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ABSTRACT. In this paper we prove an explicit formula for the arithmetic intersection num-
ber (CM(K).G1), on the Siegel moduli space of abelian surfaces, generalizing the work of
Bruinier-Yang and Yang. These intersection numbers allow one to compute the denomi-
nators of Igusa class polynomials, which has important applications to the construction of
genus 2 curves for use in cryptography.

Bruinier and Yang conjectured a formula for intersection numbers on an arithmetic
Hilbert modular surface, and as a consequence obtained a conjectural formula for the inter-
section number (CM(K).G1), under strong assumptions on the ramification of the primitive
quartic CM field K. Yang later proved this conjecture assuming that Ok is freely gener-
ated by one element over the ring of integers of the real quadratic subfield. In this paper,
we prove a formula for (CM(K).Gq), for more general primitive quartic CM fields, and we
use a different method of proof than Yang. We prove a tight bound on this intersection
number which holds for all primitive quartic CM fields. As a consequence, we obtain a
formula for a multiple of the denominators of the Igusa class polynomials for an arbitrary
primitive quartic CM field. Our proof entails studying the Embedding Problem posed by
Goren and Lauter and counting solutions using our previous article that generalized work
of Gross-Zagier and Dorman to arbitrary discriminants.

1. INTRODUCTION

For a prime number ¢, the ¢-part of the arithmetic intersection number (CM(K).G)
counts, with multiplicity, the number of isomorphism classes of abelian surfaces with CM
by a primitive quartic CM field K that reduce modulo ¢ to a product of two elliptic curves
with the product polarization. These intersection numbers have been studied in detail by
Bruinier-Yang [BY06], Yang [Yan10, Yan|, and Goren-Lauter [GL0O7, GL11]. In this paper,
we give an exact formula for this ¢-part, denoted (CM(K').Gy),, under mild assumptions on
K, and a tight bound on (CM(K).Gy), for all primitive quartic CM fields K.

The computation of (CM(K').G;), has applications to the computation of the Igusa class
polynomials of K. Igusa class polynomials are polynomials over Q which are the genus 2
analogue of Hilbert class polynomials; namely, the roots of the Igusa class polynomials of K
determine genus 2 curves whose Jacobians have complex multiplication by K. However, in
contrast to the genus 1 case, the coefficients of Igusa class polynomials are not integral and
the presence of denominators makes the computation of these polynomials more difficult.
Indeed, all known algorithms to compute Igusa class polynomials require as input some
bound on the denominators of the coefficients of the Igusa class polynomials. In addition,
the sharpness of the bound directly affects the efficiency of the algorithms. The arithmetic
intersection number CM(K').G; gives a method of studying these denominators. In fact,
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up to cancellation from the numerators, the ¢-valuation of the denominators of Igusa class
polynomials is exactly a (known) multiple of (CM(K).Gy),.

Often, explicit formulas for the arithmetic intersection of CM-cycles with other cycles,
such as the Humbert surface, are proved under severe restrictions on the ramification in
the CM field K (e.g. [GZ85]). Indeed, Yang proved an explicit formula for (CM(K).Gq),
under the assumption that the discriminant of K is of the form D?D where D and D are
primes congruent to 1 (mod 4) [Yanl0, Yan], and that O is freely generated over the ring
of integers of the real quadratic subfield by one element of a certain form.

This explicit formula was originally conjectured, with the assumption on the ramifica-
tion but without the assumption on Op, in earlier work of Bruinier and Yang [BY06]. In
recent work, the present authors with Grundman, Johnson-Leung, Salerno, and Witten-
born [GJLL*11] showed that the conjecture of Bruinier and Yang does not hold (as stated)
if the assumptions on the ramification are relaxed. This gives evidence that, in the general
case, the formula must be more complicated.

The main result of this paper is an explicitly computable formula for the intersection
number (CM(K').Gq), under the same assumption on Op, for all ¢ outside a small finite
set, and a tight upper bound for (CM(K).G;), in general (§2.1). The dramatically weaker
assumptions lead to a formula that is more complicated than that of Bruinier and Yang;
however, in many cases it simplifies to a formula that is strikingly similar. We give an
example of this in §2.3. As a result of our formula and upper bound, we obtain a formula

for a multiple of the denominators of the Igusa class polynomials for every primitive quartic
CM field K. We explain this further in §2.2.

Remark. The arithmetic intersection number CM(K).G; was also studied by Howard and
Yang [HY12]. They prove, under very mild assumptions, that the values (CM(K).Gy), agree
with Fourier coefficients of certain Eisenstein series; however, their work does not give an
explicit formula for (CM(K).Gq),.

1.1. Overview of the tools. The first part of our proof takes its inspiration from work of
Goren and the first author [GL07, GL11] which gave a bound on the denominators appearing
in the Igusa class polynomials, first bounding the primes that can appear [GLO7], and then
bounding the powers [GL11]. Their proof studied necessary conditions for the existence
of a solution to the embedding problem: the problem of determining whether there is an
embedding O — Endg,(E; x F;) such that complex conjugation agrees with the Rosati
involution associated to the product polarization.

In this paper, we determine conditions that are equivalent to the existence of a solution to
the embedding problem and use these equivalent conditions to count the number of solutions
to the embedding problem. (Yang’s proof [Yanl0, Yan| also began with a treatment of the
embedding problem; however, our formulation of it is different and our methods diverge from
Yang’s after this step.) First, we show that a solution to the embedding problem gives rise
to a supersingular elliptic curve E and endomorphisms z, v € End(E) with fixed degree and
trace; this is explained in §3.

Next, we count these pairs of endomorphisms using results from our earlier paper [LV] that
generalizes work of Gross and Zagier [GZ85]. These results show that the number of pairs
(x,u) is equal to a weighted sum of the number of integral ideals in a quadratic imaginary

order with a certain norm. This is explained further in §5.
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To go from pairs of endomorphisms (x, 1) to a solution of the embedding problem, we study
isogenies v, b of a fixed degree from an auxiliary elliptic curve E’ to E such that yb" = u and
such that z,y, and b satisfy an additional relationship depending on K. Using Deuring’s
correspondence, we translate this to a problem of counting certain ideals in My(Z,). We
solve this counting problem in §6.
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2. A FORMULA FOR CM(K) - Gy

Notation. We write F' for a real quadratic field, and D for the discriminant of the ring
of integers Op. Let K denote a totally imaginary extension of F' that does not contain an
imaginary quadratic field; K is a primitive quartic CM field. We say that an abelian surface
A has CM by K if there is an embedding of the ring of integers Ok into the endomorphism
ring End(A). Let CM(K) denote the moduli stack whose S-points are

(A,t,\): A/S is an abelian surface with principal polarization A,
t: Og <= Endg(A), s.t. o(7) = (7)Y [~

where ¢ — ¢¥ denotes the Rosati involution and (A, ¢, A) ~ (A’,/, X') if there is an isomor-

phism of principally polarized abelian surfaces between (A, A) and (A’, \') that conjugates ¢

to /. There is a finite to one map from CM(K) to M, the Siegel moduli space of principally

polarized abelian surfaces, obtained by sending (A, ¢, \) to (A, A).

Let 1 denote a fixed element of O that generates K/F. Often, we will assume that Ok
is freely generated over O and that 7 is a generator, i.e.,

Ok = Opn) (1)

We write D := Np/o (Dr/r(n)) where Dgr(n) denotes the relative discriminant of Op|[n]
and we let ag,aq, By, 1 € Z be such that Trg/p(n) = ap + ayw and Ng/p(n) = By + fiw,

where w = (D + VD). We define

1
CK = Oég + Oé(]OélD + ZO&%(DZ - D) - 450 - 2B1D

For any positive integer ¢ such that D — 46 is a square, we define t,(J) := a10 and define
t:(9),tw(6) € Z to satisty

t:(0) + tw(d) = ap + Day, t,(0) —t.(6) = anvD — 46, where v D — 46 > 0.

Then for any integer n such that 2D | (n 4 cxd), we define

o n -+ cxd o — n+ cxd
ny(n) == =4 5D towv (n) = 10 + VD — 46 5D
and let n,(n), n,(n) € Z be such that
nz(n) + nw(n) = o+ DBy — 2nu(n) /6, nw(n) —ne(n) = p1v.D — 46.
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We also define d,(n) := t.(n)? — 4n.(n) for x € {z,u,w}. For any positive integer f,, set

tn, ) = 75 (e W)dulm) = Fult st = 2 ().
Since the integer n implicitly depends on a choice of d, so does anything that depends on n.
For simplicity, we omit this dependence on ¢ in the notation.

The origin of these definitions will become clear in §3; for now, it is enough to note that
these values are easily computed once a choice of 7 is fixed.

Throughout we work with a fixed prime ¢; we write By o, for the rational quaternion algebra
ramified only at ¢ and co. For any v € By, we let vV denote the image of v under the
natural involution and define Tr(v) := v+ Y, N(v) := yy".

2.1. The main result.

Theorem 2.1. Assume 1. If 19 for any positive integer 6 such that D — 46 is a square,

then
CM - _
CEMIV G S~ o ST ) SS90 )7 (@) f % de(n), 0, £2)
log ¢
§€Z~0 nez fu
D—46=0 62§5n2 7o
2D[(n+cxcd)
Otherwise,
CM G - _
MG g ™ 0y S ) SS90, £) - (duln) 2, duln), t(n, 1))
log ¢
§€Z>0 nez fu
D—46=0 52DDn €70
2D|(n+ckd)

Here Cs = 2 if 40 = D and otherwise Cs = 1, and pe(n) = vy <5 D—n ) if ¢ divides both

dy(n) and d,(n) and pe(n) = (w(‘mj ") +1) otherwise. The sum >, ranges over positive

integers f, such that d,(n )/fi s the discriminant of a quadratic imaginary order that is
mazimal at {. The quantity # (di,ds,t) is a sum, over isomorphism classes of supersingular
elliptic curves modulo ¢, of a number of pairs of embeddings, precisely # (di,ds,t) equals

(i1, i2),;: Z {%} < End(E) : Tr(is(dy + Vadi)ia(ds — Vo)) = 4t,

> # /End(E)*.
Py i1 (Q(WA)) NEnd(B) = Z |45/
Lastly,
vp(9)
I, fa) = ] o 9 (tu(n), mw(n) |
plo,p#L Jj=0

j=vp(d) mod 2

where r, := max (vp(é) — min(v,(fu), vp(d“(rgf_ut“f“)), 0) and

~(P) #{tmod p© : 2 —art +ap =0 (mod p©)} if C >0,
Jo (alvao) = .
0 it C <0.



