A NEW CLASS OF BENT FUNCTIONS IN POLYNOMIAL
FORMS

SIHEM MESNAGER

ABSTRACT. This paper is a contribution to the construction of bent functions
having the form f(z) = Tri® (az®1) + Tro"?) (bas2) where o(s;) denotes the
cardinality of the cyclotomic class of 2 modulo 2" — 1 which contains ¢ and whose
coefficients a and b are, respectively in Fyo(s;) and Fhos,). Many constructions of
monomial bent functions are presented in the literature but very few are known
even in the binomial case.

We prove that the exponents s; = 2% — 1 and sg = w%, where a € Fo» and
b € F4 provide the construction of new infinite class of bent functions over Fan
with maximum algebraic degree. For m odd, we give an explicit characterization
of the bentness of these functions, in terms of the Kloosterman sums of the
corresponding coefficients. For m even, we give a necessary condition in terms
of these Kloosterman sums.

Keywords. Boolean function, Bent functions, Maximum nonlinearity, Walsh-
Hadamard transformation, Kloosterman sums.

1. INTRODUCTION

Bent functions, introduced by Rothaus [22], are maximally nonlinear Boolean
functions (that is, achieve maximum distance to all affine functions) with even
number n = 2m of variables. Bent functions have been widely studied because
of their interesting algebraic and combinatorial properties and also because of
their applications in cryptography (design of stream ciphers), coding theory (Reed-
Muller codes) and sequence design. The current results on the properties and
constructions of bent functions can be found for instance in [3].

Some infinite classes of bent functions have been obtained, thanks to the identi-
fication between the vectorspace F} and the field Fon. There exist essentially two
kinds of representations for a Boolean function f defined on a finite field Fyn (see
[3]). The first one called absolute trace representation of f, that is, an expression
of f in terms of absolute trace function (that is, trace function on Fy.). The sec-
ond one is called univariate polynomial representation of f, that is, an expression
of f as a univariate polynomial over Fon with some conditions on its coefficients
(in fact, such representation comes from the univariate polynomial representation
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of a mapping from Fa» to it self and, in this case, the representation is unique.
The condition so that such a mapping is Boolean implies conditions on the co-
efficients of its associate univariate polynomial). While gathering the terms, we
obtain Boolean functions of the form . Tr?9 (a;2%9), so called polynomial form
or trace representation, where o(j) is the size of the cyclotomic class of 2 modulo
2" — 1 containing a positive integer j, and a; an element of the Galois field Fyo()
of order o(j).

Currently, the general structure of bent functions on Fa» is not yet clear. In par-
ticular a complete classification of the bent functions is elusive and looks hopeless.
A number of recent research works in the theory of bent functions was devoted
to the description of new classes of bent functions, expressed by means of trace-
functions. A non exhaustive list of references is [15, 11, 19, 12, 20, 14, 24, 9, 2, 6].
The most studied family is that whose expression is the absolute trace of a single
power function, so called monomial Boolean functions. The complete classification
of monomial bent functions is not yet achieved. The list of such functions known
can be found in [1].

Very little is known on the characterization of bentness of functions whose ex-
pression is the absolute trace of linear combination of serval power functions.

In a recent paper [6], Charpin and Gong gave a characterization of the bentness
of the Boolean functions defined on Fan of the form : f(z) = >, ., Try (8,27 V)
, where E' is a subset of the set of representatives of the cyclotomic cosets modulo
2™ + 1 of size n, and the coefficients 3, are in Fyn. With some restriction, they
showed that the bentness of those functions is related to the Dickson polynomials.
The precise characterization of such functions which are bent, by giving explicitly
the coeflicients f,, is still an open problem (see [6]).

Very little is known even in the particular case of binomial functions, that is,
functions whose expression is the absolute trace of linear combination two partic-
ular power functions. The known example of such family is given by Dobbertin
et.al in [14], in which, three families of binomial functions whose expression is the
absolute trace of linear combinations of two Niho power functions, containing bent
functions: s; = (22 —1)3+1and so = (22 —1)3+1, 55 = (22 — 1)1 +1 (% odd)
or s = (22 —1)§ 4+ 1 (% even).

