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Abstract—Introduced by Rothaus in 1976 as interesting combi-
natorial objects, bent functions are maximally nonlinear Boolean
functions with even numbers of variables whose Hamming
distance to the set of all affine functions equals 2"~ + 271,
Not only bent functions are applied in cryptography, such as
applications in components of S-box, block cipher and stream
cipher, but also they have relations to coding theory. Hence
a lot of research have been paid on them. Youssef and Gong
introduced a new class of bent functions the so-called hyper-bent
functions which have stronger properties and rarer elements. It
seems that hyper-bent functions are more difficult to generate.
Moreover, (hyper)-bent functions are not classified. Charpin and
Gong studied a class of hyper-bent functions f defined on F2~ by
f= Z T} (arz" " ~Y), n = 2m and a, € Fon, where R is a

subset 0f a set of representatives of the cyclotomic cosets modulo
2™ +1 for which each coset has the full size n. Further, Mesnager
contributed to the knowledge of a class of hyper-bent functlons fb

defined over Fao» by f, = Z T} (arz” " D) + Trl(b;p 3 ),
b € F4, n = 2m and ar G Fom. In this paper, we study a
new class of the hyper-bent functlons fb defined over [~ by

=3 ¢ (arz"®" )+Tr1(b:c 5 ) b € Fi6, n = 2m and
r€R
ar € Fom.

Index Terms—Boolean functions, bent functions, hyper-bent
functions, Walsh-Hadamard tranformation, Dickson polynomials.

I. INTRODUCTION

Bent functions with even numbers of variables are max-
imally nonlinear Boolean functions, that is, their hamming
distance to the set of all affine functions equals 2"~ 4251,
Bent functions were defined and named by Rothaus [28] in the
study of combinatorial objects. They have been extensively
studied for their applications in cryptography, but have also
been applied to spread spectrum, coding theory [3], [24] and
combinatorial design. The recent study of bent functions along
with properties and constructions of bent functions can be
found in [2], [11], [24]. A bent function can be seemed as a
function defined on F%, Fom X Fom, or Fon (n = 2m). Thanks
to the different structures of the vectorspace I3 and the Galois
field Fon, bent functions can be well studied. However, it is
not yet clear on the general structure of bent functions over
Fyn. Further, it seems impossible to classify bent functions. As
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a result, many research works are devoted to the description
of new class of bent functions [1], [6], [7], [9], [10], [12],
[13], [18], [19], [25], [23], [22], [24], [26], [30]. Youssef and
Gong [29] introduced a class of bent functions called hyper-
bent functions, which achieve the maximal minimum distance
to all the coordinate functions of all bijective monomials (i.e.,
functions of the form Tr}(az®) + €, ged(c,2" — 1) = 1).
Actually, it is Gong and Golomb [14] who, based on a
property of the extended Hadamard transform of Boolean
functions, presented the definition of hyper-bent functions. The
classification of hyper-bent function has not been achieved yet.

Many related problems are still open. Many research focus
on the characterization of bentness of Boolean functions. The
monomial bent functions in the form Tr} (az*) are considered
in [1], [18]. Leander [18] described the necessary conditions
for s such that Tr] (az®) is a bent function. In particular, when
s=r(2™ —1) and (r,2™ + 1) = 1, the monomial functions
TrY (ax®) (i.e., the Dillon functions) were extensively studied
in [6], [9], [18]. A class of quadratic functions over Fon in

polynomial form Z a; T} (z 1+2° ) + a%Tr1 (x3+1) (a; €

Fy) was descrlbed and studied in [8], [15], [16], [17], [20],
[30]. Dobbertin et al. [12] constructed a class of binomial bent
functions of the form Tr} (a;2°! + azx°?), (a1, a2) € (F5.)?
with Niho power functions. Garlet and Mesanager [5] studied
the duals of the Niho bent functions in [12]. In [22], [23],
[26], Mesnager considered t}le binomial functions of the form
Te? (az"®" 1) + Tr2(ba*5 ), where a € F3. and b € F%.
Then he gave the link between the bentness property of
such functions and Kloosterman sums. Leander and Kholosha
[19] generalized one of the constructions proven by Dob-
bertin et al. [12] and presented a new primary construction
of bent functions consisting of a linear combination of 2"
Niho exponents. Carlet et al. [4] computed the dual of the
Niho bent function with 2" exponents found by Leander and
Kholosha [19] and showed that this new bent function is
not of the Niho type. Charpin and Gong [6] presented a
characterization of bentness of Boolean functions over Fan

of the form > Tr}(a,z""~Y), where R is a subset of

reR
the set of representatives of the cyclotomic cosets modulo

2™ 4 1 of maximal size n. These functions include the
well-known monomial functions with the Dillon exponent as
a special case. Then they described the bentness of these
functions with the Dickson polynomials. Mesnager et al. [24],
[25] generalized the results of Charpin and Gong [6] and
considered the bentness of Boolean functions over Fy» of the



form > Tr}(a,z"" D) + Tr%(bxﬁ%), where n = 2m,
a, € ]l:“;f and b € F,. Further, they presented the link between
the bentness of such functions and some exponential sums
(involving Dickson polynomials).