Remark 2.2. The quantity # (di,ds,t) can be computed, for any given K, via an algo-
rithm presented in [GJLLT11]. Additionally, Theorem 2.4 below will give a formula for
F (dyi,ds,t) in most cases, and an upper bound for # (di,ds,t) in the remaining cases,
and Conjecture 2.6 and Remark 2.7 give an expression for ¢ (di,ds,t) as a product of local
factors which holds in most cases.

If Ok is not freely generated over Op, then the same methods give an upper bound for
the arithmetic intersection number.

Theorem 2.3. For every n € Ok such that [Ok : Op[n]] is relatively prime to ¢ and all
primes p < D /4, we have an upper bound:

(CMl((f?éGl)gﬁz G Y )Y 3, f) - (dun)f 2 do(n) 0, f))
Fu

5€Z>0 9~ ngZ
D—46=0 3 ggn €70
2D|(n+ckd)

with the notation as in Theorem 2.1.

The quantity # (di,ds,t) is related to the £ valuation of J(di, da) =[], 1, ((71) =i (72)).
It was considered first in 1985 by Gross and Zagier in the case that d; and ds are discriminants
of imaginary quadratic fields and that d; and ds are relatively prime [GZ85]. The present au-
thors recently generalized much of [GZ85] to arbitrary discriminants [LV]. As d; = d,(n)f, >
and dy = d,(n) are not necessarily relatively prime nor necessarily discriminants of mazimal
orders, this generalization is needed to compute ¢ (di,ds,t) and thus to give a formula for
(CM(K).G1),. Using results from [LV], we obtain the following theorem.

Theorem 2.4. Fiz n, f, € Z as above, set d, := d,(n),d, := d,(n),t :=t(n, f,), and write
O, for the quadratic imaginary order of discriminant d,/f2. If the Hilbert symbol

(dy, D(n? = 6°D)), = (dy, (dy f; 2dy — 2t)* — d f, " 2dy),

is equal to —1 for some prime p # {, then ¢ (d,f, % ds,t) = 0. If 525)};‘2 18 coprime to the
conductor of Oy, then Z (d.f, 2, d.,t) equals

o#p v ()20p(dufu)>00020y 5@) 3 gyl C O, N(b) = 0°D —n
duqu2 y Yo = u 4D€f3 9

b invertible} , (2.1)

where

ﬁff)(so, $1) 1= or if 8 | d,v(sg) > v(d) — 2

2 if d =12 mod 16, sy = s; mod 2 {
1 otherwise

2 if 32 ‘ d,4 | (80-281)
1 otherwise ’

Furthermore, in all cases, ¥ (d,f; % d.,t) is bounded above by (2.1) and there is an algo-
rithm to compute 7 (dyfy 2, dy,t).

Remark 2.5. If 51%—}22 1s coprime to the conductor of O,, then the quantity

2#{p : vp(t)zvp(duf52)>0,ﬁ2€} . ﬁ((ii)fJQ (t, dx)
simplifies to
oD+ plaed(N fi® du fi ) pit}
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_ §2D—n?
where N = -

In the case that 521435"2 is coprime to the conductor, we can also express ¢ (d,f,?, dy,t)

as a product of local factors. This expression leads us to the following conjecture.

Conjecture 2.6. Let di and doy be discriminants of quadratic imaginary orders and fix an
integer t. Assume that conductor of dy, the conductor of dy, and m := %(dldz — (dydy — 2t)?)
have no simultaneous common factor. Then

(140 (m) “n) =1 tf
p P =Lp 1
2 % = 17p|f17 or
F (dy,dy, t) = H pldg), (dp), —m)p = 1,p1 fi
pimpze | 1 (% = —1,pt fi,v,(m) even or
Pldw), (dp), =m)p = 1,p| f1, vp(m) =2
0 otherwise,

\

where dgy € {dy,dy} is such that the quadratic imaginary order of discriminant dg is
mazimal at p and fi denotes the conductor of d;.

Remark 2.7. This conjecture holds when f; and m are coprime; in that case it follows from
Theorem 2.4.

Together, Theorems 2.1 and 2.4 give a sharp bound on (CM(K).G), for all primes ¢, and
a sharp bound on the primes ¢ such that (CM(K).Gy), # 0. The following Corollary gives
a characterization of these primes.

Corollary 2.8. Assume t and that (CM(K).Gy); # 0. Then there exists a 0 € Z~o and
n € Z such that D — 46 is a square, n = —cgd (mod 2D),

1 if p£4,
-1 p=~L

_ 52D — n?

N :
4D

€ €Z>0, and (du(n)v _N)p = {
Remark 2.9. One obtains the same corollary even when Ok is not generated over Op by
one element, by replacing t with the assumption that Op[n] is mazimal at ¢ and all prime p <

D/4. Note that different choices of n € Ok result in different values of D = Ng/o(Dk/r(n))
and each choice results in a valid upper bound.

Proof. By Theorem 2.1, (CM(K).Gy), is always bounded above by a sum over § € Z-q
such that D — 49 is a square and a sum over n € Z such that 2D|(n + cxd) and such

that N := 52?—5"2 is a positive integer divisible by ¢. Thus, it remains to show that if
(CM(K)Gl)g 7é 07 then

1 if p#£ 4,

(du<n>7_N)p = {_1 p=1

for some 9, n as above.
We first prove that if n satisfies the above assumptions, then d,(n) is negative. Since K

is a totally imaginary extension of F', the relative discriminant of n is negative under both
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real embeddings of F' — R. Using the definition of oy, 8; and ck, one can check that
D D
DK/F(T]) =cCcg + 05%5 + \/5 <Oé()0{1 + Oé%; - 261) .

Recall that Ng/o(Dg/r(n)) = D, thus cx + il < ~/D. Now consider

20(n + cko 262
dy(n) = (a15)2+% 53 (041 5 + = 5 +CK).

Since 62D — n? > 0, % is bounded above by V'D. Thus du(n) < % <0z1 5 + VD + cK>

We have already shown that a%% + \/5 + cx < 0 and 26%/D is clearly positive, so d,(n) is
strictly negative.

Since N is assumed to be positive, (d,(n), —N)s = —1, and so, by the product formula,
there exists some prime p such that (d,(n), —N), = —1. If p # ¢, then by Theorem 2.4,
F(duf, 2 dyt) = 0 for all f, € Z. Another application of Theorem 2.1 shows that this
implies that (CM(K), Gy), = 0. O

2.2. An application: Denominators of Igusa class polynomials. One of the important
applications of the results in this paper is the computation of Igusa class polynomials. Igusa
invariants and Igusa class polynomials are the genus 2 analogues of the j-invariant and the
Hilbert class polynomial in genus 1. More precisely, Igusa invariants 41, 75, i3 generate the
function field of the coarse moduli space of smooth genus 2 curves, and the Igusa class
polynomials H; g, for j = 1, 2,3, are polynomials whose roots are Igusa invariants of genus 2
curves C'/C with an embedding ¢: Og < End(Jac(C)). If a genus 2 curve C has CM by K,
then C' is defined over Q and all of the Galois conjugates of C' also have CM by K. Thus,
H; g € Q2] for all j.

However, in contrast to the genus 1 case, the coefficients of H; x are not integral. There-
fore, in order to recover the coefficients from a complex or p-adic approximation, one needs
more information on the denominators. The denominators of the coefficients of H; i divide
a (known) multiple of the arithmetic intersection number CM(K').G; (using multiplicative
notation) [GL07, GL11,Yan10]. For a precise statement of this divisibility, see [Yan10, §9].

Since Theorems 2.1 and 2.3 give a multiple of and, in many cases, an exact formula for
(CM(K).Gy), we obtain a formula for a multiple of the denominators of H;  for all primitive
quartic CM fields. Corollary 2.8 also gives a restrictive characterization and bound on the
primes that can appear in the denominators.

2.3. Relationship to the Bruinier-Yang conjecture. Theorem 2.1 appears strikingly
similar to the conjecture of Bruinier and Yang [BY06] which was later proved by Yang [Yan10,
Yan|. Here we give a simpler version of our formula, under additional assumptions, which
makes the similarity even more apparent.

Theorem 2.10. Assume t, that £ 10 for any positive integer such that D — 46 is a square,

and that d,(n) is a fundamental discriminant for any n € Z such that N = 52D Uy (7~
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and 2D|(n + ck0d). Then

CM(K).GG N ~ _
OME)Ce 5~ 0 5™y (0) i (V) oy (NE),
5EZ>0 9~ ?’L%Z
D—46=0 S EL)BTL €lZ>0
2D|(n+ck6)

where Cs = % if D =46 and Cs = 1 otherwise,

log ¢

0 if (d,—M) = -1
ve(N) if l|ged(d,(n), dy(n)), P
te(n) = {W(N)H otherwise pa(M) = for some p|d,p # ¢
2 wise, 9#{plecd(@M)pA}  otherwise,

and Ay(M) := #{b C Z[#4] . N(b) = M}.

