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Abstract. In this paper, we propose a method to get the lower bounds of the 2-adic complexity of 

a sequence obtained from a periodic sequence over  by either inserting or deleting  

symbols within one period. The results show the variation of the distribution of the 2-adic 

complexity becomes as  increases. Particularly, we discuss the lower bounds when  

respectively. 
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1 Introduction 

Many modern stream ciphers are designed by combining the output of several LFSRs in 

various nonlinear ways. Since 1955, large amount of efforts have been devoted into the study of 

other (“nonlinear”) feedback architectures. In [1], Klapper and Goresky introduced a new 

feedback architecture for shift register generation of pseudorandom binary sequences called 

feedback with carry shift register (FCSR) and discussed some basic properties of FCSR sequences, 

such as the periods, the exponential representations and so on. Based on FCSR they presented the 

concept of the 2-adic complexity (denoted ( )φ i ) as an important index of the security of 

pseudorandom sequences and summarized the rational approximation algorithm. For every 

periodic sequence , only knowledge ofS 2 ( ) 2sφ +⎡ ⎤⎢ ⎥ bits is sufficient to reproduce it using the 

algorithm. In another word, the higher 2-adic complexity a sequence has, the more secure it is. In 

recent years, more and more researchers show their interest in the 2-adic complexity of sequences. 

It is well known that the linear complexity of a periodic sequence is unstable under small 

perturbations, so -error linear complexity is proposed to study of the stability of stream ciphers. 

Similar to -error linear complexity, Honggang proposed the concept of -error 2-adic 

complexity and gave the expected value and variance of a periodic binary sequence’s 2-adic 

complexity 

k

k k

[2]. In [3], Chen Lanfang provided an analog of the extended Games-Chan algorithm 

which can yield upper and lower bounds for the 2-adic complexity of periodic binary sequences 



m np . with period 2

Jiang Shaoquan and Dai Zongduo discussed linear complexity of a sequence by substituting, 

inserting or deleting  symbols in a periodic sequence k [4]. Motivated by their work, we study the 

lower bounds of the 2-adic complexity of a sequence obtained from a periodic sequence over 

 by either inserting or deleting  symbols within one period. The method of this paper 

is simple, can deal both the two different cases with the same manner and the results show the 

variation of the distribution of the 2-adic complexity becomes as  increases. Finally, we also 

give out the lower bounds when . 
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2 Definitions and Lemmas 

  nm −1  

  ∑  

1na −     2na −     "     1n ra − +    n ra −  

rq  2q 1rq −  1q

An FCSR is determined by r coefficients , where1 2, , , rq q q" {0,1}, 1,2, ,iq i r∈ = " , and 

an initial memory . The contents of the register at any given time consist of bits, 

denoted and the memory is

1rm − r

1 2 1( , , , ,n n n r )a a a− − − +" n ra − 1nm − . The operation of the shift register is 

defined as following: 

1. Form the integer sum 1
1

r

n k n k
k

q a mσ n− −
=

= +∑ ; 

2. Shift the contents one step to the right, while outputting the rightmost bit ; n ra −

mod 2n na σ≡3. Put into the leftmost cell of the shift register; 

1nm − ( )n n nm a 2σ= −4. Replace the memory integer with . 

The integer is called the connection integer of the FCSR. 2
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Fig 1. Feedback with carry shift register 
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==Any infinite binary sequence can be presented by a formal power series 

called 2-adic number. Such power series forms the ring of 2-adic number, denoted
0

2i
i

i
sα

∞

=

=∑ 2Z . 

Sis eventually periodic if and only if the 2-adic numberα is rational, i.e. there exist integer  

such that

,p q

2
p Z
q

α = − ∈ . If S is strictly periodic with minimal periodT , then 

1

0

0

2
2

2 1

T
i

i
i i

i T
i

s
ps
q

α

−

∞
=

=

= = − = −
−

∑
∑  

p
q−where . 0 p q≤ ≤ p q=  if and only if is the all-1 sequence. If , S gcd( , ) 1p q = is 

called the reduced rational expression of S . 

p
q−Definition 1. Let be a periodic binary sequence with reduced rational expressionS , then 

the 2-adic complexity ( )Sφ is the real number . 2log q

Obviously, if is the all-0 sequence or the all-1 sequence, thenS ( ) 0Sφ = . 