In this paper, we consider a class of Boolean functions over
Fyn in D,,. These Boolean functions are given by the form
ST (a7 D) 4 Tril(bxw%), where n = 2m, m = 2

reR
(mod 4), a, € Fom and b € Fig. When b = 0, Charpin

and Gong [6] described the bentness and hyper-bentness of
these functions with some character sums involving Dickson
polynomial. Generally, it is elusive to give a characterization of
bentness and hyper-bentness of Boolean functions in D,,. This
paper presents the bentness and hyper-bentness of functions in
Dy, in two cases: (1) b=1and b* +b+1=10; (2) a, € Fun.

The rest of the paper is organized as follows. In Section
II, we give some notations and review some knowledge on
bent functions. In Section III, we consider the bentness and
hyper-bentness of Boolean functions in D,, in two cases: (1)
b=1and b*+b+1=0; (2) ar € Fz. The bentness and
hyper-bentness of these functions for the two cases are related
to some character sums involving Dickson polynomials and
some equations on the weights of some Boolean functions. In
Section IV, we list some examples. Finally, Section V makes
a conclusion for the paper.

II. PRELIMINARIES

Let n be a positive integer. F5 is a n-dimensional vector
space defined over finite field Fo. Take two vectors in I3
x=(x1,  ,x,) and y = (y1,- - ,xy,). Their dot product is

defined by
(w.y) =) wiys.
i=1

Fon is a finite field with 2" elements and F3, is the multi-
plicative group of Fan. Let For be a subfield of Fan. The trace
function from Faon to Fyr, denoted by Trz, is a map defined
as

T () = a2 42 42
When k = 1, Tr} is called the absolute trace. The trace
function Trj satisfies the following properties.

Try (azx + by) = aTri(x) + bTry (y), a,b € For,z,y € Fon.
Trj (') = Tif (), @ € Fan.

When For C For C Fon, the trace function Tr}; satisfies the
following transitivity property.

Try (x) = Tr, (Tr) (z)), « € Fan.

A Boolean function over 3 or Fon is an Fp-valued function.
The absolute trace function is a useful tool in constructing
Boolean functions over [Fo». From the absolute trace function,
a dot product over Faon is defined by

<{E7y> = TI?(.’L‘y), z,y GFZn'

A Boolean function over s is often represented by the
algebraic normal form (ANF):

f(x,--- Z

IC{1,- n}

When I = (), let [[ = 1. The terms [] z; are called monomi-

aI(Hxi), ar € Fsy.

iel

?'rn) =

als. The algebraiéeéegree of a Boole;fljfunction f is the globe
degree of its ANF, that is, deg(f) := max{#([)|ar # 0},
where # () is the order of I and #(0) = 0.

Another representation of a Boolean function is of the form

2" —1

flx) = Z a;x’.

In order to make f a Boolean function, we should require
ag,azn_1 € Fy and ag; = af, where 25 is taken modulo 2" —
1. This makes that f can be represented by a trace expansion
of the form

F@) =3 T (a;a)) +e(1 +27")
JELy
called its polynomial form, where

o I',, is the set of integers obtained by choosing one element
in each cyclotomic class of 2 module 2" — 1 (j is often
chosen as the smallest element in its cyclotomic class,
called the coset leader of the class);

o 0(j) is the size of the cyclotomic coset of 2 modulo 2" —1
containing j;

e a5 € on(j);

e ¢ = wit(f) (mod 2), where wt(f) :=
Fon|f(z) = 1}

Let wto(j) be the number of 1’s in its binary expansion. Then
n e=1

deg(f) = { max{wta(j)|a; # 0}, €= 0.
The “’sign” function of f is defined by

xX(f) = (=1)7.

When f is a Boolean function over F%, the Walsh Hadamard
transform of f is the discrete Fourier transform of x(f), whose
value at w € Fan is defined by

Z (_l)f(r)+<w,x>_

z€Fy

#e €

Xf(w) =

When f is a Boolean function over Fon, the Walsh Hadamard
transform of f is defined by

Rr(w) = ) (=pf it
zEFon
where w € Fo». Then we can define the bent functions.
Definition A Boolean function f : Fon — [y is called a bent
function, if Xj(w) = £2% (Vw € Fan).

If f is a bent function, n must be even. Further, deg(f) < §
[2]. Hyper-bent functions are an important subclass of bent
functions. The definition of hyper-bent functions is given
below.



Definition A bent function f : Fon — 5 is called a hyper-
bent function, if, for any i satisfying (i,2" — 1) = 1, f(z?) is
also a bent function.

[3] and [29] proved that if f is a hyper-bent function, then
deg(f) = 5. For a bent function f, wt(f) is even. Then
e = 0, that is,

fla) =" 17 (aja%).

J€ln

If a Boolean function f is defined on F,» x F,», then we

23
have a class of bent functions.