The Bruinier-Yang formula sums over the same integers ¢ and, under the assumption that
D, D = 1mod 4 and squarefree, the same integers n (see [ABL*]). Then for a fixed 6 and
n, the Bruinier-Yang formula is a product of a valuation term and the number of ideals of
a fixed norm — the difference is that in Bruinier-Yang the ideals lie in the maximal order of
the reflex field of K, rather than in a quadratic imaginary order. In recent work, the present
authors and Anderson, Balakrishnan, and Park [ABL"] have shown that the formula from
Theorem 2.10 agrees with the Bruinier-Yang formula, under the assumptions required for
both formulas, without using Theorem 2.10 or Yang’s results [Yan10, Yan].

3. PROOF OF THEOREM 2.1

Since K does not contain an imaginary quadratic field, CM(K) and G; intersect prop-
erly [Yan, §3] and so

(CM(K).Gh)e _ T

log { = -length Oynom(x),p (3.1)

1
Aut(P
PG(CM(K)HGl)(Fg) # v ( )
where 6G1r]CM(K)’p is the local ring of G4 N CM(K) at P.
The cycle G; parametrizes products of elliptic curves with the product polarization; the
Rosati involution induced by this polarization is given by

VIRY,
g= (9“ 9“) € End(Ey x By) v ¥ = (%1 g'@l) [GLO7, Section 3],
921 922 912 Y922

where g;; € Hom(Ej, E;) and g’ ; denotes the dual isogeny of g; ;. Given this definition,
one can see that a pair of elliptic curves Fj, Fy, together with an embedding ¢: O —
End(E; x E,) that satisfies «(@) = u(a)Y, determines a point P € (CM(K) N G1)(Fy).
Conversely, a point P € (CM(K) N G)(F,) determines an isomorphism class (Ey, Fa,1); we
say two tuples (Ey, By, t: O — End(F; x Es)) and (Ef, ES, (0 O — End(E] x EY)) are
isomorphic if there exists an isomorphism ¢: E; x Ey — E} x E} such that

Youla)="V(a)oy Ya € Ok, and Ypog oy = (¢ ogogb_l)v Vg € End(E; X Ey).

When E; = E!, then the tuples are isomorphic if and only if there exists a ¢ € Aut(F; x Es)
such that 1 o t(a) = /() 0 ¢ for all @ € O and Yp¥ = 1.
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Given two elliptic curves Ey, Fy, let W[[t1,t5]] be the deformation space of Fi, Fy, and
let Ei,Eo be the universal curves over this space. We let Ig, g,, C W][[t1,t2]] denote the
minimal ideal such that there exists an v: Ox < Endw(y, 15)/15, 5, ., (E1, E2) that agrees with
¢ after reducing modulo the maximal ideal of W([t1, t5]]. Then we have

length Og,nem),p = length W[t )]/ Ip, 1, ..
for any point P < (Ey, By, 1) € (Gy N CM(K)) (F,). Thus, (3.1) can be rewritten as

(CM(K).G1), 1 W[y, to]]
Ak S A 7 A -1 h ————— 2
logg (B EZL)/N # AUt(Eh EQ; ) eng? IEl,E2,L ’ (3 )

where Aut(Ey, Ey, 1) := {0 € Aut(E; X Es) : ou(a)o” = 1(a) Va € Ok and 00¥ = 1}. The
condition oo¥ = 1 ensures that o preserves the product polarization.

Since Ok = OF[n], giving an embedding ¢: Ok — End(F; x E3) is equivalent to specifying
the image of w = (D + VD) and 7, i.e., specifying two elements Ay, Ay in End(F; x Ej)
such that

1
ANy = Aoy, Ao+ A = aptagNy, ANy = Bo+ 1A, and Af—DA1+Z(D2 - D) =0.

D+T\5 Ay = o

The equivalence is obtained by letting A; = ¢ ( n). This equivalence is a

more precise reformulation of the Embedding Problem than the version used in [GLO7, p.
463], where the elements from O being embedded were of a simpler form and were not
necessarily generators of Ok. By representing elements in End(E; X E;) as 2 X 2 matrices
(gi ;) where g; ; € End(E; and expanding the above relations, we see that

Ey)
b (o o) v )
b

where a is an integer and x, b, y, z satisfy

=N() = %, Tr(z) = ap+ aaq,
Tr(ybY) = Tr(yYb) = N(b)ay, Tr(z) =ao+ (D —a)a, (3.3)
N(z) + N(y) = o+ (D —a)b, Bib = ayxb — xy +yz”, '
N(z) +N(y) = Bo+aph, bz = b+ (D —2a)y.
After possibly conjugating A;, Ay by (1) (1) and interchanging FEi, F>, we may assume

that 2a < D. Then a is uniquely determined by 6. Thus for a fixed §, the embedding
¢ is determined by a tuple (z,y,b, z) satisfying the above relations. Define I := I, ,,, C
W([t1,22]] to be the minimal ideal such that there exists

z € Endyyy, 1,)/1(E1), 7,0 ¢ Homwy(, o)1 (E2, E1),  and 2 € Endwy, 1,)/1(E2)

that reduce to z,y,b, and z, respectively, modulo the maximal ideal of W[[t;, t5]]. Then it is
clear from the definition of (z,y,b, z) that

Wit ta]] length Wilts, t2])

Eq1,Ea,L x,y,b,z
9
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Motivated by the definition of isomorphisms of triples (E7, Fa, ¢) that was given above, we
say that two such tuples (z,y,b, 2), (2’9, b, 2') are isomorphic if

rh1 = ¢11’, bpp = ¢1b', ydo = 1y, 20 = 22, for some ¢; € Aut(E;).

In particular,

Aut(x,y,b, Z) = {sz‘ € AU-t(Ei> L X1 = P11, b = P1b, ydo = P1y, 20p = ¢2Z}-

If 46 # D, then (z,y,b,2) is isomorphic to (2/,y',,2’) if and only if the corresponding
embeddings are isomorphic. Thus, # Aut(z,y, b, z) = # Aut(FEy, Es, ).

If 40 = D, then this no longer holds. If £y # Fs, then # Aut(z,y, b, z) = # Aut(E4, Es, 1)
for all ¢ and corresponding x,y, b, z; however, (z,y,b,z) and (z,y",b", ) correspond to the
same embedding, although we do not say that they are isomorphic as tuples. If £} = Es,
then for each tuple (z,y,b, z) we have two possibilities. Either there exists an (2/,y/, V', 2’)
that is not isomorphic to (z,y,b, z) but corresponds to an isomorphic embedding, or there
are twice as many automorphisms of (Ej, Es,t) as there are of (x,y,b,z), where ¢ is the
corresponding embedding. In all cases, we see that for a fixed &

M = (s Z 1 -length M,
IE1,E27L By By # Aut(x, Yy, b, Z) Ix,y,b,z

z,y,b,2

Z 1 - length
ZAut(Er, By o) 08

Eq1,E2,

where C5 = % if 46 = D and 1 otherwise.
Fix 0, £y, F5, and assume that there exists a tuple (z,y,b, z) as above. Then, there exists
x,u = yb" € End(E,) satisfying
Tr(u) = ayé, Tr(z) = ap+ aaq,
(D —2a)N (u) +§ Tr (zu”) = 5162, dN(z) +N(u) =6 (8o +aB),
where a € Z is such that a < D/2 and (D — 2a)? = D — 46. This is easy to check using the
relations (3.3) on (x,y,b,2). Let I, € WI[t]] be the minimal ideal such that there exists

(3.4)

T, € Endp, )z, (E1)

that reduce to x, u respectively modulo the maximal ideal of W[[t1]].
The remainder of the proof breaks into four steps.

(1) Compute Z(Exu) length = G ”, where the sum ranges over isomorphism classes of
(E, x,u) satisfying (3. 4)(§3 1)

(2) For a fixed (E, z,u) determine the number of isomorphism classes of (E',y, b, z) such
that u = yb" and (z,y,b, 2), satisfy (3.3) (§3.2),

(3) Calculate # Aut(z,y,b,z) (§3.3).

(4) Determine how the length of % relates to the length of W[tl . (83.4).

As it is not necessarily obvious how the arguments in §§3.1-3.4 come together, we summarize
the argument in §3.5.

3.1. Calculating the number of (E,z,u). In this section we will compute

Z length V\Vj'_[[tl]] ,

(E,z,u) satisfying Y
(3.4)
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where the sum ranges over one representative from each isomorphism class; we say that
(E,z,u) is isomorphic to (E’, 2’ u') if there exists an isomorphism ¢: E — E’ such that
Yox=2a"ovy and Ppou=1u o).

First we show that the elements (E,x,u) are naturally partitioned by an integer n and
that F is always supersingular.

Proposition 3.1. Let E be an elliptic curve over Fy and assume that there exists endomor-
phisms x and u of E that satisfy (3.4). Then E is supersingular and there exists an integer
n such that _
52D —n?
4D

where cxg = ag + apga1 D + oszQ;D — 48y — 261D.

€ (Z~y, and n+cxd =0 (mod 2D), (3.5)

Proof. Let R :=7®Zs & Zu & Zau" denote the sub-order of End(FE) generated by z
and u and for any element v € End(E), write D(v) := Tr(v)? — 4deg(v) for the discrim-
inant of the element. A straightforward calculation shows that the discriminant of R is

v 2
<D(x)D(u)—(Tr(w)fdw—?Tr(w >>2> and that

D(x) D(u) — (Tr(z) Tr(u) — 2 Tr(zu”))? = — D(2zu” — Tr(u)z + Tr(z)u).
Since the discriminant of any endomorphism of F is non-positive, we conclude that
D(z) D(u) — (Tr(x) Tr(u) — 2 Tr(zuV))?
4

%N(“) — dci. An easy, although tedious, compu-

is a non-negative integer. Now let n :=
tation shows that

5D —n _ D(x)D(u) — (Tr(x) Tr(u) — 2 Tr(zu"))’
o : | (3.6)

Since K does not contain an imaginary quadratic field, D is not a square, and so this
quantity must be strictly positive. This implies that R is rank 4 and so we conclude that E
is supersingular and R is a suborder in B, ,, the quaternion algebra ramified only at ¢ and

infinity. Since ¢ divides the discriminant of any order in By, we have 82D —n? € ADU7~.
This completes the proof of the first assertion. The second assertion follows since
n+cgé  —N(u)

5D 5 :N(m)—ﬁo—aﬁlez.

