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ABSTRACT. In the paper we study lower bounds on the number of bent func-
tions that can be obtained by iterative constructions, namely by the construc-
tion proposed by A. Canteaut and P. Charpin in 2003. The number of bent
iterative functions is expressed in terms of sizes of finite sets and it is shown
that evaluation of this number is closely connected to the problem of decom-
posing Boolean function into sum of two bent functions. A new lower bound
for the number of bent iterative functions that is supposed to be asymptotical-
ly tight is given. Applying Monte—Carlo methods the number of bent iterative
functions in 8 variables is counted. Based on the performed calculations sever-
al hypotheses on the asymptotic value of the number of all bent functions are
formulated.

1. INTRODUCTION

Boolean functions with even number of variables that have extremal nonlinear
properties are called bent functions. They were introduced by O. Rothaus [11, 12]
in sixties of XX century. Till now bent functions are intensively studied since they
have a lot of applications in coding theory and cryptography, see for example surveys
[15, 14].

Precisely, Boolean function in n variables (n is even) is called bent if it is at
the maximal possible Hamming distance 27~1 — 2(*/2)=1 from the class of all affine
Boolean functions. In other terms all Walsh—Hadamard coefficients of a bent func-
tion are the same in absolute values. There are many open problems in bent func-
tions. The number of bent functions in n variables is still unknown if n > 8. More-

. 2+ () )
over, there is a large gap between lower and upper 2 n/2
bounds for this number. There are several improvements of these bounds, see [1],
[5] and [16], but not too significant. To find the asymptotic value for the number of
all bent functions is a long-standing hard problem closely connected to the problem
of enumeration of Hadamard matrices (unsolved since 1893).

22(”/2)+10g2 (n—=2)—1
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In this paper we study lower bounds on the number of bent functions that can
be obtained by iterative constructions, namely by the construction proposed by
A. Canteaut and P. Charpin [2]. Bent functions obtained via this construction we
call bent iterative functions. The number of such functions is expressed in terms of
sizes of special finite sets. Then it is shown that evaluation of the number of bent
iterative functions is closely connected to the problem of decomposing Boolean
function into sum of two bent functions. A new lower bound for the number of
bent iterative functions that is supposed to be asymptotically tight is given. The
numbers of bent iterative functions in 4, 6 and 8 variables are determined. For the
last case probabilistic approaches such as Monte—Carlo methods are applied. Based
on the performed calculations we formulate several hypotheses on the asymptotic
value of the number of all bent iterative functions and on the number of all bent
functions.

The structure of the paper is the following. In section 2 we give some preliminar-
ies: necessary definitions (subsection 2.1), a brief overview of the known iterative
constructions for bent functions (subsection 2.2), a simplified variant of A. Can-
teaut’s and P. Charpin’s iterative construction (subsection 2.3). In section 3 the
number of bent iterative functions is expressed in terms of sizes of finite sets. In
section 4 bent sum decomposition problem and its connection to the evaluation of
the number of bent iterative functions is considered. In section 5 applying proba-
bilistic methods we study bent iterative functions in small number of variables. In
section 6 several hypotheses on the number of bent functions are introduced.

2. PRELIMINARIES

2.1. NECESSARY DEFINITIONS. Let + mean sum modulo 2. Denote by (x,y) the
standard inner product of two binary vectors x and y of length n,

<.’£, y) =11+ ...+ TnYn-

It is well known that a Boolean function f in n variables can be uniquely represented
by its algebraic normal form (briefly ANF)

n

f(.%‘) = Z Z Qjy iy Ty -+ Ty | + ag,

k=141,...,ik

where for each k indices i1, ..., are pairwise distinct and all together run trough
all k-element subsets of the set {1,...,n}. The coefficients a;, ... i,, ag belong to Zs.
Algebraic degree (briefly degree) of a Boolean function f is the number of variables
in the longest item of its ANF. Denote it by deg(f). An affine function is a function
of degree 1. It has the form f(z) = (x,y) + a for some vector y and constant a.