Definition The Maiorana-McFarland class M is the set of
all the Boolean functions f defined on F,» x F,z of the
form f(z,y) = (z,7(y)) + g(y), where z,y € F,z, mis a

permutation of F,» and g(x) is a Boolean function over F,» .

For Boolean functions over IE‘Q;; X ]Fﬁ, we have a class of
hyper-bent functions PS,,;, [3].

Definition Let n = 2m, the PS,, class is the set of all the
Boolean functions of the form f(z,y) = g(%), where z,y €
Fom and g is a balanced Boolean functions (i.e., wt(f) =
2m~1) and g(0) = 0. When y = 0, let £ = zy? "2 =0.

Each Boolean function f in PS,,, satisfies f(5z) = f(z) and
f(0) =0, where 8 € F¥, and z € F,, xF,,. Youssef and Gong
[29] studied these functions over Fo» and gave the following
property.

Proposition 2.1: Let n = 2m, « be a primitive element
in Fon and f be a Boolean function over Fon such that
f(@®"+1z) = f(x)(Vx € Fon) and £(0) = 0, then f is a
hyper-bent function if and only if the weight of (f(1),f(«),
Fla2), -+, f(a2") is 270,

Further, [3] proved the following result.

Proposition 2.2: Let f be a Boolean function defined in

Proposition 2.1. If f(1) =0, then f is in PS,,. If f(1) =1,
then there exists a Boolean function g in PS,, and § € F3,
satisfying f(x) = g(dz).
Let PSa#p be the set of hyper-bent functions in the form of
g(dz), where g(z) € PSqp, 6 € F5,. and g(d) = 1. Charpin
and Gong expressed Proposition 2.2 in a different version
below.

Proposition 2.3: Let n = 2m, « be a primitive element
of Fon and f be a Boolean function over Fon satisfying
(2" z) = f(z) (Vo € Fan) and f(0) = 0. Let £ be
a primitive 2™ + 1-th root in F3,.. Then f is a hyper-bent
function if and only if the cardinality of the set {i|f(¢?) =
1,0 <i<2m}is2m L.

In fact, Dillon [9] introduced a bigger class of bent functions
the Partial Spreads class PS™~ than PS,, and PSfp.

Theorem 2.4: Let E;(i = 1,2,--- ,N) be N subspaces in
Fyn of dimension m such that E; N E; = {0} for all 4,j €
{1,--- ,N} with i # j. Let f be a Boolean function over

N
Fan. If the support of f is given by supp(f) = |J E;, where

i=1
Er = E;\{0}, then f is a bent function if and only if N =
2m=1,

The set of all the functions in Theorem 2.4 is defined by PS™.

Now we recall the knowledge of Dickson polynomials over
Fy. For » > 0, Dickson polynomials are given by

L5]

i=0
Further, Dickson polynomials can be also defined by the
following recurrence relation.
Dit2(z) = 2Diy1 + Di(x)
with initial values
Dy(z) = 0,D4(x) = =.

Some properties of Dickson polynomials are given below.
o deg(D,(x)) =r.
« D,y(2) = D, (Dy(x)).
e Di(z+a ) =a"+a".

The first few Dickson polynomials with odd r are

Dy (z) = z,

Dy(z) = + a?,

Dy(x) =a + 25+ 27,
Dy(z) =z +2° + 27 + 22,

Dyi(z) = 2+ 2% + 25 + 29 + 2.

ITI. THE BENTNESS OF A NEW CLASS OF BOOLEAN
FUNCTIONS WITH MULTIPLE TRACE TERMS

A. Boolean functions in D,

Let n = 2m and m = 2 (mod 4). Let E be the set of
representing elements in each cyclotomic class of 2 module
2" — 1. Let D,, be the set of Boolean functions f;, over Fon
of the form

folw) =3 Trf(ara™ @™ 0) + Trfba =) ()
reR
where R C F, a, is in Fom and b € Fqg.

Note that the cyclotomic coset of 2 module 2" —1 containing
=1 s {£21,2. 2021 92 2221 93 221 Then its size
is 4, that is, 0(2n5’ 1) = 4. Hence, the Boolean function f;, is
not in the class considered by Charpin and Gong [6].

From m = 2 (mod 4), 2™ + 1 = 0 (mod 5). Then every
Boolean function f; satisfies

fb(azm'*'lx) = fp(x), V& € Fan,

where « is a primitive element of Fgn.
Note that f,(0) = 0. Then the hyper-bentness of f; can be
characterized by the following proposition.
Proposition 3.1: Let f, € D,,. Set the character sum of the
form
A(fy) == x(fo(w) 2)

uelU

where U is the group of 2"+ 1-th roots of unity in Fs-, that is,
U = {x € Fan|z?"+1 = 1}. Then f; is a hyper-bent function
if and only if A(f,) = 1. Further, a hyper-bent function f;
lies in PS,, if and only if Tr}(b) = 0.