O

Remark 3.2. In [GL07, p.465], Goren and the first author proved that E must be super-
singular if K does not contain an imaginary quadratic field. Proposition 3.1 gives another
proof of this result.

Proposition 3.1 shows that the tuples (E, z,u) satisfying (3.4) can be partitioned by in-
tegers n satisfying (3.5). By the proof of Proposition 3.1, fixing such an n implies that
N(u) = ny(n),N(z) = ni(n), and Tr(zu") = tz,v(n) where
—5(” + CK(S)

2D

. & tow(n) = 516 — (D — 2a) "“(g”).

J

, ne(n) =B +ab —
11

ny(n) :=



The trace of  and u are already determined by ¢, so we define d,(n) := (a10)? — 4n,(n)
and d,(n) := (ap + aay)? — 4n,(n). For the rest of the section, we assume that n is a fixed
integer satisfying (3.5). We define

- B zu)] s Tr(z) = ap + acq, Tr(u) = o4,
£=En):= { N(u) = ny(n),N(z) = ng(n), Tr(zu") = tyv(n) } ’

where [(E,z,u)] denotes the isomorphism class of (E,z,u). We claim that the length of
W([t]]/ I is constant for all (E,z,u) € &.

Theorem 3.3. Let (E,x,u) € £. Then

ve(8D=n2) if f|ged(dy(n), dy(n)),
length W([t]]/ L. = { | (U ‘E{; Doty | 1) heru
3 /. 1D otherwise.

Proof. First we show that £ # @ only if at least one of d,(n),d,(n) is the discriminant of a
quadratic imaginary order that is maximal at /.

Lemma 3.4. Let E be a supersingular elliptic curve over F, and let x,u € End(E) be
endomorphisms satisfying (3.4). Then the indices

[Q(z) NEnd(E) : Z[z]] and [Q(u) NEnd(E) : Z[u]]
are relatively prime. In particular, at least one of Z[x], Z[u] is a quadratic imaginary order

mazimal at .

Proof. Define w := x + (D — 2a)%. The conditions (3.4) on x,u imply that

09 (ola) (s o) = (rlplows B 0ets)

generate a rank 4 Z-submodule S C Ma(Byo) that is isomorphic to O (the isomorphism
sends the above matrices to 1, %(D + \/5), n, and %(D + \/ﬁ)n, respectively). Let p be a
prime and let S be any order in My(By o ®¢ Q,) that contains S. Since O is the unique
maximal order of K, an integral combination of the matrices above can only be in pS' if every
coefficient is divisible by p. We will show that if p divides both [Q(z) N End(F) : Z[z]] and
[Q(u) N End(F) : Z]u]], then some p-primitive integral combination of the above matrices is
in p My(End(F)), thus arriving at a contradiction.
If p divides [Q(z) NEnd(E) : Z[z]] and [Q(u) N End(E) : Z[u]], then
2px —pTr(z) + D(z)  2pu — pTr(u) + D(u)
2p ’ 2p
are both in p End(F). Consider the p-primitive combination
D(u) — pTr(u) a 9 D(z) — pTr(z) rou
2p Fla=DH{y poao)| 2p + u/d w)|”
After expanding and rearranging terms, we can express this p-primitive combination as
2pu — pTr(u) + D(u)  2px —pTr(z)+D(z) ([2a — D §
+ ;
2p 2p 1 0
which is clearly in pMy(End(E) ® Z,). This completes the proof of the first statement.

By [Vig80, Chap. II, Lemma 1.5] End(F)®Z, consists of all integral elements in End(F)®Q,
12
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so both Q(u) N End(£) and Q(x) NEnd(F) are orders that are maximal at £. Since at most
one of [Q(z) N End(E) : Z[z]] and [Q(u) N End(E) : Z[u]] are divisible by ¢, at least one of
Z[zx] and Z[u] is maximal at ¢, as desired. O

Now we return to the proof of Theorem 3.3. Let d; € {d,,d,} be such that d; is the
discriminant of a quadratic imaginary order that is maximal at ¢ and such that d; has minimal
(-valuation; this is possible by the preceding lemma. Let wy € {3(dy —tu) +u, 3(ds —t;) + 2}
be such that w; has discriminant d;. We define ds, and wy to be such that

{d1,ds} ={dy,d,}, and {2wq,2ws} ={d, — t, +2u,d, —t, + 2x}.

From these definitions, it is clear that I, = I, w,-
Work of Gross [Gro86] shows that W([t]]/I,, is isomorphic to W, , the ring of integers
in Q(+v/d1)™. An explicit description of Endy o, /mt(E mod I,,) (where m is the unique

maximal order of Wy, ) is given in [LV, §6], for all k. Using this description and [LV, Proof
of Thm. 3.1], we see that wy € Endy, /m(E mod L,,) if and only if ¢" divides

dldg — (dldg — 2Tr(w1w§/))2 . dazdu — (txtu — thu\/ (n))2

4 B 4 ’

where r = k if ¢|d; and r = 2k — 1 otherwise. By the proof of Proposition 3.1, the quantity
in (3.7) is equal to (62D —n?2)/(4D). Since the length of WI[t]]/ Loy w, 1s equal to the maximum

(3.7)

k such that wy € Endyy, /m (E mod 1,,,) this completes the proof. O
Corollary 3.5. The sum Y (g qu) satistying length = [[ 1” equals
(3-4)
ve(&E5) if £|ged(dy(n), do(n)),
Z #EMn)- 94 §2D—n? herwi
= 3 (?Jg( o)+ 1) otherwise.
62D—n2€4DlZ~0
2D|(n+ckd)

The remainder of the section will be devoted to the proof of the following proposition.
Proposition 3.6. Let n € Z be such that 62D — n2 € 4AD{Zq and 2D|(n + cx6). Then
> Sdu(m) 2 do(n), t(n, £.)).

fu GZ>O

Proof. Recall that _# (dy, ds,t) equals

i Z {dﬁT\/d_j} — End(E) : Tr(iy(dy + v/dy)ia(dy — = 4t,
Z i /End(E
B 1 (Q(VA)) N End(F) = dl*ﬂ
where the sum ranges over isomorphism classes of elliptic curves. Let (E, z,u) (n) and

set fu := [Q(u) N End(E) : Z[u]]. We let d; := d,(n)f,? and dy := x(n) Deﬁne two
embeddings

d1+\/_ 1
T2 2f2
d2+\/_

i 7 End(E),

{%ﬂ . (2futt = fuond + du(n))

End(E), o (21: — (g + acy) +d.(n)).
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From the definition of f, and d;, one can easily check that these maps are well-defined and
that i, (Q(v/dy)) NEnd(E) = Z [%]. One also has

Te(iy (dy + /dy )ia(dz — \/dp)) = = Tr((2fuu — fucd +du(n)) (227 — (o + acn) + du(n)))

fa
4 2 2dy(n)d,

as desired. It is clear that if (E,z,u) and (F,z’,u’) are isomorphic, then the corresponding
embeddings described above differ by conjugation by an element of End(F)*. This completes
the proof. 0

3.2. Determining the pre-image of (F,x,u). In this section we prove the following the-
orem.

Theorem 3.7. Let E be a supersingular elliptic curve and assume there exists x,u € End(FE)
satisfying (3.4). Let f, € Zso be such that Q(u) N End(E) is an order of discriminant

d = DJ%L). Then
vp(d)
#A{(E b, 2) s u=yb”, (2,y,b,2) satisfy (3.3)} = [] > 9 (Tr(w),N(w)) |,
pl|d,p#L j=0

where w = x + (D — 2a)u/d, r, := max (vp(é) - min(vp(fu),vp(w)), 0) and

#{tmod p¢ : ? —art +ao =0 (mod p®)} if C >0,

~(p)
J ) = .
¢ (a1, ao) {O if C <0.

Proof. Fix an (E, z,u) satisfying (3.4). Assume that there exists an elliptic curve E', b,y €
Hom(E', E), and z € End(E’) such that u = yb¥, bz = b+ (D — 2a)y. Then there is a left
integral ideal I := Hom(E', E') o b" of R := End(FE) which has the following properties:

(1) N(I) = 9,

(2) d,u € I, and

B) wi=r+(D—2a)5 € RO(I)={Ac R®Q:TACI}.
In fact, we claim that this map is a bijection (when (E,y,b, z) are considered up to equiva-
lence), so

B[ y,b,2)] - u=yb", (2,,b, 2) satisfying (3.3)} = #{I C R+ satisfying (1), (2), (3)} .

The proof of this claim relies on Deuring’s correspondence between supersingular elliptic
curves and ideal is By o; we describe this now. Fix a supersingular elliptic curve E /F,, and
fix an isomorphism 1 : End(E) = R C By, where R is a maximal order. Note that 1 allows
us to view elements of End(E) ® Q as elements of By . Given an element ¢ € Hom(E, E'),
we obtain an embedding Hom(E’, ) — End(F) by mapping f — f o ¢. Thus we can view
Hom(E', E) as a left ideal of End(E) or, by using the isomorphism ), as a left ideal I of R.
In fact, Deuring showed that the map

{(E',¢: E— E')} — {left ideals I of R}, (E',¢)— ¢»(Hom(E', E)¢)
14



is surjective. In addition, if ¢y (Hom(E', E)¢’) = ¢»(Hom(E", E)¢'), then ¢ = ¢/o¢’, for some
¢ € Isom(E’, E”). For a more complete description of this correspondence see Deuring’s
original article [Deu41] or [Wat69, §§3,4].

