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Abstract—In this paper, we first discuss the bentness of a large
class of quadratic Boolean functions in polynomial form f(z) =

n _ 7 n/2

2T (™) + Tr 2 (a2 "), where ¢; € GF(2")
for 1 < i< 2—1and c,;» € GF(2"/?). The bentness of
these functions can be connected with linearized permutation
polynomials. Hence, methods for constructing quadratic bent
functions are given. Further, we consider a gubclass of quadratic
Boolean functions of the form f(z) = szl Tri(ciz'™27) +

n n/2 > .
Try? (e o' +? ’?) , where ¢; € GF(2°), n = em and m is
even. The bentness of these functions are characterized and some
methods for constructing new quadratic bent functions are given.
Finally, for a special case: m = 2"°p" and gcd(e,p — 1) = 1, we
present the enumeration of quadratic bent functions.

Index Terms—Bent function, Boolean function, linearized per-
mutation polynomial, cyclotomic polynomial, semi-bent function

I. INTRODUCTION

A bent function, whose Hamming distance to the set
of all affine Boolean functions equals 27~ 4+ 23~! is a
Boolean function with even n variables from GF(2") to
GF(2). Further, it has maximum nonlinearity and the absolute
value of its Walsh transform has a constant magnitude [22].
Nonlinearity is an important property for a boolean function
in cryptographic applications. Much research has been paid
on bent functions [3], [4], [5], [6], [7], [10], [14], [17],
[25]. Since bent functions with maximal nonlinearity have
a close relationship with sequences, bent functions are often
used in the construction of sequences with maximally linear
complexity and low correlation[2], [8], [9], [15], [16], [21],
[23]. Further, many applications of bent functions can be found
in coding theory [18] and combinatorial design.

As another class of Boolean functions, semi-bent functions
are also highly nonlinear. For an even integer n, the Walsh
spectra of bent functions with n variables has the value +2%
while the Walsh spectra of semi-bent functions belongs to
{O,iQW'T“}. For an odd integer n, the Walsh spectra of
semi-bent functions belongs to {0, +£2"2" }. Khoo, Gong and
Stinson [13], [14] considered the quadratic Boolean function
of the form

n—1

f@) = Y aTr @),
=1
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where n is odd, Tr7(x) is the trace function from GF(2") to
GF(2) and ¢; € GF(2). They proved that f(x) is semi-bent
if and only if

ged(e(z),z" +1) =x + 1,

n—1 . .
where ¢(z) =", 2% ¢zt +2"7%).
Charpin, Pasalic and Tavernier [6] generalized Khoo et al.’s
results to even n and considered quadratic functions of the
form

25 v
flx) = Z T2, ¢ € GF(2).
i=1

When n is even, they proved that f(x) is semi-bent if and
only if
ged(c(x),z™ +1) = 22 + 1,

where c(z) = Z::le ¢i(z* + 2™~%). For odd n, they investi-
gated the conditions for the semi-bent functions of f(z) with
three and four trace terms.

For further generalization, Ma, Lee and Zhang [17] applied
techniques from [14] and considered the quadratic Boolean
functions of the form

n—2

2 . n
fla) =Y el (@) + TP @E), )
i=1

where ¢; € GF(2) and Tr"/?(z) is the trace function from
GF(2%) to GF(2). They proved that f(x) is a bent function
if and only if
ged(c(z),z" + 1) =1,

where c(z) = ZZ ci(xt + "% 4 2™/2. For some spe-
cial cases of n, Yu and Gong [25] considered the concrete
constructions of bent functions of the form (1) and presented
some enumeration results.

Hu and Feng [10] generalized results of Ma, Lee and Zhang
[17] and studied the quadratic Boolean functions of the form

m

fl@) =3 aTrp () + T2 (82 2F), @
=1

where ¢; € GF(2), n = em, m is even and § € GF(2°).
They obtained that f(z) is bent if and only if

ged(e(x),a™ +1) = 1,

m—2 . .
where c(z) = >, 2 ¢;(z' +a2™ %) +2™/2, Further, they pre-
sented the enumerations of bent functions for some specified



m. Note that 8 € GF(2°), then (82° ' )1+2" = 2
function f(z) of the form (2) satisfies that

“ = 3. The

m=2

7) = Y aTri (8 ) )+ TP ),
i=1

where ¢; € GF(2). From the transformation z — B 'z, a

bent function of the form (2) is changed into a bent function
of the form (1). Actually, (2) does not introduce new bent
functions.
In this paper, we first consider quadratic Boolean functions
of the form
g
= 3 T £ T (e, B)
=1

where ¢; € GF(2") for 1 <i < Z—1and ¢, » € GF(2"/?).
And we study the bentness of these functions from some
specific linearized polynomials. Further, we generalize results
in [10], [17] and study the bentness of quadratic Boolean
functions of the form

2 )
= > T + TP (™), @)

where ¢; € GF(2°). Further, we gives some examples of new
bent functions. And we construct new quadratic bent functions
from known quadratic bent functions. Finally, we presents
enumerations of bent functions of the form (4) for the case
m = 2Yp" and ged(e,p—1) = 1, where vg > 0,7 > 0, pis an
odd prime satisfying ord,(2) =p—1or ord,(2) = (p—1)/2
((p —1)/2 is odd).