A class of quadratic functiong defined on Fy» in polynorglial forms whose expres-
sion has the form: f(z) = Y2, a@;Tri(x'+2) + (2 Tr2 (22 °+1) with a; € Fy,
for i € {1,---,n/2}, was considered in several papers, in which, the authors
investigate on the conditions of the choice of the coefficients a; for explicit defi-
nition of new infinite class of quadratic bent functions. A non exhaustive list of
references which deals with the characterization of the bentness of this class is
[17, 23, 18, 21, 10, 24, 16].

Almost all the known bent trace-functions are restricted with the cyclotomic
classes of maximum size. In the goal to find new expressions of bent Boolean
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functions on finite fields, the representation of the form . T rf(J )(aj:csj) seems to
be the best adapted one because it does not exclude the trace (or absolute trace)
of monomial and binomial functions of exponents of order n but included functions
with traces of smaller natures (of order smaller than n) and then, allows us to seek
bent functions more general than monomials and binomials bent functions. The
simplest known example is the quadratic function Tr!/*(22"/*+1) which is bent
([17]). This brought us has to seek functions bent of the form Tr‘l’(j )(ajxsj)
where o(s;) denotes the cardinality of cyclotomic class of 2 modulo 2" —1 containing
i and whose coefficients a; are in the finite field Flo.;). The characterization of the
exponents s; and the corresponding coefficients a; defining a bent function on Fan is
a difficult open problem. In this paper, we restrict ourselves to the class functions
defined on Fy» whose expression are written as the sum of two traces function,
that is, which the expression is of the form : f(z) = Tr" (a;2®) + Tro? (ap2°2),
where the coefficients a; are elements of Foo(s,), ¢ = 1,2 (o(s;) are necessary dividers
of n).

Our main result in this paper is to present a new class of bent functions in
polynomial forms. This class was initially found (for small values of n, because of
the complexity of the problem) with the help of computer experiments.

The paper is organized as follows. In Section 2, we fix our main notation and
recall the necessary background. Next, in Section 3, we focus on the class of
Boolean functions of the form f(z) = Tre®(aiz®) + Tr¢" (ay2°2). We study
a particular subclass given with its explicit exponents s; and we investigate the
conditions on the choice of a; and ay for obtaining an new explicit family of bent
functions.

2. NOTATION AND PRELIMINARIES

|E| will denote the cardinality of a set E.
Let n be a positive integer. 5 denotes the vectorspace over the prime field I,
equal to the set of all binary n-tuples.

e Boolean functions and trace presentation (or polynomial form): A Boolean
function f is an F,-valued function on the vectorspace 4 of n-tuples of
elements from F,. We shall need a representation of Boolean functions
by univariate polynomials over the Galois field Fy» of order 2". For that,
we identify the field Fon with FJ by choosing a basis of Fon, viewed as
vector space over [Fy. For any function f over Faon, the weight of f, denoted
by wt(f), is the Hamming weight of the image vector of f, that is, the
cardinality of its support {x € Fon | f(x) = 1}.

We denote the absolute trace over Fy of an element x € Fon by Tr}(x) =
2::01 22", The function T} from Fy» to its prime field Fy is Fo-linear and
satisfies (Tr}(z))? = Tri(x) = Tri(x?) for every x € Fon. The function
(x,y) — Tr}(zy) is an inner product in Fan. For any positive integers k,



and r dividing k, the trace function from Fyx to Fy, denoted by TrF, is
the mapping defined as:

k_q
:

V.TE]FQk, TT’f(.T) ::ngri:$+x2r+x22r+'”+x
=0

2k—r

Recall that, for every integer r dividing k, the trace function Tr* satisfies
the transitivity property, that is, Tr¥ = Tr% o Trk.