The morphism ¢ also allows us to view End(E’) as a subring of By ; fix an isogeny
¢: E — E', and consider the map ¢': End(E") — By that sends an endomorphism f to

@w(aﬁv ofog@). Let R =/(End(E")). It is clear that R’ is contained in the right order

of the ideal I = ¥ (Hom(FE’, E)¢), and since R’ is a maximal order we must have equality.

Now we return to the proof of the claim. Let I C R be an ideal satisfying conditions
(1), (2), and (3). Then, by the discussion above, there exists an elliptic curve E’ and an
isogeny ¢: £ — E'. Let b := ¢". Since I has norm 0§, the degree of b is also 4. Since
u € I, there exists a y € Hom(E’, E) such that yb¥ = w; moreover, y is unique. Since
x+ (D —2a)u/é € RO(I), there exists a z € End(E’) such that bz0"/§ = = + (D — 2a)u/0,
or rather that bz = xb+ (D — 2a)y; one can check that this relation uniquely determines z.
Thus, given an I that satisfies conditions (1), (2), and (3), we obtain (£’,y, b, z) such that
u=yb" and (x,y,b, z) satisfy (3.3).

Let B}, EY be elliptic curves and ¢;: E — E! isogenies such that Hom(E!, E)¢; = I. Define
b; == ¢;. Since Hom(E}, E)¢; = Hom(E}, E)¢p, there exists some ¢y 5 € Isom(Ef, EY) such
that by = by 0 ¢y 2. As described above, there exists y; € Hom(E!, E') and z; End(E]) that
are unique such that

u=yb!, bizi =ab;+ (D —2a)y;.

Since §; = y2 0 P12 and z; = (;5}/7222@72 also satisfy these equations, we have y; = 7, and
z1 = Z. Thus (z,y1,b1, 21) is isomorphic to (z,ys, be, z2). This completes the proof of the
claim.

Now we have reduced the problem to a question about ideals in By .

Theorem 3.8. Fiz R a maximal order in By o,. Assume that x,uw € R and vy, € Z are such
that

Tr(u), N(u), and Tr(zu")+yN(u)/d are 0 modulo . (3.8)
Define w := x+~u/d, ¢, € Z to be such that up~ € R, \ pR,, and r, := max(v,(0) — ¢,,0).
Assume that for all p|o,p # £, either ¢, =0 or Qu(p™"w) N (End(F) ® Z,) = Zy[p"»w]. Then
#{ICR:0,uec I,N)=96, and w:=x+~yu/d € RO(I)} equals

”p(5)
1T > W (Tr(w),N(w)) |
plo,p#L Jj=0

j=vp(d) (mod 2)

where

¢ 0 if O < 0.

Since the proof of this theorem is completely independent of the rest of the paper, we
defer it until §6. If we show that x,u,d,v = D — 2a satisfy the assumptions of Theorem 3.8,
and that ¢, = min(v,(f,), UP<W>), then we can apply Theorem 3.8 to complete the
proof of Theorem 3.7

It is clear from (3.4) that the assumptions listed in (3.8) are satisfied; we now prove the
claim regarding p"?w.

3 (a a>—{#{;m0dpczp_“£+“050 (mod p)} if €' >0,
1,%0) —
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Lemma 3.9. Let p be a prime such that p|d and ¢, # 0. Then
Qp(pw) N (End(E) ® Zy) = Zy[p™w].

Proof. From the definition of ¢,, it is clear that @ := p»w € (End(F) ® Z,). If D(w) has
trivial conductor, then the result is immediate. Assume that D(w) has non-trivial conductor.

Then Q,(w) N (End(E) ® Z,) # Z,[i] if and only if £ + 2E2IW ¢ fnd(E)  Z,,.

First assume that 7, > 0. Since w is integral p?| D(w) and p| Tr(w). Thus
D(w) — pTr(w)
2p?
if and only if% € End(E)®Z,, which in turn is equivalent to - (D 2a) & e (6) € End(E)®Z,.
By definition of ¢,, this occurs if and only if p|D — 2a. Assume that p is odd Since D is the
discriminant of a real quadratic field v,(D) < 1, so either p { D —2a or v,(§) = 1. However, if
rp, > 0and ¢, # 0, then v,(§) > 2. Therefore p f D—2a and hence Q,(p"™»w)N(End(E)RZ,) =
Zplp™w]. If p = 2, then a similar calculation gives the same result.

Now assume that 7, = 0. This case will be similar to the proof of Lemma 3.4. Consider
the element

et S (2 D] )

in My(End(E)), where w' = w + 22T 1f Q, (i) N (End(E) ® Z,) # Z,[i], then this
element is in p My(End(FE)). However,

(6 1) (4 p%a) (s o) ma (o (s o)

generate a rank 4 algebra that is isomorphic to Ok so a p-primitive integral combination of
these elements can never be in p My(End(E)). Thus Q,(w) N (End(E) ® Z,) = Z,[w]. O

% + € End(E) ® Z,

Now we turn to the computation of ¢,. By the definition of f,,

L D(u) — fuTr(u)} '

Q,(w) N (End(E) & Z,) = Z, [

fu 23
Since
u  fu (u N D(u) — f. Tr(u)) D(u) — f, Tr(u)
P P\ Ju 21z 2fup>
it is clear that % € End(E)®Z, if and only if s < v,(f,) and s < UP(W). Since ¢, is

the maximal s such that u/p® € End(E) ® Z,, this completes the proof of Theorem 3.7. O
3.3. Computing # Aut(z,y,b, 2).

Lemma 3.10. Fiz elliptic curves Ey, Es and assume there exist isogenies x € End(FE), z €
End(E,), and y,b € Hom(E,, Ey) satisfying (3.3). Then # Aut(z,y,b, z) = 2.

Proof. Recall that

Aut(z,y,b,2) = {¢; € Aut(E;) : 21 = ¢12, b2 = d1b,ys = 1y, 202 = daz} .
Aut(z,u) :={¢p € Aut(E) : x¢ = ¢z, u¢p = pu} .
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It is clear that there is a homomorphism Aut(z,y,b,z) — Aut(z,yb"), (¢1,02) — ¢1.
Similarly we obtain a homomorphism

Aut(z,y,b,2) = Aut(z,b"y) = {9 € Aut(E) : ¢z = z2¢, ¢b"y = b'yo},
that sends (¢1, @) — ¢o. Therefore, we have an embedding
Aut(z,y,b, z) = Aut(x,u = yb’) x Aut(z,u* :=b"y).

The proof of Proposition 3.1 shows that z, u generate a sub-order of End(F;) of finite index
and that End(FE}) is rank 4. The same argument can be applied to z, u* = bYy € End(E») to
show that these elements generate a sub-order of End(F») of finite index and that End(Es) is
rank 4. Thus, Aut(z,u) C Z(End(E;))* and Aut(z,u*) C Z(End(E,)*) where Z(A) denotes
the center of A. Since the center of End(E;) is just Z, we see that Aut(z,u) = Aut(z, u*) =
{£1}. Using the embedding above, it is easy to check that Aut(x,y,b,2) = {£(1,1)}. O

3.4. Relating multiplicities. Fix elliptic curves F1, F, and isogenies © € End(FE),y,b €
Hom(Es, E), and z € End(E») satisfying (3.3). Let I, C W([[t, t2]] be the minimal ideal such
that there exists an isogeny 2 € Endyj, 1,)/1,., .. (E2) that reduces to z modulo the maximal
ideal of W[[t, to]] and define I,+ similarly where u* := b"y. Since z, u* are endomorphisms of

Ey, we can view I, [+ as ideals of W[[t5]]; similarly we may view I, , as an ideal of W([[t;]].

13 Wilts,t2]] Wit ]
Proposition 3.11. The length of T U bounded above by 2 (length Ton ) If ¢ 19,
then
W [t1,t W[t

(t1otall _ e LG

Ix,y,b,z T,u

length

Proof. By the same argument used in Lemma 3.4 applied to z,u* instead of x, u, either Z|z]
or Z[u*] is an order that is maximal at ¢. If Z[z] is maximal at ¢, then define J := I,;
otherwise define J := I,~. By definition of I, .., I, , and J, we have the containments
Ipw,J € Ipyp,.. Therefore, we have a surjection

W([t1, t2]] N W([t1, t2]]

Ix,u + J Iw,y,b,z
This gives
W([t1, ta]] W([t1, ta]]
length ————=2 < length ————==.
g m7y7b7z N g Ia:,u + J

By [Gro86], J is generated by a linear or quadratic monic polynomial in ¢,. Thus

W[t to]] Wit ]]
length m <2 <length —) .

U

This completes the first half of the proof.