Proof: From Proposition 2.3, we have that f; is a hyper-
bent function if and only if its restriction to U has Hamming
weight 2™~ 1. From the definition of A(f3),

)
zelU
= #{u € Ulfp(u) = 0} — #{ulfp(u) = 1}
= #U — 24 {u[fo(u) = 1}
= 2™ 41— 24 {ul fy(u) = 1.

Hence, the restriction of f, to U has Hamming weight 2~ if
and only if A(fp) = 1. As aresult, f3 is a hyper-bent function
if and only if A(f,) = 1.

As for the second part of the proposition, we compute

1) = 3" T (ar) + ()
TER
=Y Ti'(ar+al") + Tri(d)
TER
=Tr}(b).

Hence, f,(1) = 0 if and only if Tr}(b) = 0. From Proposition
2.2, we have a hyper-bent function f; lies in PS,,, if and only
if Tr}(b) = 0. |

B. The characterization of Boolean functions in D,

Our goal is to present a characterization of hyper-bentness
of Boolean functions f;, (b # 0) in D,,. In this section we
analyze properties of A(f,) for the characterization. We now
give some notations first. ;

Let o be a primitive element in Fy.. Then 3 = a5 s
a primitive 5-th root of unity in U and U is a cyclic group
generated by £ = o>"~1. Let V be a cyclic group generated
by o®@" =1 Then

U=Uo&V, F3. =F5. xU.
Next, we introduce the character sums

S =3 x(fo(€))
veV
Note that
So+ 81+ S+ S5+ Si=>_ x(foluw) =

uelU

A(fo). (3

For any integer i, S; = S; (mod 5). The following lemma gives
the property of .S;.
Lemma 3.2: S1 = 54, So = S3.
Proof: Noth that Tr’f(:czm) = Tr{‘(:r), then

-3 A T )
veV  reR
=D XD Trp(af" (€7 Y)).
veV  reR
From a, € Fam, a?” = a,. Since m = 2 (mod 4)
and 2 = —1 (mod 5), hence i2™ = —i (mod 5) and
272" = 747+ 0y2™), where €127+ € V. The map

v i +1) 2

is a permutation of V. Consequently,

S = 3 x> T (an(€ ) ") =5
veV reR
We just take ¢ = 1, 2. Then this lemma follows. [ ]

From Lemma 3.2 and (3), the following corollary follows.
Corollary 3.3: Sy + 2(S1 + S2) = A(fo)-

Generally, A(fp) is a linear combination of Sy, S and Ss.
Proposition 3.4: A(fp) can be expressed by a linear com-

bination of Sy, S7 and Ss, that is,

A(fy) =x(Tri(0))So + (x(Tri(bB%)) + x(Tr}(b5°)))S1
+ (X(Tri(bB)) + x(Tr}(b84))) 52

Proof: From (2), we have

A =3 X(folw) + Tr;*<bu2"s‘1 )
uelU
= x(Tri( (bu™ T )x(fo(w))
uelU
4
=305 X (@ (b(E) T ) x(fol€v))  (From (3))
=0 veV
4
= > T ) T )X (fo(€)) (€ = a®" )
i=0 veV
4
=3 > THEEE )X (folg) (B=a"T)
=0 veV
Since 2™ +1 =0 (mod 5), hence 2" —1 = 3 (mod 5). We
have
4
:Z D x(Tr(08°)x(fo(€'v))
i=0 veV
4
= X(T08%)) Y x(fol&™))
=0 veV
From the definition of .S;, we obtain
4
= > x(Tri(b5*)s
i=0
From Lemma 3.2, this proposition follows. [ ]

Assume that a, € Fam, for every r € R, where m; = m/2.
Further, we have the following proposition.

Proposition 3.5: Assume a, € Fom,, where r € R, m; =
m/2, then

S1 = 82,50 + 451 = A(fo).

Proof: From a, € [Fomy, Tr’f'(arln"(z'n_l)) _

Tr} (a, .x2mlr(2m_1)). Then we have
A B )
veV  reR
= DX T (an (€7 ) D)),
veV  reR

In particular, take ¢ = 1, then

S1= 3 x(Y T (a, (€27 02D,

veV reR



Since 2™ + 1 = 0 (mod 5), (2™)? = —1 (mod 5) and
2™t = 42 (mod 5).
When 2™t = 2 (mod 5), then
= 3 X T (a6 2 D)),
veV reR
The map
v — 527711_21}2777,1

is a permutation of V. Consequently,

= 3 T ) = 5,
veV reR
When 2™ = —2 (mod 5), we can similarly obtain S; =
Ss.
As a result, S = S;. From Corollary 3.3, Sy + 451 =
A(fo)- N

For A(fp), the proposition below gives some properties.
Proposition 3.6: A(fp) satisfies the following properties.
(1) A(fpa) = A(fo)-

(2) If b a primitive element in Fyis and Tr}(b) = 0, then

A(fo2) = A(f) =

Proof: From b € Fyg, Tr}(b*) = Tr}(b). Further,

Tri(b(8 + %) = Tei (b*(8° + B2)) = Tri (b* (B + %))
and
Ty (b(8 + B%)) = Try(b*(8* + 8'%)) = Tri (b*(8 + 5*)).