Now, recall that the cyclotomic class of 2 modulo 2" — 1 containing a
positive integer j, denoted by T',,(5), is the set {7 x 2* modulo(2" —1),i €
N}. We define then the set T',,, obtained by choosing one element in each
cyclotomic class of 2 modulo 2" —1, the most usual choice being the smallest
element in each cyclotomic class, called the coset leader of the class. We
denote o(j) the cardinality of I',(j) ( o(j) is necessarily a divisor of n).
Given a positive integer s, it is clear that z*® belong to Fyes) for all z of
Fyn, since 22”7 = g

Given an integer e, 0 < e < 2" — 1, having the binary expansion: e =
St €2l e; € {0, 1}, the 2-weight of e, denoted by ws(e), is the Hamming
weight of the binary vector (eg, ey, - ,e,-1). Note that when the integers
modulo 2™ — 1 are partitioned into cyclotomic classes of 2 modulo 2" — 1,
all the elements in a cyclotomic class have the same 2-weight.

Every non-zero Boolean function f defined on 5. has a trace expansion

of the form:
Ve € Fon,  f(z) = ZTTf(j)(aijj), aj € Fyoy
J

called its trace representation, where o(j) is the size of the cyclotomic

coset I',(7) = {4,752, , 7 -2°)~1} containing j.

The algebraic degree of f , denoted by deg(f), is equal to the maximum
2-weight of an exponent j for which a; # 0.
Walsh transform and bent functions:

The “sign” function of a Boolean function f : F} — [F, is the integer-
valued function x(f) := (—1)/. The Walsh transform of f is the discrete
Fourier transform of x;, whose value at w € Fj equals by definition:

Glw) = 3 (1@
z€Fy
where < -, - > is the canonical scalar product in [} defined by < z,y >=
Sor gy for every x = (21, ,x,) € Fy and y = (v, ,yn) € Fy.
It satisfies Parseval’s relation: Zwng @2(@ = 22" As the notion of
Walsh transform refers to a scalar product, it is convenient to choose the
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isomorphism such that the canonical scalar product in F coincides with the
scalar product in Fan, which is the trace of the product: < z,y >= Tr}(zy)
for all elements x,y € Fon. Then, the Walsh transform of f : Fon — [y is
defined as follows:

Vw € Fon, Xf(w) = Z (—1)7@HTr (we)
-'EG]FQW,

Definition 1. A Boolean function f : Fon — Fy is bent if Xj(w) = 422
for all w € Fan.

Bent functions exist only for even n. From now on, throughout the whole
paper, we assume that n = 2m is even.

Some additional background:

Let x be an element of Fon. The conjugate of z over a subfield Fom of
Fy» will be denoted by of z = 22" and the relative norm with respect to
the quadratic field extension Fon /Fom by norm(z) = xz. Also, we denote
by U the set {u € Fon | norm(u) = 1}, which is the group of (2™ + 1)-st
root of unity. Note that since the multiplicative group of the field Fyn is
cyclic and 2" +1 divides 2" —1 then, the order of U is 2™+ 1. Finally, note
that the unit 1 is the single element in Fom of norm one and each non-zero
element = of Fo» has a unique decomposition as: r = Au with A € Fon et
uwel.

We also need to define two exponential sums on Fon:

Definition 2. The Kloosterman sums on Fon are:

K,(a):= Z X (T} (az + é)), a € Fan

JJE]FQWL

The cubic sums on Fsy. are:

Cp(a,b) := Z x(Tri(az® +bx)), a € Fhu, b€ Fon

zE€Fon

3. A NEW FAMILY §, OF BENT BOOLEAN FUNCTIONS

Let n = 2m be a even positive integer. We consider the subfamily of 98,
composed of the Boolean functions defined over Fyn of the form

(2)

2" —1

Vo € Fon,  fop(x) = Tri(ax® ) + Tri(bz 3 ).

where a € F5,, and b € Fy
We denote by §, the set of functions f : Fon — Fy whose expression has the
form given in (2).