Now we assume that ¢t §. Since deg(b) = § is prime to ¢, b gives an isomorphism between
the formal groups of F; and F5. Then the argument is exactly the same as in [GK93, Proof
of Lemma 5.5]. O

17



3.5. Summary Now we resume our proof of Theorem 2.1. Recall that we had shown that

(CM(K 1 Wit o]
log€ Z C’(;ZZ Z # Aut(z,y, b, Z)length

I
6€ZL>o E1 Eq xybz ,y,bz
D—46=0 up to iso.
as above

The argument in §3.3 and Proposition 3.11 show that

CM Wity
D Y155 Sl o R

v
6€Z>0 FE1q FEo> z,y, b 2z I7yb
D—46=0 up to iso.
as above

and if £ 1§, then

CM W([t1
EIDG - ¥ oYXy ¥ g ewn

v
d€Z>0 E1 Ex zybz z,yb
D—46=0 up to iso.
as above

Using the results from §§3.1-3.4 we will rearrange the terms as follows

Y XY Y g S

0€Z>0 E1 Eo zybz x ybY
D—46=0 up to iso.
as above
Wit
g Cs E ength IH 1 -#{(Fs,y,b, 2) as above : u = yb"}
0EZ~0 [(El,:v,u)] U

D—46=0 as above

Z Cs Z fe(n) Z #{(Ea,y,b,2) as above : u = yb"}

8§€Z~0o ) QEZQS.t. [(E1,z,u)]€€(n)
D—46=0 3 Zgn €0
2D|(n+ck )
Z Cs Z fie(n) Z Z #{(E2,y,b, 2) as above : u = yb"}
§€Z>0 neZ s.t. fu€Z>o [(E1,z,u)]€€(n)
D—46=0  &2D=n’cy7_, [Q(w)NEnd(E)):Z[ul|=fu
2D|(n+cK5)
YCo D> mln) Y 3, f) >, 1
0E€Z~0 TLEZQS -t fu€Z>o [(El 717u)}€g(n)
D-46=0  &D=n?c7_, (Q(w)NEnd(E1):Z[u]]=fu
2D|(n+cK6)
Z Cs Y ln) > 3(n, fu) F(du(n)f, 2, da(n), t(n, f.)).
€Z>0 nezZ s.t. fu€Z>0
D-45=0  82D-n’cpp
2D|(n+cK6)
This completes the proof of Theorem 2.1. O

4. PROOF OF THEOREM 2.3

If n is any element of Ok \ Op, then given any embedding ¢: O — End(E; x E;) we

can restrict the domain to obtain an embedding ¢|o,p;: Or[n] < End(E; x E;). From the
18



definition of Ig, g,, € WI[[t1,ts]], it is clear that
Willtq,t Wiltq,t
length —H Lt < length —H L] )
El,E2,L El,EQ,L‘OF[n]
Since the center of End(E; x E3) ® Q is exactly Q, it is also clear that
Allt(El, EQ, L) = Aut(El, E27 L|OF[77])‘

If v: Opln] = End(E; x E,) is any embedding (¢ may or may not arise as the restriction
of an embedding O — End(E; x Es)), then

1 W([t1, ta]]
-length ————
# Aut(Ey, B, 0) & Ig, By,
is positive. Therefore
1 W([t1, to]]
CM(K).Gy)y = -length ———— 4.1
ONUOGY =Y e

L: OK‘—)End(El ><E2)

is bounded above by

1 W([t:1, 2]
E -length ————==. 4.2
o # Aut(Ey, Ey, 0) & Ig, By, (4.2)
1,42
L: OF[T]}%End(El ><E2)

We compute (4.2) in the same way that we computed (4.1). As long as n generates an
order that is maximal at ¢ and all primes p|0 where ¢ is any positive integer such that D — 4§
is a square, the entire proof goes through verbatim with the exception of Lemma 3.4.

When 7 does not generate the full maximal order Ok, the arguments in the proof of
Lemma 3.4 prove the following slightly weaker lemma:

Lemma 4.1. Let E be a supersingular elliptic curve over F, and let x,u € End(E) be
endomorphisms satisfying (3.4). Then greatest common divisor of the indices

[Q(z) NEnd(FE) : Z[z]] and [Q(u) N End(E) : Z[ul]
is supported only at primes dividing [Ok : Op[n]]. In particular, if [Ok : Op[n]] is coprime

to £, then at least one of Zlx|, Zlu] is a quadratic imaginary order mazximal at €.

As the rest of the proof only requires that at least one of Z[z] and Z[u] is maximal at ¢
and that any p|d < D/4 does not divide both [Q(z) NEnd(F) : Z[z]] and [Q(u) N End(F) :
Z[u]], this lemma, together with our assumption on 7, suffices to complete the proof of
Theorem 2.3. O

5. EMBEDDINGS OF IMAGINARY QUADRATIC ORDERS INTO ENDOMORPHISM RINGS OF
SUPERSINGULAR ELLIPTIC CURVES

In this section, we prove Theorem 2.4 which we restate here for the reader’s convenience.

Theorem. Fiz n, f, € Z as above, set d, = d (n),d, := d,(n),t :=t(n, f,), and write O,
for the quadratic imaginary order of discriminant d,/f2. If the Hilbert symbol

(dua D(n2 - (525));0 = (dw (dufu_zdx - 2t)2 - dufu72da:)p
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is equal to —1 for some prime p # {, then # (d,f, % ds,t) = 0. Otherwise # (d,f, 2, dz,t)

15 bounded above by
82D — n?

2#{17 vp (t)>vp (du fu )>O pf2} t d C N = 5

b invertible} ,

where

,5512)(307 $1) = or if 8 | d,v(sg) > v(d) — 2

2 if d =12 mod 16, sy = s; mod 2 {
1 otherwise

2 if 32| d, 4| (so— 2s1)
1 otherwise '

téD n?
iDJf2

in all cases, there is an algorithm to compute 7 (d,f, 2, dy,1).

Furthermore, we have equality in the case tha is coprime to the conductor of O, and,

5.1. Background. The proof of Theorem 2.4 relies heavily on results proved in [LV]. We
state the relevant results here and summarize the main ideas of the proofs. The interested
reader is referred to [LV] for the details.

Let dy and ds be discriminants of quadratic imaginary orders and assume that the quadratic
imaginary order of discriminant d; is maximal at ¢. Write f; for the conductor of the order of
discriminant d;. For every SLy(Z)-class of elements in the upper half plane with discriminant
dy, we fix a representative 7. Let E(71)/Q, be the elliptic curve with j-invariant j(7;). We

may assume that E(7) has good reduction and write F(7;) for the reduced elliptic curve
over Fy. We fix an isomorphism i, : Z[3(d, + v/di)] = End(E(7)) and let w; € End(E(m))
denote the image of 3(d; + +/dy) in End(E(7;)) under this isomorphism.

Consider the following set

H{ ¢ € End(E(n)) : Tr(¢) = do, N(¢) = {(d3 — dy), }
Tr(wi - ") = t,@(dﬁ) NEnd(E(m)) = Z[¢]

By [LV, Thm. 3.1 and proof of Thm. 3.1], we have:

Theorem 5.1. Assume that dydy # (didy — 2t)%. If the Hilbert symbol

(do, (dydy — 2t)* — dids),

is equal to —1 for some prime p # £, then (5.1) is empty. Otherwise the cardinality of (5.1)
1s bounded above by

(5.1)

[m1]

1
o v (2up(d)>0pR8 . 5 (1 (0, - 2 (Z(dldg — (dydy — Qt)2)) ;

where
2 if d =12 mod 16, sy = s; mod 2
%2)(80, 51) 1= or if 8 | d,v(sp) > v(d) — 2 ) {

2 if 32| d,4 | (so— 2s1) }
1 otherwise

1 otherwise

and
N(b) = N, b invertible,
AUN)=#q bSOy : ptbforall plged(N, fo),p 1 ldy
p® 1 b for all p|plgcd(N, fo,dy),p # ¢
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Furthermore, this upper bound is an equality in the case that hdy— (320 coprime to the

conductor of Oq, and, in all cases, there is an algorithm to compute the cardinality of (5.1).

Idea of proof: A calculation shows that the discriminant of the suborder R := Z[w; ] ® Z]w|¢
is (§(didy — (didy — 2t)%))2. Since, by assumption, this quantity is nonzero, the suborder R
has rank 4 and so must be contained in By ... Using arguments like those in Proposition 3.1,
one shows that dydy > (didy — 2t)2 and thus we obtain the Hilbert symbol statement.

To prove the upper bound, we need to develop more machinery. In [LV, §6], we give
explicit presentations of End(E(7)) as suborders of My(Q(v/d;)). Using this presentation,
one shows that elements ¢ of fixed norm and trace give rise to invertible ideals in Oy, that
PicO
ideal only if ¢ is sufficiently divisible by primes dividing dj.

If $(d1dy — (didy — 2t)?) is coprime to the conductor of Oy, then the converse holds, i.e.,
given an ideal in a fixed ideal class, one can construct one (or multiple, depending on t)
endomorphisms ¢ with the desired properties. The interested reader can find the details

in [LV, §§5,6].

have a fixed ideal class in . Moreover, multiple elements can give rise to the same

5.2. Proof of Theorem 2.4. Let d; and ds be discriminants of quadratic imaginary orders
and assume that the quadratic imaginary order of discriminant d; is maximal at ¢. Recall

that ¢ (dy,ds,t) equals

S ij: 7 {%] < End(E) : Tr(ir(dy + vy )ia(dz — V/d3)) = 4t,

/End(E)*.
et i1 (QUVA) N End(B) = ir(Z | 2575 )

We will relate ¢ (dy,ds,t) to the number of endomorphisms of reductions of elliptic curves
with complex multiplication; precisely, we will show that ¢ (dy,ds,t) equals

wile > # {¢ € End(E(n)) : Tr(¢) = ds, N(¢) = i(dg —dy), Tr(ir, (dy + \/dy) - ¢V) = 215} _
[71]

Let E/F, be an elliptic curve and let i;: Z [%} — End(E) be an embedding such
that 4,(Q(v/d1)) N End(E) = i,(Z [%}) By Deuring’s lifting theorem[Lan87, Chap.