Recall that Walsh-Hadamard transform of a Boolean function f in n variables
is the integer-valued function

Wity) = 3 (-0,

TELY

A Boolean function f in n variables (n is even) is called bent if W (y) = +2"/2 for
all y. In other words bent function is on the maximal possible Hamming distance
from the class of all affine Boolean functions in n variables. The set of all bent
functions in n variables denote by B,,.

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VoOLUME 5, No. 4 (2011), 609-621



ON THE NUMBER OF BENT FUNCTIONS FROM ITERATIVE CONSTRUCTIONS 611

For a bent function f it is possible to define the dual function ]""V It is a Boolean
function in n variables given by 2"/2(—1)f®) = W (y). It is well known that f is a

bent function too and f: f.

2.2. ITERATIVE CONSTRUCTIONS AND LOWER BOUNDS. Iterative constructions for
bent functions have been investigated by many authors. Let us recall only some of
them.

The first iterative construction was given by O. Rothaus [11, 12]. Tt tells that a
Boolean function f(z/,2") = g(x’) + h(z") is bent if and only if functions g and h
are bent. From here one can get a bound |B,,| > max,,+k=n |Bm||/Bk|, where |M|
means the size of a set M.

The next construction was obtained by O. Rothaus [11] and J. Dillon [7]. Let
/', f” and f" be bent functions in n variables such that their sum is bent again.
Then g(as, az, ) = F/(2)f"(x) + f'(£) " (2) + ["(2)f" (@) + o1 /() + ar " () +
asf'(z) + as f"(x) + ajas is a bent function in n + 2 variables. But to obtain the
lower bound on |B,| from this construction seems to be rather difficult. In general,
it is not clear when for distinct collections {fi, f1, fi"} and {f3, f5, f{’} one can
obtain distinct bent functions g.

Another construction was introduced by C. Carlet [4]. Suppose that f’, f”
and f"" are bent functions in n variables such that their sum (denote it by s)
is bent. Moreover, let § = f/ + F + ]37’. Then function g(z) = f'(x)f"(z) +
(@) " (x) + f"(x) f”(x) is bent in n variables. In this case one can try to find an
equality containing |B,,| and a certain function of |B,,|3. But we guess that checking
conditions (when s is bent and when it holds 5 = ]?’ + }”7 + ]?'7/ ) is difficult enough.

J.-J. Climent, F. Garcfa and V. Requena [6] suggested the construction of bent
functions in n + 2 variables from bent functions in n variables using minterms. Here
we are not going to consider details of this construction. Let us give only the lower
bound on the number of bent functions obtained via this construction. As usual
this bound can be taken as the lower bound for the number of all bent functions:
Brya| = 6|Bn|2 — 8|Byl.

An extensive study of the restrictions of bent functions to affine subspaces was
proposed by A. Canteaut and P. Charpin [2]. In particular, they have established
that restrictions of a bent function f to a subspace V' of codimension 2 and to its
cosets are bent if and only if the derivative of f with respect to V- is constant
equal to 1. This last result can be interpreted as an iterative construction for bent
functions. It is studied in the next section with respect to the lower bound on the
number of all bent functions.

2.3. BENT ITERATIVE FUNCTIONS. Let us present the iterative construction of
A. Canteaut and P. Charpin [2] in the following simplified form and equip it with
a new proof.

Let Boolean function g in n + 2 variables be defined as

(1) g(OO,SU) = fO(x)v 9(017x) = fl(x)7 g(lO,x) - fQ(x)v g(ll,x) = fg(fﬂ),

here fo, f1, fo and f3 are Boolean functions in n variables. Note that for distinct
ordered collections { fo, f1, f2, f3} we always obtain distinct functions g. From [2] it
follows
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Theorem 1. Let functions fy, f1, fo be bent functions in n variables. Then function
g defined by (1) is a bent function in n+2 variables if and only if f3 is a bent function
in n variables and fo+ f1 + fo+ f3 = 1.