Proposition 1. The algebraic degree of any function f,; belonging to §, is m
(that is, the mazimal algebraic degree of a bent function).
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Proof. The algebraic degree of x — Tr7(ax?" 1) is equal to m since the 2-weight
wy (2™ — 1) is equal to m ( since 2" —1=142+2%+ ...+ 2™ ) Likewise, the
algebraic degree of z — Tr2(bz" 3 ) is equal to m, since we have EAl =144+

- 4+4m1, Since Tr7(az?" 1) and Tr2(bz>5) are two separate parts in the trace
representation of the function, the algebraic degree of Tr7(az?" 1) + Tr2(ba" s )

is the maximum of those of Tr(az?"~!) and of Tr2(ba>5 ), that is, equal to

n __
2 =m. [

Remark 1. In the case where b = 0, it has been shown in [11, 13] that f, 0, a € F5.
, is bent if and only if K,(a) = 0, where K,, denotes the Kloosterman sum.
From now on, we assume that b # 0.
Lemma 1. Let a € F3., b € I} and A € F5,.. Then f,y2m-1, is bent if and only if
f a1 s bent
a,b\” 3

Proof. Recall that f,,(x ) has the form Tr7(ax®" 1) + T'r’l(b:z: 3 1).

One has, fysero1(e) = Tri{aN?" 122" ) 4 Tri(b™s") = Trfa(h)”" ) +
Tr3( 5 (\z)5 ) = f bx%()\x). Thus, fem-1, and f -2t are linearly
equivalent. ’ ’ 0

Corollary 1. Let a € F5,, and v € U. Then, f,, is bent if and only if f py- 2t

is bent where A denotes the unique element of U such that u = A?" 1.

Corollary 1 says that we can restrict ourselves to study only the case where
a € F;,.. We denote by @n the class of functions belonging to §,, with a € F5,,.
We will search for a characterization of bentness for functions belonging to the
family §n

Let us explain why we need to study separately the case where m is odd and
the case where m is even.

Recall that functions in the class considered by Charpin et Gong in [6] are of
the form :

(3) Vo € For, f(z) =) Tri(Ba"®"Y)
rel
where E' is a subset of the set of representatives of the cyclotomic cosets modulo
2™ + 1 of size n, and the coefficients 3, are in Fax
When m is odd, Boolean functions (2) lie in the class (3). Indeed, let A €

Fan. Thanks to transitivity property of trace functions, we have Tr}(Az 2n371) =

Tr? o Tr’g()\a:%;l) Tr3(z"s TTQ()\)) (since 255 € F,). Thus, if we put
b = Trz()\) € Fy then Tri(Az"5 ) = Tr2(bz”s ), and then, {Tr"(az?"~! +
Y ), a € F5.) A € Fon} C . Conversely, if f € §, then f(x) can be written
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in the form Tr}(az®" ' + )\x%), with a € F3.,and A € Fan (since, the (linear)
mapping Try form Fym to Fy is surjective). Therefore §, is a subclass of that of
the form (3). In this case, their support can be written as

supp(fop) = U ulF%,.,

UEVa s
where U = {u € Fon | norm(u) = 1} and V,, = {u € U | fop(u) = 1} since
V(u,y) €U X By, fup(uy) = Tri (au 12" 1) + Tri(bu”s 5" 5)
= Tri(au® 1) + T3 (buzns;l)
- fa,b(u).

The bentness of Boolean functions of type (2) can then be characterized by the
Hamming weight of their restrictions to U as follows.

Proposition 2. Let a € F5,. (m odd) and b € F;. The Boolean function fu; is
bent if and only if wt(faply) = 2™ 1.

Now, if m is even (in this case 3 divides 2™ + 1) then, a Boolean function of §,
is not of the form (3) since, 5 is not of the form ="V (with r integer).

Moreover, one has in this case , for every u € U and y € Fj..,
2" -1 2”71)

fap(uy) = Try (au® " 'y?" 1) + Tr (bu™s y ™
= T (au® ) + Tri(by ™).