13, Thm. 14], there exists a 7y in the upper half-plane of discriminant d; such that E(7)
is isomorphic to E. Furthermore, after possibly replacing F with an isomorphic curve,
and conjugating 41,7 by an automorphism v of E, we may assume that the embedding
ir: Z [%] = End(E(m1)) = End(E(r)) either agrees with 4; or differs from 4; by
precomposition with the nontrivial Galois automorphism. By [Gro86], the class of 7, modulo
SLy(Z) is unique if ¢ 1 d; and otherwise there are exactly two choices for the class of 7.
Moreover, the choice of ¢/{£1} is unique up to multiplication by units in (Imi,)/{£1}.
Conversely, every 71 gives rise to an elliptic curve E(7;)/F, and an embedding

. {d1+\/d_1} —_
eyt L —

= End(E(7y)) = End(E(7y)).
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By [LV, Prop. 2.2], we have i,, (Q(v/d;)) N End(E) = i, (Z [%}) Thus,

Z # E2nd(E)X = Z - #{[m] : dise(my) = d1 },

E/F,

(i1: Z [M} < End(E)}

where e denotes the ramification index of £ in Q(\/d;).
Now fix an element 7, and fix an embedding iy: Z [%@] — End(E(m)) such that

Tr(ir, (dy++/dy1)iz(dy—+/dy)) = 4t. Then iy uniquely determines an element ¢ € End(E(r)))
such that

1 . =R
Tr((b) = d27 N((b) = Z(dg - d2)7 Tr(zn (dl + d1)¢v) =2t
namely ¢ = iy (%). Conversely, a choice of ¢ uniquely determines an embedding

io: 7 [%} — (End(7)). Therefore, #(d;,ds,t) equals

I —

- w_1 2 # {¢ € End(E(n)) : Tr(¢) = do, N(¢) = i(d% —dy), Tr(ir, (dy + \/dy) - ¢") = 2t} .

[71]

In [LV, Thm. 3.1], the present authors explain how to compute

Z#{ ¢ € End(E(m)) : Tr(¢) = da, N(¢) = (d3 — do), }
- To(in, (s + Vi) - 67) = 26, Q(6) 0 End(B(m)) = 2[4

It is straightforward to see how to modify the proof of [LV, Thm. 3.1] in order to omit the
last condition, that is, the condition that Q(¢) NEnd(E(m)) = Z[¢]. Roughly speaking, one
should omit every step that involves the conductor of the order of discriminant ds, as only
the condition that Q(¢) NEnd(E(7)) = Z[¢] depends on this conductor. After making these
changes to the proof, one proves that the quantity

Z#{ € End(B) : To6) = do, N(6) = (6 = o), T(in (01 + V) - ) = 20}

[1]

is 0 if there exists a prime p # ¢ such that the Hilbert symbol
(dm D(TL2 - 525))17 - (du, (dufu_de - 2t)2 - dufu_2dx>p = _17
and otherwise, that it is bounded above by

82D — n?

2#{17 Up(t)>vp(dufu )>0,pf2€} t d cCO,: N —

b invertible} .

One also shows that the upper bound is an equality in the case that 2 4% an is relatively

prime to the conductor of the order of discriminant d, f, 2. This should not be surprising, as
it is basically the statement of Theorem 5.1 with the conditions involving f5, the conductor

of the order of discriminant d,, omitted. O
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Remark 5.2. There is an alternative way of proving Theorem 2.4 that does not require
making the necessary modifications to the proof of [LV, Thm. 3.1]. First one notes that

{ ¢ € End(E(m)) : Tr(¢) = do, N(¢) = 3(d% — do), }
Tr(w; - @) = t,

equals

) Tr(9) = dof 2 N(J) = L3S~ — dof2),
[1{ ¢ €EndEm)) : Trlwr-¢") = ge(@ft +dif —dof +). .

f1f2 Q(¢) NEnd(E(r1)) = Z[¢]

where f ranges over all positive divisors of fa, the conductor of the order of discriminant dy;
the map ¢ — %(Zf(b — dof 7' + dy) gives a bijective map from the latter set to the former.
Then, one uses repeated applications of Theorem 5.1 to compute the cardinality of the latter
set. A series of algebraic manipulations will complete the proof.

6. IDEALS IN By

In this section we prove Theorem 3.8, which we restate here for the reader’s convenience.
Recall that for any integral ideal I in By, RO(I) = {y € By : [y C I} is the right order
of I.

Theorem. Fiz R a mazimal order in By . Assume that z,u € R and 7,5 € Z are such
that
Tr(u), N(u), and Tr(zu")+yN(u)/d are 0 modulo 4.
Define w := x+~yu/d, ¢, € Z to be such that up~ € R, \ pR,, and r, := max(v,(J) — ¢, 0).
Assume that for all p|d,p # £, either ¢, =0 or Q,(p"*w) N R ® Z, = Z,[p"w].
Then #{I C R:0,u€ I[,N(I) =24, and w € RO(I)} equals

vp(9)
11 S 3, (Te(w), Nw)) | ,
pl|d,p#L Jj=0
j=vp(d) (mod 2)
where
~() #{tmod p: * —art +ag =0 (mod p)} if C >0,
JC (alv aO) = .
0 if ¢ < 0.

This section is independent of the rest of the paper, so we disregard any notation fixed
elsewhere.

For any prime p, let R, := R®zZ,. If p # £, then after fixing an isomorphism of B, ., ® Q,
with My(Q,) we can view R, as a maximal order in My(Q,). Moreover, after conjugating
by an appropriate element, we may assume that R, = My(Z,). If I, is an ideal in My(Z,),
then RO(1,) := {A € My(Q,) : I,A C I,}. By [Vig80, Chap. 2, Thm. 2.3], there are
1+ p+--+p" ideals of norm p" in My(Z,), and they are all of the form

Ry (%n ptm) : (6.1)
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where n, m are positive integers such that n+m = N, and ¢t € Z,. The triple (n, m,t mod p™)
uniquely determines the ideal. By abuse of notation, we will use the triple (n, m,t) to refer
to both the element (%

We say an element y € My(Q,) is optimally embedded if Q,(y) N R, = Z,|y] and that y is
primitive if w € R, \ pR,. An ideal I is primitive if it is generated by a primitive element,
i.e. if I = (n,m,t) where at least one of n,m, or v(t) are zero. We divide primitive ideals
into three cases: Case 1) n = 0, Case 2) m = 0, and Case 3) n,m > 0, and v(t) = 0. Note
that these cases are mutually exclusive unless we are considering the unit ideal.

In §6.1 we give a formula that computes, for a fixed integral element y € My(Q,) and
integer N, the number of ideals I, of norm p" with y € RO(Z,). In §6.2, we give a criterion
to determine whether one ideal is contained in another. In §6.3, we explain how the results
in the two previous sections come together to prove Theorem 3.8.

pf””) and the ideal it generates.

6.1. Right orders of ideals in My(Z,).

Lemma 6.1. Let y € My(Q,,) be an integral element. Assume that there exists an r € Zxg
such that p"y is optimally embedded. Then there exists an A € GLy(Z,) such that

= (L )

Proof. Write y = d

4N(p"y). Then we may consider the element

p* D(y) —p"t Tr(y)

2p ’
since p"y is optimally embedded, vy’ is primitive. By writing ¢’ as a matrix, we see that
the primitivity of 3’ implies that one of a — d, b or ¢ has valuation exactly —r. If p does

not divide the conductor of D(p"y), then necessarily » = 0. In this case, using the relation
D(y) = (a — d)* — 4bc, we can also show that one of a — d, b, or ¢ has valuation exactly —r.

If v(b) = —r, then let A = (‘dp op ) If v(c) = —r, then let A = (Cp —ap ) If

b> . First assume that p divide the conductor of D(p"y) := Tr(p"y)? —

y =py+

1 0 0 1
v(b),v(c) > —r, and v(a — d) = —r, then let A = ((C —1d)p (b —1a)p ) . One can easily
check that these matrices fulfill the assertions in the lemma.

Proposition 6.2. Let y be an integral element of Mo(Q,). Assume that there exists an
r € Zso such that p"y is optimally embedded. Then the number of primitive ideals I, of

norm p~ such that y € RO(I,) is Jg\’;lT(Tr(y), N(y)), where:

0,

(a1, a0) = #{tmod pV "2 —ayt +ap=0 (mod pN ")} if N>,
0 it N <.

In particular, there is a unique primitive ideal J, of norm p" such that y € RO(J,). Fur-
thermore, if 1, is any other ideal such that y € RO(I,) then I, C J,.
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Proof. By Lemma 6.1, there exists A € GLy(Z,) such that g := AyA™! = (pgr _,E((Z))p )

Recall that an element y is in the right order of R,T if and only if TyT~' € R,. Therefore,
y is in the right order of R,T if and only if 7 is in the right order of R,7A~*.Thus it suffices
to count the number of ideals I, such that § € RO(1,).
Let I, correspond to the triple (n,m,t). Then § € RO({,) if and only if
m—-n—r>0, vt)—n—r>0, t*p "N —tTr(w)p ™+ N(w)p" """ €Z, (6.2)

The first two conditions imply that m > n and v(t) > n. Since one of m,n,v(t) must
be 0, this implies that n = 0 and m = N. Now the first condition shows that there are no
solutions if N < r; so from now on we assume that »r < N. The second condition implies
that ¢ = p’t; substituting this into the third condition we obtain

2N — Tr(w)tp"™ + N(w)p"™ € Z,. (6.3)

This completes the proof of the formula for Ty, (Tr(w), N(w)).
The argument above shows that any ideal I, such that y € RO(Z,) is equal to

1 i
RP (0 p]?\]) Av

where t satisfies (6.3) and N > r; in particular, if N = r, there is a unique ideal Jp =

R, (1 ]2) A such that y € RO(J,). Since

0
1 1t o\,]" N1 7
o )16 o) =64 e
I, C J,, as desired. U

6.2. Lattice of ideals in My (Z,).

Lemma 6.3. Let z be a primitive integral element of My(Z,). Then there is a unique ideal
of norm p" containing z for all N < v,(N(2)). We write I, 5 for this unique ideal.