Proof. (<) Let fo, f1, fo and f3 be bent functions and fo-+fi+fo+ f3 =1 hold.
Show that g is bent. We have

Wy(ar, a2,2) = Wy, (z) + (=1) Wy, (2) + (=1)" Wy, (2) + (=) T2 W, (2).

Using dual functions we obtain
Wy(a1,az, ) = 2"/ ((—1)%(1) +(—1) @A g (~yerthe) 4
(_1)a1+a2+1+ﬁ)<x)+ﬁ<x>+f2(x>) .

The possible values for the expression between parentheses are +4, +2 and 0. In fact
this expression is always equal to +2. Indeed, in the case fo(z) = fi(z) = fo(z) =0
we obtain the expression
Ray, az) = 14 (1) + (=1)™ + (=1)"Fe=tt
that for any a1, as equals +2. It is easy to prove that in all other (seven) cases for
ﬁ)((l’), fl(z), ]?2(33) the expression between parentheses differs from R(aq,as) only
by changing the signs for even number of items. And hence it can be equal to +2
or +2 £+ 4 only. Since it is not more than 4, only one possible value £+2 remains.
Thus, for any a1, ag, x it is true Wy(as, az,z) = +2(n+2)/2 " and therefore g is a
bent function.
(=) Let g be a bent function. Then its Walsh-Hadamard coefficient

Wy(ar, as,x) = 2"/ <(_1)ﬂ)(w) +(=1)e+h@) 4 (a4

ai a2W3(x)
)

is equal to £2("+2)/2 for all aq,as,z. It is obvious that the expression between
parentheses should be equal to £2. The necessary condition for it is that the
fourth item between parentheses has to be a natural number. But according to the
Parseval’s equality for Wy, it is true if and only if Wy, (z) = +£2/2 for all =, i. e.
f3 is a bent function. Thus, the fourth item has the form (—1)w1+3’2+f~3(x).

It is easy to see now that the value f3(z) has to be defined by the values fo(z),
fl(x) and fg(x) in the unique way. It is true since the sum in parentheses is equal
to £2. It remains to note that we have already found this appropriate way for fvg,(m)
to be defined. Namely, f;, = fo + fl + fg + 1. O

Let us give some concrete examples. Here Boolean functions are presented by
their vector of values.

e bent iterative function g = (0001 0001 0001 1110) is obtained by taking
fo = f1 = f» = (0001). Note that fo = fo. Function f3 can be found from the
equality ]?3 = fo + ]?1 + fz + 1= (1110). Note also that here ]?3 = fs.

e bent iterative function g = (0001 0010 0001 1101) is constructed by taking
fo = (0001), f; = (0010), fo = (0001). Note that again fo = fo = fo, but
fl = (0100). The function f3 is derived from fg = ﬁ) + ]71 + fg +1=(1011). Then
f3 = (1101).
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e bent iterative function g = (0010 0001 0001 1101) is constructed by taking
fo = (0010), f; = (0001), fo = (0001). Here fo = (0100), fl = f1 = fo. The
function f3 is obtained from fg = fo + fl + fg +1=(1011). Then f3 = (1101).

Note that three distinct bent functions in n variables can produce up to 6 distinct
bent functions in n + 2 variables, since it is possible to order them in 3! ways.

Bent functions that can be obtained by Theorem 1 we call bent iterative functions.
Let BZ,,12 (it means “Bent Iterative”) denote the class of all such functions in n+2
variables.

Note that according to [2] there exist bent functions from Maiorana—McFarland
class [10] and from the class PS (Partial Spreads) [7] that can not be represented
as bent iterative functions. Also as it follows from investigation [3] of nonnormal
functions there exist bent functions in BZ, that are nonequivalent to Maiorana—
McFarland bent functions.

3. THE NUMBER OF BENT ITERATIVE FUNCTIONS

Here it is shown how it is possible to calculate the number of bent iterative
functions. This task is reformulated in terms of finite sets and then several open
problems are given.