(4)

The support of f,; can not thus be written as in the odd case in the form UZN:1 E?
where the E;’s are m-dimensional vector spaces of Fon such that E; N E; = {0}
for every pair (i,7). We can not thus use the characterization of bentness of
Proposition 2 when m is even.

Remark 2. C. Carlet and P. Gaborit proved in [4] that any bent function (more
precisely any hyper-bent, see definition for instance in [4]) of the form of (3),
belongs to the class of belongs to the class PS,, which is a subclass of partial
spread’s class PS™ (for definitions see for instance in [4])

3.1. The odd case. We assume in this subsection that m is odd and a € F},. (in
this case 3 divides 2™ + 1).

Let gq,» be the Boolean function defined on U by g,5(u) = Tr’f(au)—{—Trf(buQma‘H)
for every u in U where a € F3,, and b € [F}.

One has f,5(u) = gap(u®" ') for every u € Fan. Then, one can reword the
characterization of bentness of Proposition 2 as follows.

Proposition 3. Let a € F5,. and b € F;. Then

(1) The Boolean function fqy is bent if and only if A(a,b) == 3" .y X(Gap(v)) =
1.



(2) Moreover, one has A(a,b) = A(a,b*) and thus that f.; is bent if and only
if fap2 1s bent.
Proof.

(1) According to Proposition 2, the Boolean function f,; is bent if and only if
wit(faply) = 2™ which is equivalent to say that

ZX(fa,b(u)) =2" + 1 —2wt(fuslv) = 1.

uelU

On the other hand, ZueU X(fap(u)) = ZuGU X(ga,b(uzm_1>> = ZueU X(gap(u))
since the map u € U — u?"~! € U is a permutation.

(2) For all # € For (k = 2r), we have Tr¥(x?") = Tr¥(x) ( this comes by
applying 7 times the equality Tr¥(x?) = Tr%(z), for all € Fax).

Then, A(a,b) = > oo x(Tri(au) + Tr%(buzmsﬂ) = > uev X(Tri(au) +
Tr2bu"s ) = 3 ,co X(Tri(aa) + Tr3b%a" s ) (since b= b* and @ = a
2M 1

). Hence, A(a,b) = >y x(Tr(aw) +Tri(b*u" 3 )) = A(a, b?) ( since the

map u — @ is a permutation on U).

O

Proposition 3 says that, given a € F5,. and 3 a primitive element of [} , only
four situations may occur: the three Boolean functions f, 1, f. 3 and f, g2 are all
bent, only the two Boolean functions f, g and f, g2 are bent and f,; is not bent,
only the Boolean functions f,; is bent and none of the two Boolean functions f, g
and f, 2 is not, none of the three Boolean functions f, 1, fa,3, fas2 is bent.

Then question then arises from knowing, given an element b of F}, for which
values of a € [F%,., the Boolean function f,; is bent. To this end, we begin with
showing that, for every a € F%.. and b € F}, A(a,b) can be expressed by means of
Kloosterman sums and the cubic sums (Definition 2) on Fom.

Proposition 4. Let a € F.. and 3 be a primitive element of Fy. Then

Aa,B) = Ao, ) = Tnl@ =1 20nl0sa)
4Cn(a,a) + Kp(a) — 1
3
Proof. Take a € F3.. Let ¢ be a primitive element of U. Set Vy = {u® | u € U}.
Set, for every a € F3..,

Sia) = Y x(Tri(a¢'v)), i€ {0,1,2},

veVH

A(a,1) =

Remark that Si(a) = Y, X(Tr7(alv)) = >, oy x(Tr7(alD)) (since Tri(z) =
Tri(2?), forallz € Fon and , & = 2*7). Then, S1(a) = Y, o X(Tri(aC*(¢*"20))) =
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Ss(a) since ¢*" 72 is an element of V ( because 3 divides 2™ + 1) and v — (*" 20
is a permutation on V.