Proof. Let (n,m,t) be a generator for the ideal Rz, i.e. (n,m,t) = ez, for some € € R.
Then (n,m,t) is contained in an ideal I if and only if z is contained in I. Assume that
(n,m,t) is contained in (n',m’,t’), where m’ +n’ = N. Thus, the product

pn t p—n’ —t/p_N _ pn—n’ tp—m’_tlpn—N
o p)J\o p )7 o p

must be in R,. Therefore, n > n/,;m > m/,t = 'p"" (mod p™). A case-by-case analysis
shows that there is a unique primitive tuple (n',m’,t') with n’ +m’ = N that satisfies these
conditions; they are listed here for the readers’ convenience.

n=0=n"=0m =N,t'=t (modp"), (6.4)
m=0=n"=Nm =0, (6.5)
v(t)=0=n'=min(n, N),m' =N —n',t' =t (mod p™). (6.6)

We remark that there is no condition on ¢’ in (6.5) since ¢ is only defined modulo p™ = 1. O
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Lemma 6.4. Let j, k,r, s be non-negative integers and let y, z be primitive elements of norm
at least p", p* respectively. Then p’I,, C L if and only if r,.s > s —j+k and Iysjir =
Ls_jik- (If s— 7+ k <0 then this last condition is vacuous.)

Proof. We prove the backwards direction first. Let yx, zy denote generators for I, v, I. n
respectively for any (valid) integer N. Since s > s —j + k and I, s_j 1 = I, s—j+k, We may
write 25 as 2'ys_j4x for some 2’ € R, of norm p/~*. We rewrite p/y, (p*z,)~! as follows
pj_kyr(zlys—j-i-k)_l = y’r‘ys_jj+k : pj_kzl_l'

By deﬁpition of yy and sincg r>s—j3+k, yry;_lj +x € Ry, Additionally, since 2’ has norm
Pk p7k"t e R,. Thus p/I,, C p*I, ;.

Now we consider the forward direction; assume that p/I,, C p*I, . Then p’~*I,,. C I, C
R,. Since I, is primitive, this implies that j > k, or equivalently that s > s+k—j. Without
loss of generality we reduce to the case that k = 0.

If s < j, then all remaining conditions are vacuous, so we assume that s > j. Let
(n,,my,t,) be a generator of I, and (ns, ms,ts) be a generator of I, ;. By assumption, we

have " , "
(Pt (pT —tspTT (P tp T =g
p] < 0 pmr) ( O pfmS ) - < O ijrmrfms € R]H

or, equivalently
jHn.>ng j+m.>=m,,  tp" =tp™ (mod p°Y).

If ng =0, then j +r > j+m, > ms; =s. Similarly if mg; =0, then j +r > j+n, > ns, = s.
If ng,ms > 0, then v(t;) = 0. Since t,t;p/ T —ms — pit7=s ¢ 7, this again implies that
Jj+r >s. It remains to show that I, ,_; = I, ;.

First we treat the case when n, = 0. Then m, > 0 and t, = t,.p™. Since at least one of
v(ts), ns must be zero, this shows that ny = 0 and ¢, = ¢, (mod p)*7. Using (6.4)(6.6),
we see that I, ; <> (0,8 — j,t, mod p*7) and I, ,; <> (0,s — j,ts mod p*7) so we have
equality.

Now consider the case when m, = 0. Then by (6.4)-(6.6) I,s—; <> (s — 7,0,0). Since
Jj > mg, ng > s—j > 0. By another application of (6.4)—(6.6), we see that regardless of
whether my = 0 or mgy > 0 and v(t;) = 0 we have I, ;_; > (s — 4,0,0).

Finally we consider the case where n,,m, > 0 and v(t,) = 0. If n, < s — j, then
Is—; < (n,,s—j—mn.,t.modp* ™). In this case, the conditions above show that
ms,ns > 0. This in turn implies that ¢, is a p-adic unit, and since t,p"" = t,p™ (mod p)*~7
we have ny, = n, < s;. Then, by (6.4)—(6.6), L.s—; + (n.,s —j — n,,ts mod p*77"),
which is equal to I, ,_;. The sole remaining case is when n, > s — j which implies that
Is—j = (s —4,0,0). Since tst, 'p" = p™ (mod p*7), ng > s — j. As in the previous
paragraph, this means that regardless of whether my, = 0 or ms; > 0 and v(ts) = 0 we have
L,; ¢ (s—7,0,0). O

6.3. Proof of Theorem 3.8. Recall that R is a fixed maximal order in B, o, and z,u € R
and v, d € Z are such that

Tr(u), N(u), and Tr(azu")+yN(u)/§ are 0 modulo 6.
We are interested in computing the number of left integral ideals I of R that satisfy

S,uel, N(I)=9¢, andw:=z+~u/de€ RO(), (6.7)
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where RO(/) = {y € By : [y C I} is the right order of I. Note that, due to the assumptions
above, w is integral, i.e. N(w) and Tr(w) are in Z.
For any prime p, let R, := R ®y Z,. By [Vig80, Chap. 3, Prop. 5.1], the map

{left ideals of R} — Hl {left ideals of R,}, [+ (1)

p

is a bijection (I, := I ®z Z,). Thus
#{I C R : I satisfies (6.7)} = H #{I, C R, : I, satisfies (6.7)}

p

If p 16, then the first condition of (6.7) implies that N(/,) = (1) and so [, = R,. If p =/,
then R, is the unique maximal order in By ., ®g Q, and ideals in R, are completely classified
by the ¢-valuation of their norms, and for any ideal I, C R, we have that R(I;) = R,. Since
w is integral and & | N(u) it is clear that the ideal of norm ¢ satisfies conditions (6.7).
Thus for all p outside the finite set {p : p|d, p # £}, we have

#{I, C R, = R®zZ, : satisfying (6.7)} = 1.

Henceforth we assume that p|é and p # ¢. Recall that ¢, € Z is such that up~® € R,\pR,
and r, = max(v,(d) — ¢, 0).

Lemma 6.5. We have w € RO(R,u + R,0) and the norm of Ryu+ R,0 divides 6°p~"».

Proof. In order to prove that w € RO(R,u + R,0), we will show that dw and ww are
both contained in R,u + R,0. The first containment is straightforward. For the second
containment, we need the fact that Tr(ab) = Tr(ba) for any a,b € R, and (3.4). Consider
the following expansion

ww = Tr(u)w — v/w = Tr(uw)w — u’x — yu'u/d
=Tr(u)w + z"u — (Tr(u'z) + v N(u)/9).

Since, by assumption, Tr(u) and Tr(zu" + vy N(u)/d are divisible by d, uw € Ryu + R,0.

Now we compute the norm of Ryu + R,d. If r, = 0, then u € R,J and N(Ryu + R,0) =
N(R,0) = 6. Now assume that r, > 0. We claim that v,(N(u)) > 2¢, + 7 = ¢, + v,(0). If
¢, = 0, then this follows from our assumptions on z,u, ¢, and .

Assume that ¢, > 0 and that v,(N(u)) < ¢, + v,(0). Using the criterion in Lemma 6.4
we can show that 6 € R,u so Ryu + R,0 = Ryu. Since RO(R,u) = RO(R,up~), by the
first part of the proof w is in the right order of an ideal of norm N(u) — 2¢, < r,. However,
Proposition 6.2 shows that this is impossible since by assumption p™w is optimally embedded
in My(Z,). This proves the claim.

To review, we have shown that if 7, > 0 then v,(N(u)) > ¢, + v,(0). If N(u) = ¢, + v,(9)
then clearly N(R,u+ R,0)|dp®. Assume that N(u) > ¢, 4+ v,(0) and write u as Z;’i Z;i)
By the definition of ¢,, there exists ¢, j such that v,(a; ;) = ¢,. Define A € My(Z,) to be
such that row ¢ and column j consist only of zeros and the remaining entry has a 1. Then

N(u+dA) = N(u) + 6 Tr(Au") = N(u) + da; ;.

Since u+90A € R,u+ Ry, this shows that N(R,u+ R,0)|0p®, which completes the proof. [J
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Now we are in a position to prove that there are

vp(6) )

jjp—'rp (TI'(’U]), N(U}))
Jj=0
) (

j=vp(6) (mod 2)

many ideals [, C R, that satisfy (6.7).

If ¢, = 0, then the sum is 1, so we must prove that there is a unique ideal that satisfies (6.7).
In this case u is a primitive element of I, so Lemmas 6.3 and 6.4 imply that there is a unique
ideal of norm ¢ that contains u, I, ). We clearly have Ryu + R,0 C I, ;). Lemma 6.5
gives the opposite containment, so we have equality. Another application of Lemma 6.5
shows that w € RO(1y,u(s))-

Henceforth we assume that ¢, > 0. Using Lemma 6.4 and Lemma 6.5, one can show
that Ryu + R,0 = p°ly,, where v’ := up~“. Therefore, w € RO(p°Ly,) = RO(Iy,). By
assumption w, r, satisfy the hypotheses of Proposition 6.2, so I, is the unique ideal of norm
p" such that w € RO(I,,), and moreover, for any ideal I such that w € RO(I) we have
I C Iy ,. By Lemma 6.4, we also know that for any ideal / of norm p*® such that I C Ly,
we have u, § € I. Thus it suffices to count the number of ideals I of norm p*® such that
w € RO(I). This is equal to the number of primitive ideals of norm p/ where j is at most
v(d) and j = v(d) (mod 2). Applying Proposition 6.2 completes the proof.

Since we have already shown that

#{I C R : I satisfies (6.7)} = H #{I, C R, : I, satisfies (6.7)},

plo,p#L
this proves Theorem 3.8. O
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