Theorem 2. For any evenn > 4

IBL.|= > > [ Bozt+f)N(Buat+f") ]
fleBp_af’"€Bnr_2

Proof. Let us study in how many ways one can construct a bent iterative function
g in n variables. It is possible to do it as follows. First, take arbitrary ordered pair
of two bent functions fy, fi1 in n—2 variables. These functions may coincide or may
not. The number of all distinct such pairs is |B,,_2|?. Then take a suitable bent
function f5 in n — 2 variables. Bent function fy we call suitable for fy, f1 if function
ﬁJ + :fvl + f; is bent. It is clear that according to Theorem 1 for any suitable bent
function fo one can construct a bent iterative function g by determining f3 from
the equality f3 fo + f1 + fg + 1. So, if k(fo, f1) is the number of suitable bent
functions f> for given bent functions fo, fi, then
(2) BLn|= > > k(fo,fr)

fo€Bn_2f1EBr—2
Indeed, any bent iterative function g can be obtained in the way presented. Note
that g is uniquely determined by the ordered triple fy, f1, fo.

Now let us study numbers k(fo, f1). Let B(fo, f1) be the set of all suitable bent
functions in n — 2 variables for fo, f1. So, |B(fo, f1)| = k(fo, f1). Show that the set
B(fo, f1) is in 1-to-1 correspondence with (B,_s + fo) N (Bu—2 + f1).

Define a map

¢ B(fo, /1) = Bua+ fo) N (Bu_a+ f1)

by the rule

¢(f2) = fo + fo, for all fo € B(fo, f1).
First check that ¢ is defined correctly. Since f; is suitable, there exists a bent
function A in n — 2 variables such that h = fo + f1 + f2 Then function s = fo + f2
belongs to the set B, _ 2—|—f0 and also belongs to the set B, 2—|—f1 asfaras s = f1 +h.
Thus, ¢ is defined correctly.
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Prove that ¢ is a bijective mapping. It is easy to see that if fo # f then
d(f2) # ¢(f%). Let s be a function from (B, —2+ fo)N(Bp—2+f1). Then bent function
f2 defined by fo = s+ fy is suitable for fy, f1 (since function fo+ f1 + fo = f1+s
is bent) and it holds ¢(f2) = s. Thus, ¢ is bijective.

So, it is proven that

k(fo, f1) = | (Bu—z + fo) N (Bu—a + f1) |-
Now replace k(fo, f1) by this expression in formula (2) and change variables fo, f1
to variables f' = fo, f” = f1. In such a way we get the statement of theorem. [J

Consider an example. Let us construct all bent iterative functions for n = 4.

The total number of them is |[BZ4| = Y. > | (Ba+ f/) N (B2 + ) |. Recall
f'€B2f""EBy

that By consists of all functions with odd number of nonzero values, |Bz| = 8. Let
us present their vectors of values: (0001), (0010), (0100), (1000), (1110), (1101),
(1011), (0111). Note that any set By + f’ is the set of all Boolean functions with
even number of ones. So, | (B2 + f')N (B2 + f”) | = 8 for any bent functions f’, f”.
It means that any bent function in 2 variables is suitable for all fixed bent functions
fo, fi- Then by Theorem 2 we get |[BZ4| = 8 -8 -8 = 512. Recall that B4 consists
of 896 functions.

It is known that if function f’ is bent then function f’ + £ is bent too for every
affine Boolean function ¢. That is why any set (B,—2 + f') N (Bn—2 + ) contains
at least all affine functions in n — 2 variables:

C=(f"+0+f=("+0+1"

The number of these affine functions is 2" ~! and hence we get
Proposition 1. For any bent functions f’, f” in n — 2 variables
(3) 2" <[ (Baz + f1) N (Ba—z + f7) | < [Ba—zl.

In [13] it is proven
Proposition 2. For bent functions f', f" in n — 2 variables the equality

| (Bu—2 + f) N (Bu—z + ") | = |Ba—2|

holds if and only if f'+ [ is an affine function.