Lemma 1.[2] Let be two positive integers, where,p q 0 p q< < . Let be a nonzero integer 

and
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Definition 2. Let be a periodic binary sequence, 
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3  -Symbol Insertion k

Theorem 1. Let be a periodic binary sequence with periodT . Suppose 

that the rational expression of is
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p B
p S S B p qBq
q q
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−
+

′ + −
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− − − −

� �
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Therefore, 

{ [ (2 1) (2)]}mod[ (2 2 )] [ (2 1) (2)]mod(2 2 ) (2 1) (2)
(2 2 ) (2 2 ) 2 2

T T k T T k k

T k T k T k

q p qB q q p qB p qB
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2 2 2 2'
gcd(2 2 , (2 1) (2)) (2 1) (2)

T k T k
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p qB p qB
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      ( 2′ ) By lemma 1, we have 

For each , we have 1, , 1j k= " −

j
1 1

1 1

1 1
1 1

1 1
(2 1) 2 (2 1) 2 2 2 2 2

j j
j j j
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t k j t k j t tk j i k j i

i
i t i t

s
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+ − + − +− −
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While  
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If , then  (2)>0B�n m k> +
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p qB q q p q q +

= =

− + ≤ − − − < <∑ ∑�� �So  

1
2 2 2 2 2 2'

gcd(2 2 , (2 1) (2)) (2 1) (2) 2 k

T k T k T

tT k k kq
p qB p qB q +

− −
≥ ≥

− − + − +� �� �

k−
>

"

 From (2) 

So  2 2log (2 1) ( ) ( 1) ( ) log (2 1)T k T k
kk S t Sφ φ− −′− + − − + < ≤ −� �

That is . 2 2log (2 1) ( ) ( 1) ( ) log (2 1)T k T k
kk S t Sφ φ− −′− + − − + < ≤ −

If , we can get the conclusion with the same method above.                   ■  n m k= +

 

5 One Symbol Insertion or Deletion 

In this section, we look into a special case. We get the lower bounds of the 2-adic complexity for a 

sequence obtained from a periodic binary sequence by either inserting or deleting 1 bit. 

Theorem 3. Let be a periodic binary sequence with periodT . Suppose 

that the rational expression of is

0 1 1 0( , , , , , )TS s s s s−= "

p
q

α = −S 0 p q< <, where , . 

Let be a sequence obtained from by 1 symbol insertion within one 

period, then we have  

gcd( , ) 1p q =

"0 1 0( , , , , , )TS s s s s′ ′ ′ ′ ′= " aS

1 1
2 2log (2 1) ( ) ( ) log (2 1)T TS Sφ φ+ +′− − < ≤ −  

Proof. It is well known that 2-adic complexity of a sequence obtained from a sequence by shifting 

is not changed, without losing generality we insert 1 symbol behind the last bit within one period. 

1
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1 1

1

2 1 2 1 2 1
gcd(2 1, )
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Therefore 1
2 2( ) log log (2 1) ( )TS qφ φ+′ ′= > − − S  

If , let and1a = S S ′ be complementary sequence of andS� S ′� respectively.  

By lemma 2, we have and( ) ( )S Sφ φ= � ( ) ( )S Sφ φ′ ′= � . 

Because , we have   1
2( ) log (2 1) ( )TS Sφ φ+′ > − −� �0a =�

That is 1
2( ) log (2 1) ( )TSφ +′ > − − Sφ     

"

                                        ■ 

Theorem 4. Let be a periodic binary sequence with periodT . Suppose 

that the rational expression of is

0 1 1 0( , , , , , )TS s s s s−= "

p
q

α = −S 0 p q< <, where , . 

Let be a sequence obtained from by 1 symbol deletion within one 

period, then we have  

gcd( , ) 1p q =

"0 1 2 0( , , , , , )TS s s s s−′ ′ ′ ′ ′= " aS

1 1
2 2log (2 1) ( ) ( ) log (2 1)T TS Sφ φ− −′− − < ≤ −  

Proof. The method is similar to theorem 3. 

 

6  Conclusion 

In communications, noise can easily cause modification to the original key stream, even 

compromise the security. In this paper, we discuss the lower bounds of the 2-adic complexity of a 

sequence obtained from a periodic sequence over  by either inserting or deleting  

symbols within one period. Interestingly, two types of changes can be treated with the same 

method. The results show the stability of the stream ciphers which generated by FCSR. 

Particularly, we give out the lower bounds of 2-adic complexity when 

k(2)GF

1k =  respectively. 
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