From the expressions of A(f,+) and A(fy) in Proposition 3.4,
A(fea) = A(fp)-

(2) For an element b in F14 such that Tr}(b) = 0, it is easy
to verify that b satisfies the following equation.

V'+b+1=0.
Hence, we have

T (b(8 + B%)) =T (5 (8 + B°) + b(5* + B%))
—TY((b+ (8 + B%))
—TY2(62 + B%).

The minimal polynomial of 3 over Fy is S84+ 32+ 52 +3+1 =
0. Hence,
T (5% + 8%) = 5% + 3% + B + 80 =1

Then we have Tri(b(8% + 8%)) = 1. Similarly, Tr](b(3 +
) =

Therefore, we obtain x(Tr](b52)) + x(Tr}(b3%)) = 0
and x(Tr(bB)) + x(Tri(b4*)) = 0. From Proposition 3.4,
A(fe) = So

If b is a primitive element in Fyie such that Tri(b) = 0,
b? is also a primitive element in Fyis such that Tr](b) = 0.
Naturally, we obtain A(fyz) = A(f) = So. [ |
In fact, we have more explicit results on A(f3).

Proposition 3.7: Let b € i, then

(1) If b =1, then A(fb) =S5 —2(51 +SQ) =25p —A(fo)

Q) Ifbe{B+B% 8+ B3 8%+ B4 B3+ 1}, that is, b is
a primitive element such that Tr}(b) = 0, then A(f;) = So

(3) If b= B or B4, then A(fy) = —So — 25;.

(4) If b= B2 or 33, then A(f,) = —Sy — 255.
(5)Ifb=1+ B or 1+ 34 then A(f,) = —So + 29;.
6) If b=1+ B2 or 1+ 33, then A(fy) = —So + 255.
(N If b= B+ B4, then A(fy) = So + 25, — 25,.

@) If b= ﬁg + ﬁ?’, then A(fb) =Sy — 251 + 255.

Proof: From the expression of A(f;) in Proposition 3.4,
these results follows. |
Assume that a, € Fam; for every r € R. We have more
simplified results than Proposition 3.7.

Proposition 3.8: Assume that a, € Fom,, where r € R,
then

(1) If b =1, then A(f,) = 250 — A(fo).

@) If b € {62 6°, 5}, then A(f;) =

So+1\(f0

3) It b € {1+5,1+52 1+ 83,1+ B}, then A(fy) =
Sy +28; = 350— (fo)

@Ifbe {ﬂ+52 B85, 82+ 84, B3+ 84, B+ 6%, 52+ %),
then A(fy) =

Proof: Proposition 3.5 gives that S; = S3. From Propo-
sition 3.7, these results in Proposition 3.8 follow. |

Corollary 3.9: Assume a, € Fom,, where r € R, then
A(fp2) = A(fp)-
Proof: From Proposition 3.8, this corollary follows. N
To characterize the hyper-bentness of f;, with character sums
over Fom, we now introduce some results on the character
sums by Mesnager [25].
Lemma 3.10: Let n = 2m. fy is the function over Fan
defined by (1) with b = 0. Let go be a Boolean function

defined on Fam by
=Y T (arDy(x)),
r€ER

—Sp — 28 =

where D,.(x) is the Dickson polynomial of degree r. U is the
group of 2"+ 1-th roots of unity in F3,.. Then for any positive
integer p, we have

> x(folu)) =1+2
uelU z€FS,, , Tr*(z—1)=1

X(90(Dp(x))).

From Lemma 3.10, we have the following proposition.
Proposition 3.11: f, is the function defined by (1). Let g
be a Boolean function defined on Fom by

= Tr"(a,Dy()

rER

)5 4)

where D,.(z) is the Dickson polynomial of degree r. Then
(1) If b is a primitive element in Fyg such that Tr}(b) = 0,

then
2 )

z€F, , Tr (z—1)=1

(2) If b =1, then

A(fe) = x(g0(Ds(x)))].

U\M—l

AR =gl Y xalDs@)
z€FL, T (z—1)=1
- 10 > X(go(x)) — 3].

z€F%,, , Tr*(z—1)=1



Proof: (1) From Proposition 3.7, when b is the primitive
element such that Tr}(b) = 0, we have

A =80 = 3 xUo()) = £ 3 xfolw)
veV uelU
From Lemma 3.10, we obtain
A(fy) = [1 +2 > x(go(Ds()))]-

2€F g Ty (z—1)=1

(2) From Proposition 3.7, when b = 1, we have

A(fy) =250 — A(fo)
=23 x(fo(v) = 3 x(fo(w)
veV uel
:g Z x(fo(u®)) — Z x(fo(u)).
wel uelU

From Lemma3.10, we obtain

AR = fhez Y

z€Fy, , Tri (z—1)=1

X (g0(Ds(7)))]

—[1+2 > X(g0())]
z€F,, , Tr* (z—1)=1
=Y aDs@)
z€FS,, , Tr*(z—1)=1
—10 > x(g0(z)) — 3].