From Theorem 2 and Propositions 1, 2 it follows
Corollary 1. 2" 1B, »|?> < |BZ,| < |Bn_2|? for any even n > 4.

Indeed, it is enough to note that there exist bent functions f’, f” for which upper
bound in (3) holds. And there exist f/, f” for which it does not hold.

Corollary 2. |BZ,| > 92"/P*2—n—3 for any even n > 4.

Proof. From Corollary 1 it follows |BZ,,| > 2"~ 1|B,,_»|?. Since BZ,,_» is a subset of
B,,—2, we have |Bj,_2| > |BZ,_2| and hence

|BZ,| > 2" Y BL, _2|?.
Applying Corollary 1 and inequality |B,—_4| > |BZ,—4]|, we obtain
IBZ,| > 2"t 20=8)2 BT, 2.
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Continue in this way,

3.0(n/2)-2

|BZ,| > 2"~1.2(n=8)2 9n=5)2" . 9 B2

Then by substitution |Bz| = 2% we obtain
IBZ,| > 23277 . od,
where
d=n—-1)+n—-3)-2+(n—-5)-224... + (n—(n—3))-20/272

One can see that

(n/2)—2 (n/2)—2 (n/2)—2
d=n| > 2| = > @+1)2=m-1"D ' -1-2 Y i-2.
=0 =0 =0

Using combinatorial formula
k
D it =(k—-1)2M1 42,
i=0

we get d =5-2("/2)=1 —pn — 3 And hence, |BZ,| > 92" /D*2—n—3 ]

It is interesting to find better bounds on |BZ,| and clarify is this number more
close to |B,,_2|? or rather to |B,,_2|3. Note that answer to this question has direct
applications to the problem of lower bound for |B,,].

In the next section several techniques helpful to this question are presented.

4. BENT SUM DECOMPOSITION PROBLEM
Define the following set
Xpo={f+h: fheB,}
and consider the system {Cy : f € B,,} of its subsets defined as Cy = B,, + f. So,
X, = ¢
feBy
One can prove
Proposition 3. |B,| > \/2|X,| for any even n > 2.

Let 9 be an element of X,. The number of subsets Ct that cover i we call
multiplicity of 1 and denote it by m(v). Note that if ¢ is covered by C; then it is
covered by any set C/, where f’ is obtained from f by adding an affine function.

It is clear that

(4) Y m($) =B,

peXy,

Theorem 3. For any even n > 2

BZpa| = D m()®.

PeEXn

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VoOLUME 5, No. 4 (2011), 609-621



616 NATALIA TOKAREVA

Proof. The statement follows from Theorem 2. Indeed, let us fix any function
from X,,. It is covered exactly by m(¢) sets, say Cy1,Cyz2,...,Cpme). Now let
pair (f’, f") run trough all the ordered pairs of bent functions in n variables. Then
function 1 is covered by set (B, + f')N (B, + f") if and only if both functions f, f”
belong to the set {1, f2,..., f™®}. The number of such ordered pairs is m(z)?.

Thus, by Theorem 2 we get the formula [BZ,12] = > cx, m(1)2. O

So, in order to evaluate |BZ, 2| (and then |B,42|) we have to study the set X,
and the distribution of multiplicities for its elements.

Theorem 4. For any even n > 2

|Bn|*
[ Xnl

|Bn+2| Z ‘BIn+2| Z

Proof. By (4) we have
Note that the minimal value of the sum
> m)’
YeEX,

is reachable if and only if all the multiplicities are the same, i. e. if and only if
m(y) = |Bn|?/|X,| for all ¢ € X,,. Then by Theorem 3 we have

IBn|2)2 N |Bn|4
| X | Xn|

Buta| > BLuia| = Y m(@)? = X - (
YEXn

O

Corollary 3. The average value of square of multiplicity in X, is not less than
Bl /1 X2

It is well known [12] that for a bent function in n variables, n > 4, it holds
deg(f) < n/2. Then the set X,, can include only functions of degree less or equal
to n/2. Therefore, it holds

Corollary 4. For any even n > 4

Bn4 Bn4
Buis| > [BTop0] > 50| _ 5l

yr () (i) i)

In order to find the exact number of bent iterative functions one has to find the
distribution of multiplicities in X,,. Thus, we come to a new problem statement.

