¢* — @ + ¢* — ¢+ ag—1 + 8[q — 1s)q—1 + [20]11]g—1 + [8]20/q—1+
+[2]p=11

6 20" +2[¢° ' + ¢ — @+ q— sy +4[¢° — ¢ +q— g1+

+4[¢® — ¢ + 1)1 + 4[q — L19jq—1 + [24] 13191 + [8]24)q—1 + [2]p=13
20 +2[° — " +¢* =+ — g+ Uapg1 +4¢" =+ — g+ Usjga+
7 +8[¢% — q + 15191 + 12[q — 1]7jq—1 + [16]15)q—1 + [12]5)9—1+
+2(q* = ¢®lp=3 + 2[¢* — qlp=5

We divide the conjugacy classes of PGLy(k) into four types A, B, C, D,
as indicated in Lemma 2.2. The computation of hyp'®(g) given by (4) can
be splitted into the sum of four terms hyp™*(g) = ha+hg+hc+hp, taking
care of the contribution of all conjugacy classes of each concrete type.

For any v € PGLa(k), a pair (\,S) € Z is fixed by ~ if and only if
7v(S) = S and €(v, S) = 1. Thus,

{S € Fix, < 2;12 >rat ( e(y,S) = 1}

For v = 1 and v = 59 Theorem 2.3 shows that €(vy,S) = 1 for all -
invariant rational (2g + 2)-sets of P1. Thus,

) ]Pl rat
Fix, ( 29 +2 > .

_ 2]  2p(20+2)
ha = q(q— 1)(q-|— 1) o q(q_ 1)(q+ 1) = 2B(29+2).

|Fixy Z| =2

|Fixy Z| =2

For v =1 we get directly

We split the yg-invariant rational (2g+2)-sets of P! that contain at least one
rational point into two families: those containing oo and those not containing

oo. We have,
) ]P)l rat ) Al rat
F1X70<2g+2> Fix,, 2 +2 .

. Al
Fix, <2g+1 > (k‘)‘ +
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Theorem 1.3 can be applied to compute the cardinality of both families, and
we get

Fi zZ 2 2 1 2 2
o= P22 (B0 (1 202))
q q p p p

2 1 2 2
=2A1<9+ >+2Bl<g+ )
p p

For ~ of type C or D we shall see below that the value of | Fix, Z| depends
only on the order m of ~; hence, in the computation of ho and hp we can
group together all v with the same order and Lemma 2.2 shows that we can
express the partial sums heo and hp as:

)

Fix, Z Fix, Z
hoe Y EIFRZ s gl T 2

20— 1) 2(¢ + 1
remiay 2a— 1) (¢+1)

1<m|(q+1)
where for each m we choose an arbitrary v of order m of type C or D.

For v an homothety of order m, we split the y-invariant rational (2g+ 2)-
sets of P! that contain at least one rational point into three families: those
containing both fixed points of v (0 and co), those containing exactly one
fixed point of +, and those containing no fixed points of . Since any ~-
invariant n-set of G,, has necessarily n multiple of m, Theorem 2.3 shows

that:
‘ Gm rat q-— 1
Fix, ( 2g + 2 )

, if —— odd,

| Fix, Z| = 2 —

| Fix, Z| = 2

. Gm . Gm
Fix, < 9% > (k)‘ + 4 |Fix, < 99 1 1 > (k)‘ +
) Gm rat
Fixy < 29 + 2 )

Theorem 1.3 can be applied to compute the cardinality of each family,
and we get

42 T

evel.
m
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Finally, hp can be computed by using completely analogous arguments:

_ ¢(m) qg+1 2
o= 2 q+1 <[bpé< m ’m>Lg—q+1 "

m m

= > cp(m)<Bo<m,%g>L +

1<m|g+1
2 2
+ |:Bo (m, 9+ >:| .
m m|g+1

By using the explicit formulas for A;(n) and B;(m,n) given in Lemma 1.4
we obtain a closed formula for hyp™(g) as a polynomial in ¢ with rational
coefficients that depend on the set of divisors of ¢ — 1 and ¢ + 1. As in the
previous section we rewrite our computation of hyp'(g) in a way that is
more suitable for an effective computation when g is given and we want to
deal with a generic value of ¢.

Theorem 4.1. The number of k-isomorphism classes of hyperelliptic curves
of genus g having at least one rational Weierstrass point is:

2 + 1 92g + 2
hyprat(g):2B(29+2)+2A1< g; >+2B1< g; >+

£ e <[BO <m’ %ﬂmq%%z%(mod 2) ! [A2 (%)Lmq_) "
+ D 2p(m) [A2 (297: 1>]m|q_1+

1<m|2g+1

+ Z p(m) ([BO <m, 297: 2>:|mq+1,mg+l i

1<m|2g+2
2 2
o (),
m m|g—1

By convention, A1(x) = 0 = Bi(x) if x is not a positive integer and the
terms [x]condition are considered only if the “condition” is satisfied.

We display in Table 2 the value of hyp™*(g) for 2 < g < 5.

Corollary 4.2. The dominant term of hyp™t(g) is
1 1 1
h rat — 1— — - 229—1 O 29—2.
yp™(9) < 51 1 3 (29+2)!> 7 +0@@77)
In particular, for g large hyp™'(g) is asymptotically (1 — e~1)2¢%9~1.

Proof. The dominant term is the principal monomial of 2B(2g + 2). O
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TABLE 2. Number of hyperelliptic curves of genus g admitting a
Koblitz model, up to k-isomorphism

hyp™ (9) = [H™]

B0+ 8¢ - 50+ 15+ 0= Uagg—1 + 580+ Uagrr + 2lp=s5 + [8l5jq—1+
2 5 1
+[2]8|q—1 B [5]3|q71 + [§]S|q+1 + [5}8‘(173

3641 5 , 53 4, 8 3 _ 8.2, 83 _ 3 672 _ 4. _ T
28509 t 1429 + 1424 ¢+ 560q — 5 + 1549 39 — Tgldlg—1F

+2[q — 1319-1 + 559 + 2]310+1 + [12]71g-1 + [2]p=7 + [2]12)q—1+
1 1
+ [5]8|q—1 + [5]12@—5

28319 7 , 2119 .6 _ 2059 5 , 6143 4 , 83 .3 , 187 2 9 _ 59
221009 T 57604 96004" 1 115204 T 12009 T 57604 12009 — T2s0

+[-510° + 0° — 519+ 158 ajger T AP — a+ Usig—r +2[¢% — dlp=s+
+2[q — Usjgm1 + 3 7¢ + 3lsjg41 + 2[9¢ + 4510401 + 22[q — U501+
+ (559 = 5] =5 + 12101 + [4lis1g-1 + [5] 1547

27526069 9 , 16481 8 _ 778721 7 , 11923 6 , 44881 5 _ 43909 4 , 3133141 3
a17728009 1 248004 36288009 1 864004 T saso0d — 132009 T 3628800

_ 252227 2 | 357221 _ 171  [5351,4 _ 199 3 | 521 2 _ 391 597
Soreo0d” T Toraa5q — 386 T [38104" — 1694 + 8304 24OQ+256]4|q71+

155 2 167 137 155 2 241 1361
+ 350" — 1659+ 5751001 — [319° — T639 + 573 Japg1 T 40— Usjg-1+

18 8 1 2
+ 359+ 58] 5001 T [2011jg-1 + [2p=11 + Ml20j0-1 + [5] 15,1 + [El g0
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