The first step of the proof is to express the sums A(a, 1), A(a, 3) and A(a, 3?) by
means of Sy(a), Si(a) and Sz(a). To this end, we begin with splitting U as follows
: U = Vo U(VyUC?V, (union disjoint) since U = {**7, 0 < 3i+j <2™,0<4 <
2m3’2,0 <j<2}= U?:on{CSi, 0<3i<2m"0<i< 2m3’2}. Therefore, for every
b € [}, we have

2M 41

7))

Aab) = > xgaslw) = D D x(Tri(ag’) + Tri (e

2
= > X(Tric¢
=0

2M 41

5 ))Si(a).

(since v 3 =1 for v € V)

Now, one has 3 = Cjw;% with j € {1,2} and thus that

Aa,B) = X(Tr(E)Sola) .
+ (XT3 + X (Tr(CUT7)) S (a)

from which we deduce that
(5) A(a, B) = —So(a)
because Tr2(1) = 0 and Tr2(¢*5) =

(6) A(a, B?)
On the other hand, one has

From Proposition 3, we have also

1.
A(a, B) = —=Sy(a).

2™ 1 2M 41

Afa, 1) = x(Tri(1))So(a) + (x(Tri(¢ ) + x(Tri(¢* 7)) Si(a)

form which we get

(7) A(a,1) = Sp(a) — 251 (a).
The next step is to show that
(8) So(a) +2S1(a) =1 — K,,(a)

For that, we compute the sum -, 7. A(a, b) in two ways. Firstly, we have ;. Aa, b) =

Y ey X(TrY(au)) Zber x(Tr2(bu*s")). But > per, X(TTE(AD) = 0 for every X #
0 and thus that 37, X(T(Ab) = —1. Then 3=, Aa,b) = =32y X(T77 (au)).
Now, recall the well-known result, that is: > . x(Tr{(au)) = 1 — K, (a), where
G is a cyclic group of order 2™ + 1 (different proofs can be found in [7], [12], [19],
[20]). Take G = U then, we obtain Zbem A(a,b) = K, (a) — 1.

On the other hand, we have :
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Dvery May0) = 3200 ey, X(T(ag ) My X(Tr3(b¢*5)) = = 274 Si(a)

(because D, cp, (T'r’l(b(l2 7)) = 0). Hence, > pers Ma, b) = —So(a) — 25 (a).
Collecting together the two above equalities yield relation (8).
The last step is to show that
2C,(a,a) + 1 — Kp(a)

9) So(a) = 3

First, recall that the map = +— 2 is 3-to-1 from Fyn to itself since n is even.
Moreover, since 3 divides 2™ + 1, the group F} is contained in U. Therefore, the
map z — x° is also 3-to-1 from U to itself. That implies in particular that

ZX Tri(av) ZX Tri(au®

veV uEU

Now, using the transitivity rule of trace function, we have Tr7(au?®) = Tr(Tr" (au?)) =
Tri(au?® + (au?)?™). Then

Zme a(u® +u?))).

ueU

Moreover, every element 1/c¢ (¢ € Fom) with Tr*(¢) = 1 can be uniquely repre-
sented as u + 4 with u € U. Note now that 1/¢® + 1/c = u® + u=3. Therefore, we
have

3S0(a) = 1+ Y X(Tri(a(u®+u™?)))
ueU\{1}

= 14+2 > x(Tr(a/¢ +a/c)

c€Fom Tr"(c)=1

= 1+2 Z x(Tr(ac® + ac))

c€Fom Tr*(1/c)=1

In the last equality , we use the fact that the map ¢ +— 1/cis a permutation on Fym.
Now, Charpin and al [8, Theorem 3] have shown that 23 cr . 71 /621 x(Tri(ac+
ac)) = 2C,(a,a) — K,(a) from which we deduce (9).
From (5), (6) and (9), we get that
K (a) —1—-2C(a,a)

A(a,8) = A, %) = .

From (8), we deduce that —25(a) = Sy(a) + K,,(a) — 1 and thus, according to
(7) and (9), that

4C(a,a) + Ky(a) — 1
3 .