Open problem: bent sum decomposition. What Boolean functions can be
represented as the sum of two bent functions in n variables? How many such rep-
resentations does a Boolean function admit?

We suppose that the answers to these questions can be given in terms of proba-
bility theory. In the next section the case of small number of variables is studied.
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5. MONTE-CARLO METHODS FOR ENUMERATION OF BENT ITERATIVE
FUNCTIONS IF n IS SMALL

Here we study bent sum decomposition problem for small dimensions. Sizes of
X, and BZ, ;2 are determined for n = 2,4, 6. In the last case probabilistic methods
are applied.

For n = 2 the set X5 consists of all Boolean functions with even number of
nonzero values, |Xz| = 8. Multiplicities of all functions from X5 are maximal and
equal to 8. Thus, by Theorem 3 we have |BZ;| = 8- 8% = 512. Recall that B,
consists of 896 functions.

For n = 4 the set X, consists of all Boolean functions of degree not more than
2, | X4 = 21 = 2048. All affine functions in X, (number of them is 2°) have
maximal multiplicities equal to 896. All the others have multiplicities equal to 384.
Thus, |[BZg| = 32 - 8962 + 2016 - 384% = 77 - 222 = 322961408 ~ 2283, Note that
via Maiorana—McFarland construction [10] (with a fixed division of variables into
halves) it is possible to obtain only 28(23)! = 315 - 215 = 10321920 ~ 2233 bent
functions. It remains to add that total number of bent functions in 6 variables is
about 2323, see the survey [15] for detail.

Proposition 4. |BZ,| =512, |BZs| = 322961408 ~ 2283,

If n = 6 the set X again is the set of all Boolean functions of degree less or
equal to 3, | Xg| = 2%2. It is checked via exhaustive search.

Now let us do the following probabilistic investigation. We apply Monte—Carlo
methods for enumerating the sum Y-, m(1)? that is equal to [BZg| by Theorem
3. We have taken at random N = 346 981 ~ 2'8% Boolean functions in 6 variables
of degree not more than 3 without linear parts in ANFs (by linear part we mean
all ANF items of degree less or equal to 1). While checking multiplicities for these
N functions it is obtained that there are only 30 distinct values of them. In Table
1 one can see the distribution of multiplicities for the taken functions. By n; the
number of Boolean functions with multiplicity m; is denoted.

7 m; iz 7 m; g 7 m; T
1] 2688027 102 11 | 54784 - 27 | 67960 21 82176 - 27 | 179
2 | 33024 - 27 28 12 | 56064 - 27 240 22 83200 - 27 | 265
3 | 36096 - 27 327 13 | 56832-27 | 8559 23 86784 -27 | 109
4 | 46464 - 27 | 38946 14 | 57088 - 27 | 2130 24 91392 -27 | 56
5 | 46848 - 27 | 12641 15 | 57600 - 27 4 25 | 119616 -27 | 238
6 | 47616 - 27 | 67687 16 | 62208 - 27 596 26 | 121600-27 | 42
7 | 4889627 | 6327 17 | 63360 -27 | 6073 27 | 172800-27 | 22
8 | 50496 - 27 | 36417 18 | 65088 -27 | 11019 28 | 237312-27 6
9 | 51968 - 27 | 12655 19 | 66048 - 27 | 4272 29 | 272640-27 | 15
10 | 53952 - 27 | 67906 20 | 80640 -27 | 2159 30 | 1521408 - 27 1

Table 1. Distribution of multiplicities in a sample of N = 346 981 Boolean
functions in 6 variables.