z€Fyy, , Tr* (z—1)=1

| ]
To have another version of Proposition 3.11, we first introduce
the following lemma.
Lemma 3.12: For any Boolean function g(x) over Fom,

S @) = 1Y e -

@RSy, Try (1) =1 zEFym
> (T (@) + g(@)).
rEFym
Proof: For any z,y € Fa, x(z+y) = x(z) + x(y). Then
we have
> xlg@) = > x(T' (@) + g(x))
z€Fom rEFom
= ) x(g@) = > x(T (= ))x(g(x))
z€Fom rEFom
= > xgl@) —( > x(g(x))
zEFym x€Fym  Tr* (z—1)=0
+ > (—Dx(g(x)))
z€Fm JTr(e—1)=1
= 2 > x(g(x))-
z€Fyy, , Tr (z—1)=1
Hence, this lemma follows. [ |

Proposition 3.13: f;, and gy are functions defined by (1)
and (4) respectively. Then,

(1) If b is a primitive element in 4 such that Tr}(b) = 0,

then
1
Alfe) = 5[14‘ > X(g0(Ds()))
zEFom
= > (TP (@) + go(Ds(2)))].
rEFym
2) If b =1, then
1
Alfe) = [2 > X(go(Ds(x) =2 > x(Tr](x
zE€Fom zE€Fym
+go D5 —5 Z
IEFQWL
+5 ) X(TeP(271) + go() — 3].
zE€Fym

Proof: From Proposition 3.11 and 3.12, this proposition
follows. ]
Note that for any Boolean function ¢g(z) over Fom,

> x(g(z)) = 2™ — 2wt(g(z)). Hence, we have the

xEFym
following corollary.

Corollary 3.14: f, and g are functions defined by (1) and
(4) respectively. Then,

(1) If b is a primitive element in Fy6 such that Tr}(b) = 0,
then

A(fo) = [1+2wt(Tr1 (z71)+g0(Ds(x)))—2wt(go(Ds()))]-
@) If b =1, then
A(fo) = [4wt(Tr1 (z71) + g0(Ds(x))) — 4wt(go(Ds()))

+ 10wt (go(x)) — 10wt(Tey" (z 1) + go(x)) — 3].

Proof: From Proposition 3.13, this corollary follows. W

C. The hyper-bentness of Boolean functions in D,

In this subsection, we give a characterization of hyper-
bentness of Boolean functions in ©,,.

Theorem 3.15: Let n = 2m and m = 2 (mod 4). Let b
is a primitive element in Fig such that Trj(b) = 0, that
is, ¥* + b+ 1 = 0. f, is the function defined on Fyn
by (1). Let go be a Boolean function defined on Fom by
go(w) = > cr Tr1"(arDy(x)), where D, (z) is the Dickson
polynomial of degree r. Then, the following assertions are

equivalent.
(1) fp is hyper-bent.
) > x(90(Ds(2))) = 2.

TE€FS,  Tr (z—1)=1
(3) wt(Tr{"(z ™) + go(Ds5(x))) — wt(go(Ds(x))) = 2,
where Tr]"(z71) + go(Ds(z)) and go(Ds(x)) are functions

over Fom.
Proof: From Proposition 3.1, Proposition 3.11 and Corol-
lary 3.14, this theorem follows. |

When b = 1, we have the following theorem.

Theorem 3.16: Let n = 2m and m = 2 (mod 4). f; is the
function defined on Fan by (1) with b = 1. Let gy be a Boolean
function defined on Fom by go(z) = > cp Tr1"(ar Dy (x)),



where D,.(x) is the Dickson polynomial of degree r. Then,
the following assertions are equivalent.
(1) f1 is hyper-bent.

) 2 > X(90(Ds(x))) -
z€FS,, , Tr*(z—1)=1
5 2 X(90(z)) = 4.

z€F%, e (e 1)=1

(3) 2wt(Tey"(z 1) + go(Ds(x))) — 2wt(go(Ds(x))) +
5wt (go (@) — Sw(Tr}' (@~1) + go(x)) = 4.

Proof: From Proposition 3.1, Proposition 3.11 and Corol-
lary 3.14, this theorem follows. [ |

The following proposition gives relations of the hyper-
bentness of different functions in D,,.