A(a,1) = 25y(a) + Kp(a) — 1=



11

The exact values of the cubic sums C(a, a) on Fom can be computed thanks to a
Carlitz’s result [5] by means of the Jacobi symbol. Recall that the Jacobi symbol
(%) is a generalization of the Legendre symbol which is defined when m is an odd

prime. The Jacobi symbol (%) can be computed thanks to the explicit formula :
'"LQ*
() = (D"

Proposition 5. ([5]) Let m be odd. Recall that the cubic sums on Fam denoted by
Cin(a,0) =3 cp,. X(Tri"(az® 4 bx)) were a € Fym and b € Fym. Then we have:

(1) C(1,1) = (2) 20mD/2 where (2) is the Jacobi symbol.

(2) [fTr1 (b) =0, then Cy,(1,b) = 0.

(3) If Tri™(b) = 1 (with b # 1), then Cp,(1,b) = x(Tr7"(v* + 7)) (£) 2(m+1)/2
where b =~* +~+ 1 for some vy € Fam.

A precise version of the last point (3) is given in a recent paper ([7]). More
precisely :
If Tr7(b) =1 and a # 1, then C,,(1,a) = x(Tr7*(v?)) (n%) 2(m+1)/2 where v is the
unique element of Fom satisfying b = v* 4+ + 1 and Tr(v) = 0.

Lemma 2. Let a € F%,.. Then we have:
(1) If Tri(a'/3) = 0 then Cp(a,a) = 0.
(2) If Tri(a'/?) = 1, then Cp(a,a) = €, (2) 20"T/2 where (2) is the Jacobi
symbol and €, is defined as : ¢, =1 and, fora # 1, e, = x(Tr7(~?*)) where
7 is the unique element of Fom satisfying a'/® = v*+~v+1 and Tr7(y) = 0.

Proof. The mapping = — x? is a permutation on Fom ( since m is odd). Then every

element a of F%, can be (uniquely) written as a = ¢® with ¢ € Fyn. Therefore,

Cm(av a) = erFgm X(T’rin(a‘f3 + (ZIE)) = ZxEFgm X(Tr{n((cx)3 + CL2/3<CZL’))) =
Cyn(1,a2/%). We conclude thanks to the above results. O

Thanks to proposition 4 and lemma 2, we are able to identify the values of a for
which the Boolean functions f, 1, fag or fq 2 is bent.

Theorem 1. Let a € F5,.. Let 8 the primitive element of F,. With the notations
of Lemma 2 we have:

(1) Suppose Tr*(a'/?) = 0. if K,,(a) = 4 then f,1, fos and f, g2 are bent
and, if K,,(a) #4, fo1, fap and f, g2 are not bent

(2) Suppose Tr*(a'/?) = 1. Then, f,5 and f, 3 are bent if and only if
Kn(a) = 4+ ¢, (%) 2(m+3)/2 while, f,; is bent if and only if K,,(a) =
4— e, (2)2mD)/2,

Proof. Take a € [F,..
we have
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(1) Suppose Tr7(a'/?) = 0. In this case, we have C(a,a) = 0 according to
Lemma 2. We then deduce from Proposition 4 that
K, (a) —1
A(CL, 1) = A(CL, 6) = A(a7ﬁ2) = %
Thus, the three Boolean functions f, 1, f. 3 and f, g2 are all bent whenever
K,,(a) = 4 while, when K,,(a) # 4, none of them is bent.
(2) Suppose Tr*(a'/?) = 1. In this case, C(a,a) = ¢, (2)2m+D/2. Thus,
according to Proposition 4, we have

Kn(a) — 1 — ¢, (&) 20mT3)/2

Aa, B) = A(a, 3?) = de |
Aa,1) = Km(a)—1+;a (2) 2092

O

Remark 3. When m is odd, the Walsh transform of bent Boolean functions of
the form (2) can be computed. Firstly, we have @%6(0) = 2™ Now, let w
be an element of F3.. We have Xy, ,(w) = > cp, X(fap(z) + Tri(wr)) = 1+
Y uer Zyngm X (fap(yu)+Tr7 (wyu)) (since every element x of F5, has a unique de-
composition as : = yu, withy € F5,, andu € U). But ) ., Zyngn X(fap(yu)) =