Then count the sample average value @ for the square of multiplicity,
30

Q= <Z ni - m?) /N = 45508981169 513, 30 ~ 2437,
i=1
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Since | Xg| = 242, we obtain the estimation
|BZs| ~ Q - | X¢| = 200 150 615 856 476 000 000 000 000 == 25737,

Now evaluate the mistake of our approximation of [BZg|. In Monte-Carlo methods
one has to choose the reliability v of approximation, 0 < v < 1. The closer to 1 is
v, the higher is reliability. Then the approximate upper bound for the mistake of
estimation can be obtained by the known formula

5 =1t,8/VN

(see for example [8]), where S is the corrected standard deviation for our approxi-
mation and ¢, is the standard parameter determined by v. We get the value S by
the known formula

30
5= (Z ny(m? - Q)2> /(N 1),

So, S = 65975029301812,10. Now let v = 0,999. The corresponding standard
parameter is ¢, = 3,291 (see [8] for detail). Then the approximate upper bound for
the mistake is

0 = 368599402514, 14.

It means that with probability 0.999 the average value of square of multiplicity in
the set Xg is in the interval (Q — §;Q + J). And hence it is proven
Proposition 5. With probability 0.999 it holds 28736 < |BZg| < 28738,

Note that according to P. Langevin and G. Leander, see [9], the total number of
bent functions in 8 variables is 22 x 193 887 869 660 028 067 003 488 010 240 ~ 2106:29,
Note also that number of Maiorana—McFarland’s bent functions in 8 variables is just
about 26025,

We see that @Q is close to the lower bound |B,|*/|X,|? from Corollary 3. For
n = 6 this lower bound is 44793743 175843, 84 ~ 25348 So, from Theorem 4 it
follows

Proposition 6. [BZg| > 197004891 331091 000 000 000 000 =~z 28735,
Since |Bg| ~ 2196:29 [9], by Theorem 4 we have
Proposition 7. [Bio| > |BT1o| > 830 602255559379 - 1064 > 2262.16,

Let us summarize in Table 2 what is known now about sizes of BZ,,, B, and X,
if n is small. We put here also the corresponding values of lower and upper bounds
for the number of all bent functions in n variables.

l Numbers ‘n:2‘n:4‘n:6‘ n=3~§ ‘ n =10 ‘
Lower bound: 22"/~ . (2"/2)! ] 384 | v 9233 | A 96025 | o 9149,66
(# of McFarland’s bent functions)
Size of BT, 8 512 | <2783 | ~ 28737 | 5 976216
Size of B, 8 896 ~ 2523 | & 219629 T yinknown
gn—1,1 n
Upper bound: 2 i n/2 ) 8 2048 242 2163 2038
(# of functions of degree < n/2)
l Size of X, l 8 l 2048 l 212 l unknown l unknown ‘

Table 2. Sizes of BZ,,, B,, X, for small n and corresponding values of lower and
upper bounds for the number of all bent functions in n variables.
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6. PROBLEM OF ASYMPTOTIC VALUE OF THE NUMBER OF ALL BENT FUNCTIONS.
HYPOTHESES.

One of the main open problem in bent functions is to find the asymptotic value
of the number of them. It is very difficult to do any step in this area. Indeed, for
n > 10 the number of bent functions in n variables is unknown. And there is a

n—1, 1 n
large gap between lower 92" and upper 22 5( n/2 ) bounds for this
number. There are several improvements of these bounds, see [1], [5] and [16], but
not too significant with respect to loglog |B,|. Here by log we mean log,. In this
section several hypotheses based on the obtained results and performed calculations
are formulated.

In the previous section we have seen that for n = 2,4,6 the set X, contains
all Boolean functions of degree not more than n/2. The case n = 6 was checked
via exhaustive search. We have used processor Intel Core i7 3.0 Ghz 256 Gb. The
program has worked 14 days with full loading of RAM. Note that case n = 8 is too
hard for the exhaustive search now. In this case one has to find bent decompositions
for about 2'% Boolean functions in 8 variables. Recall that the number of all bent
functions in 8 variables has been found only a few years ago [9] and is about 2106:29,
Case n = 10 can not be checked even theoretically since the number of bent functions
in 10 variables is unknown.