Proposition 3.17: Let n =2m and m = 2 (mod 4). Let d
be a positive integer coprime to % Let b be a primitive
element in IFg such that Tr}(b) = 0, that is, b*+b+1 = 0. f,
is the function defined by (1). Let h;, be a Boolean function

defined by
Z Tr’f(arxdr(sz1

reR
where a, € Fam. Then, h; is hyper-bent if and only if f; is
hyper-bent.
Proof: From Proposition 3.1 and (2) in Proposition 3.7,
hy, is hyper-bent if and only if Z X(ho(v)) = 1 for the func-

) 4 T (™5 ),

S T (@t _1)) Since d and the cardinality
TER
of V' 2°+L are coprime, the map v — v is a permutation of

V. Therefore,
— Z X(Z Tr;b(arvdr(gm_l)))

Z X(ho(v))

tion hg =

veV veV  reR
= x(d Wi (a0 7))
veV  reR
= x(fo(v))
veV
Consequently, > .y Xx(ho(v)) = 1 if and only if
> x(fo(v)) = 1. From Proposition 3.1 and (2) in Propo-
veV
sition 3.7, h; is hyper-bent if and only if f; is hyper-bent.

|
When b = 1, we have the following proposition.
Proposition 3.18: Let n = 2m and m = 2 (mod 4). Let
d be a positive integer coprime to 2™ + 1. f; is the function
defined by (1) with b = 1. Let h; be a Boolean function
defined by

ZTr apx® "0y L e (o
reR
where a, € Fom. Then, h; is hyper-bent if and only if f; is
hyper-bent.
Proof: Set hg = Z T} (a, %"

2”—1

),

~1)). From Proposition

3.1 and (1) in Proposmon 3.7, hy is hyper-bent if and only
if 2> x(ho(v)) — Z X(ho(u)) = 1. From the process

veV
of proof in Propos1t10n 3 17, > x(ho(v)) = > x(fo(v)).
veV

veV
Since (d,2™ + 1) = 1, we can have

> xlho(w)) =Y x(folu)).

uclU uelU

Therefore, hy is hyper-bent if and only if f; is hyper-bent. H

Further, we assume 5|d in Proposition 3.17. Then we can
get the following proposition.

Proposition 3.19: Let n = 2m and m = 2 (mod 4). Let
d be a positive integer coprime to 2 H and 5|d. Let b be a
primitive element in 14 such that Trl(b) =0, that is, b*+b+
1 =0. fp is the function defined by (1). Let h; be a Boolean
function defined by

Z Tr} (arx

reR

FETD) LT (e, (5)

where b’ € Fig. Then

(1) ho and hgi(i = 0,1,2,3,4) are not bent functions,
where [ is the primitive 5-th root of unity in Fyg.

2 hy (V' € Fi6\{0,1,83,52 3% 3*}) have the same
hyper-bentness. Further, they are hyper-bent if and only if f;
is hyper-bent.

Proof: Set ho(z) =

> x(ho(£'v)). Then
veV

S Tef (a2 D). Let S =
reR

= XY Ty D)),
veV reR
Since 5|d and (d,2Z2) = 1, the map v — &hv? is a
permutation of V. Therefore,
Si= Y x(d T (e ) = Y x(folw) =
veV reR veV

From (3), A(ho) = 5S; = 5Sp. From (1), (3) and (4) in
Proposition 3.7, A(hgi) = —3Sy. Obviously, 5Sy and —3Sj
are not equal to 1. Since Sy is odd. From Proposition 3.1, hg
and hgi(i = 0,1,2,3,4) are not bent functions.

From (2),(5),(6),(7) and (8) in Proposition 3.7, when
b € Fi6\{0,1, 8, 82, 83, 84}, A(hy) = Sj = So. Then from
Proposition 3.1 and (2) in 3.7, (2) in this proposition follows.

|

Assume a, € Fom, for any » € R. We have the hyper-
bentness of f;, (b € {8, 5%, 3%, 3*}) in the following theorem.

Theorem 3.20: Let n = 2m, m = 2 (mod 4) and m =
2my. Let b € {3, 32,82, 5%}. fp is the function defined on
Fan by (1), where a,. € Fom: and r € R. Let go be a Boolean
function over Fom defined by

= Z TrY"(ar Dy (z)),

reR

where D,.(x) is the Dickson polynomial of degree 7. Then the
following assertions are equivalent.
(1) fp is hyper-bent.
() > X(90(Ds5(z))) +
z€Fym ST (z—1)=1
5 > x(go(x)) = —8.
z€FS,, , Tr* (z—1)=1

3) wt(Te{"(2™") + go(Ds(x))) — wt(go(Ds(x))) +
swi(Try" (27 1) + go(@)) — 5wt (go(x)) = —8.

Proof: From (2) in Proposition 3.8, A(f,) = —% (S0 +

A(fo)) = —3(2S0 — A(fo)) — £50. From (1) in Proposition



3.7 and (2) Proposition 3.11,

1
250 — A(fo) :5[4 Z x(90(Ds5(z)))
z€FS,, , Tr (z—1)=1
—10 > x(90(x)) = 3]. (6)
z€Fy, , Tri (z—1)=1
From (2) in Proposition 3.7 and (1) in 3.11,
1
So = 5[1 +2 Z xX(90(D5(2)))]. (D)

z€F,, , Tr"(z—1)=1

x(90(Ds(z)))

a:eF;‘m , e (z—1)=1

> x(go0(x)) + 3].

z€Fs,, , Tr*(z—1)=1

+5

Then from Proposition 3.1, f;, is hyper-bent if and only if (2)
in this theorem holds.
Further, from Proposition 3.11 and Corollary 3.14,

>

z€F,, , Tr* (z—1)=1

X(90(D5(x))) =wt(Try" (z7") + go(Ds(x)))

— wt(go(Ds(7))) (®)
and
> X(go(x)) =wt(Te}"(z7") + go(x))
z€Fyy, , Tri (z—1)=1
— wt(go(x)) )

Consequently, assertions (2) and (3) in this theorem are
equivalent. Hence, this theorem follows. [ |
Ifbe {1+3,1+p%1+ 631+ B4}, we have the following
theorem corresponding to Theorem 3.20.