> wer X(fap(u)) (because 3 divides 2™ + 1 (m odd) and y*" ! =1 = g ).
Therefore, X7, ,(w) = 1= cp X(fap ()42 pcp X (fap(w)) 2oy er,.,, X(TrT (wyu)))
=1 =2 uer Xfan(W) + 2uer X(fap(w)) 2o e, X(TrT (yTry, (wu)))

=13 v X(fap(u)) +2™ ZT U X(fap(w)). Note now that Tr) (wu) = 0 if

m

and only if vw+u?"w?" = 0, that is, u?" ' = w'™?". Then, > wev  X(fap(u)) =
Tr2, (wu)=0

X(fap(w™ N{u € U | v?"71 = 072"} = x(fap(w™!)), since the mapping x —
2" ! is a permutation of U. But f is being bent then, Y, X(fap(u)) = 1. We

finally get X7, ,(w) = 2"x(fap(w™)) .
3.2. The even case. Assume that m is even (in this case, 3 divides 2™ — 1).

Recall that we can restrict our self to a € F%,.. The situation is different from the
preceding subsection since in this case, one has, for every v € U and y € F3..,

"1 2“71)

fap(uy) = Tri (e "*" 1) + T} (buzTy 3
=Try(au®" ") + Tr} (by%;l)
since y*" 7! =1, u¥" ™ = 1 and 51 = (2™ +1)- 25 (3 does not divides 2™ +1 as
in the odd case). Therefore, unfortunately, the bentness of f,;, cannot be treated
as in the odd case
The following result give a necessary condition on the corresponding coefficient
a defining a bent functions belonging to the class §,.

(10)
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Theorem 2. Let a € F5,. (m > 2) and b € F;. Then we have:

(fap is bent) = K, (a) = 4.

where K,,(a) denotes the Kloosterman sums on Fam

Proof. Set A, = |[{u € U | Tr*(au*"~1) = €}| and B, = |[{y € F&.. | Tr%(byw%) =
e}| for every € € Fy. One then has, according to (4),

(11) wt(fap) = AoB1 + A1 By.

Let g be the map from F3,, to F} defined as : Yy € F.., g(y) = by%. Clearly, g
is invariant under the map c — ¢, that is, g(c*y) = g(y) for every y and c in F,..
Thus |g~' ()] is a multiple of 25 for every a € F;. Now, since g is onto, one has
necessarily [g7"(o)] = 25 for every o € F§. Thus, B; = 2- 22~ and By = L.
Replacing By and B; by these values in (11), we get

2m —1 2m —1
wi(fup) = T (A1 +240) = =

On the other hand, since z +— z is a permutation on U to itself, one has
Ay = {u e U | Tri(au) = 1}|. Then, > ., x(Tr}(au)) = Ag — A;. Recall now

the well-known result used previously

Y X(Tri(auw) = 1 = Kp(a)

uelU

(2™ 41+ Ay).

2m—1

where K, is the Kloosterman sums on Fom. Since Ag+ A; = 2™ + 1, one thus has

K K,
Ag=2""141- mz(a) (and A; = 2™ 4 —”;(a))
This leads to
27 1 K 4K
wt(f&b) = 5 (3 . 2m71 + 92— mT(a)> — 2“*1 . 2m71 + 6m<a> . (2m i 1)

Therefore, f,, can be bent only if % -(2m —1) € {0,2™}. Assume that

4-Kn(@ . (9m — 1) = 2. That implies that 2" — 1 divides 6 - 2. Now, since 2™
and 2™ — 1 are co-prime, one has 2™ — 1|6 which requires that m = 2. Hence, if
m > 4, one has finally: if K,,(a) # 4 then f,, is not bent.

O
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