Results on X5, X4, Xg lead us to the following strong hypothesis.

/2)+log(n—2)—1

Hypothesis 1. Any Boolean function in n variables of degree not more than n/2
can be represented as the sum of two bent functions in n variables (n is even, n > 2).

. o 2t (")

So, we suppose that X,, is as large as possible, i. e. |X,| =2 n/2
other words we conjecture that for any Boolean function f in n variables there exists
a bent function g in n variables such that f 4+ g is bent. Note that this hypothesis
has a similarity to the previously obtained fact, see [13]: for any non affine Boolean
function f in n variables there exists a bent function g in n variables such that f+g¢
is not bent.

If Hypothesis 1 is right then by Proposition 3 one can prove

. In

Hypothesis 2. For the number of bent functions in n variables it is true

2n72+l< n ) on—1,1 n

) <y < o™ AR ),

Thus, we suppose that the number of all bent functions is very close to the existing
upper bound.

Hypothesis 3. The number of all bent functions in n variables (n is even, n > 2)

n/2 >, where ¢, d are constants and 1 < ¢ < 2.

is asymptotically equal to 2
If Hypothesis 1 is right then using Theorem 4 one can prove

Hypothesis 4. The class BZ,, is the basic class in B, 1. e.

log log |BZ,|
im ———" =
n—oo loglog |B,|

In Table 3 one can see these relations for small n.

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VOLUME 5, No. 4 (2011), 609-621



620 NATALIA TOKAREVA

Numbers n=2 n=4 n==~6 n=3~8
a =loglog |BZ,| | ~ 1.584962501 | =~ 3.169925001 | =~ 4.821035977 | ~ 6.449066085
b =loglog |B,| | =~ 1.584962501 | ~ 3.293864089 | ~ 5.015117973 | ~ 6.731862061
a/b 1 0.962372738 0.961300612 0.957991419

Table 3. Relations between loglog |BZ,,| and loglog|B,| if n is small.

If n is small the dynamics of the corresponding relations is not still impressive.
But it can be explained by an effect of small values.

We have seen in Propositions 5, 6 that lower bound for |BZ,,| from Theorem 4 is
very close to the tight value if n is small. We do the following assumption.

Hypothesis 5. The bound of Theorem 4 is asymptotically tight, i. e.

lim loglog(|Bn—2|*/| Xn—2])

=1.
n—0o0 log log |BZ,,|

In order to confirm this hypothesis one can see the values log log(|B,,—2|*/| X,—2|)
and loglog |BZ,,| for small n in Table 4. They are indeed very close to each other.

Numbers n=4 n==~6 n=2~8
a = loglog(|Bn—2|*/|Xn—2]) | = 3.169925001 | ~ 4.819127567 | ~ 6.448708743
b = loglog |BZ,| ~ 3.169925001 | ~ 4.822730148 | ~ 6.449066085
a/b 1 0.999604149 0.99994459

Table 4. Relations between loglog(|B,,_2|*/|X,_2|) and loglog |BZ,,| if n is small.

7. CONCLUSION

In this paper a simplified variant of the A. Canteaut’s and P. Charpin’s con-
struction was presented (Theorem 1). The number of bent iterative functions is
expressed in terms of sizes of finite sets (Theorem 2) and it is shown how evaluation
of it is connected to the bent sum decomposition problem (Theorem 3). A new
lower bound for the number of bent iterative functions is given (Theorem 4). Ob-
tained results lead us to a new vision of the enumeration problem for bent functions.
Hypotheses 1, 4 and 5 give the following directions in the future studying of the
problem. First, to study the size of X,,. If it is big enough it is possible to get a
good lower bound for the number of bent functions. Second, to study distributions
of multiplicities in X,, in order to find the number of bent iterative functions. This
number by Hypothesis 5 is asymptotically equal to the number of all bent functions.
It is interesting also to study several weakened variants of the given hypotheses.
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