Theorem 3.21: Let n = 2m, m = 2 (mod 4) and m =
2my. Let b € {1+ 3,1+ 82,1+ 83,1 + B4}, that is, b is
the primitive element in g such that Tr{(b) = 1. f; is the
function over Fan by (1), where a, € Fam; and r € R. Let
go be a Boolean function defined on Fam by

go(x) = D Tr*(a, Dy (),

reR

where D,.(z) is the Dickson polynomial of degree . Then the
following assertions are equivalent.
(1) fp is hyper-bent.
) 3 X(90(D5(x))) -
z€FS,, , Tri* (z—1)=1
5 > x(g0(x)) = —4.
z€F%,, JIr (e~ 1)=1

(3) 3wt(Tr"(z™") + go(Ds(x))) — 3wt(go(Ds(x))) —
Swt(Try" (x71) + go()) + 5wt(go(x)) = —4.
Proof: From (3) in Proposition 3.8,

Afy) = —%(350 —A(fo)) = —%(250 — A(fo)) — %so.

Then from (6) and (7),

A(fy) = — é[:s xX(90(D5(x)))

>

z€F%,, , Tr (z—1)=1

> x(go(x)) = 1].

z€FSy, , Tr(z—1)=1

)

From Proposition 3.1, f; is hyper-bent if and only if (2) in
this theorem holds. Further, from (8) and (9), f3 is hyper-bent
if and only if (3) in this theorem holds. Hence, this theorem
follows. n

Ifb € {B+5%,8+5% B>+B*, 8°+5, B+%, B2+ 57}, we
have the following theorem corresponding to Theorem 3.20.

Theorem 3.22: Let n = 2m, m = 2 (mod 4) and m =
2my. Letb € {452, B+5°, B2+5%, B3+, B+5%, B°+5%},
that is, b is the primitive element such that Tr{"(b) = 1 or a
primitive 3-th root of unity. f; is the function over Fon by (1),
where a, € Fom; and r € R. Let gy be a Boolean function
defined on Fam by

go(z) = Z TrY"(ar Dy (z)),

reR

where D,.(x) is the Dickson polynomial of degree r. Then f;
is hyper-bent if and only if (2) and (3) in Theorem 3.15 hold.

Proof: From (4) in Proposition 3.8, A(f) = So. Hence,
from Theorem 3.15, this theorem follows. |

IV. EXAMPLES OF HYPER-BENT FUNCTIONS IN D,,

In this section, we list some instances of hyper-bent func-
tions in ®,, .

Let my = 3, then m = 6 and n = 12. Fg = Fa[z]/(2® +
4234w +1), Fy = Fylx]/(z* +2+1), Let ag be a root of
2 +at+23+2x+1=0.Letay bearootof z*+2+1=0.

Take R = {1}, a1 = a2 and b = ay in (1). From Theorem
3.15, we have a hyper-bent function of the form

m_1

T2 (o222 ) + Tr‘ll(a4x2 5 ).
Take R = {1,3}, a1 = 1, a3 = o}” and b = ay in (1).

From Theorem 3.15, we have a hyper-bent function of the
form
on

571)'

Take R = {1}, a; = 1 and b = § in (1). From Theorem
3.20, we have a hyper-bent function of the form

Tr}? (me_l) + TI%Q(agx?’(Qm_l)) + Tr (z

2" -1

5 ),
where f is a primitive 5-th root of unity in Fyg.

Finally, take d = 5, R = {1} and a; = o' in (5). From
Proposition 3.19, we have a hyper-bent function of the form

Tr}z(me_l) + Tr‘ll(ﬂx

2" —1

=)
)

’IY%Q(aélxaQn_l)) + T} (bx

where b € F16\{0,1, 8, 82, 33, B*}.



V. CONCLUSION

In this paper, we consider a new class of Boolean functions
with multiple trace terms D,,. With some restrictions, we
present the characterization of hyper-bentness of functions in
D,,. We give a link between hyper-bent functions of D,, and
some character sums involving Dickson polynomials. Further,
we relate hyper-bentness of functions in D,, to some equations
on weights of Boolean functions involving Dickson polynomi-
als. This characterization of hyper-bentness of functions in D,,
provides more hyper-bent functions and enriches the theory of
hyper-bent functions. Naturally, further study on the charac-
terization is to investigate the hyper-bentness in other cases,
such as (1) a, € Fam and b € Fig\ {b|(b+1)(b*+b+1) = 0};
(2)for some of r, a, € Fon \ Fam.
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