The rest of the paper is organized as follows: Section 2
introduces some notations and backgrounds. Section 3 gives
the description of bentness of quadratic Boolean functions
considered in this paper and methods of constructing new bent
functions. Section 4 enumerates the number of quadratic bent
functions for special n. Finally, Section 5 makes a conclusion
for this paper.

II. PRELIMINARIES

In this section, some notations are given first. Let GF(2™)
be the finite field with 2" elements. Let GF(2")* be the
multiplicative group of GF(2").
Trl(z) from GF(2") to GF(2°) is defined by

26("/6—1)

Tri(z)=z+2> + -4z ,  xeGF@2").

The trace function satisfies that

(1) Tr™(z*") = Tr?(z), where = € GF(2").

2) Trl(ax + by) = aTr(xz) + bTr(y), where z,y €
GF(2") and a,b € GF(2°).

When n is even, a quadratic Boolean function from GF(2™)
to GF(2) can be represented by

n_q

Z Tri(c

where ¢; € GF(2") for 0 <i < 5

)+ T P (e o), 9)

and ¢, /o € GF(2%).

When n is odd, f(z) can be represented by
n 1

Z Tri(c

1+2 (6)

where ¢; € GF(2").
For a Boolean function f(z) over GF(2"), the Hadamard
transform is defined by

f) = > (~1)f@FTE0n N e gR2").
2EGF(2m)

For a quadratic Boolean function f(x) of the form (5) or (6),
the distribution of the Hadamard transform can be described
by the bilinear form

Qs(x,y) = flxz+y) + f(z) + (). (7)
For the bilinear form @)y, define
Ky ={x e GF(2"): Qs(z,y) =0,Yy € GF(2")} (8)

and ky = dimgp(2)(Ky). Then 2[(n — ky). The distribution
of the Hadamard transform values of f()\) is given in the
following theorem [11].

Theorem 2.1: Let f(x) be a quadratic Boolean function of
the form (5) or (6) and ky = dimgp2)(Ky), where Ky is
defined in (8). The distribution of the Hadamard transform
values of f(z) is given by

0, on — n—hy times
f()\) _ 2n+2k'f : gn— kf 1 +
n+k n—
o™ gn—ki=1 _ 9" 1 e

Bent functions as an important class of Boolean functions are
defined below.

Definition Let f(x) be a Boolean function from GF(2") to
GF'(2). Then f(z) is called a bent function if for any A €
GF(2"), f(A\) € {2%,-2%}.

Bent functions only exist in the case for even n. From Theorem
2.1, the following result on bent functions is given below.

Corollary 2.2: Let f(z) be a quadratic function of the form
(5) over GF(2"), then f(x) is bent if and only if Ky = {0},
where K is defined in (8).

III. NEW CONSTRUCTION OF QUADRATIC BENT
FUNCTIONS IN POLYNOMIAL FORMS

In this section, let n be even. We present the characterization
of the bentness for quadratic Boolean functions and some
methods for constructing bent functions.

A. Bent functions and linearized permutation polynomials

In this subsection, we discuss the relationship of bentness
of quadratic Boolean function of the form (3) with linearized
permutation polynomials.

Theorem 3.1: The quadratic Boolean function

Z Tri(cz

),c; € GF(2") 9)



is bent if and only if
n—1

Ly) =3 (ci+ 2 )a*

i=1

(10)

is a linearized permutation polynomial, that is, Lf(x) =0
only has a solution O.

Proof:
n—1 )
fle+y) =Y Tri(c(z+y)+?)
i=0

9z +y)?)

n—1
= Z Tri(c;(z+

= Z Tri( 1+2 )+ Z Tri( 1+2
n—1 ) n—1 )
+ Z Tri(ciz® y) + Z Tri(coy® )
=0 i=0
n—1 n—1
=f@) + F) + Y Tri(ea®y) + > Tri((ey® =) )
=0 =0
n—1
f()+f +ZTT1 Cl+cn z)x y)
=1
Then we have
Qs(z,y) =f(@+y)+ f(=) + f(y)
n—1
=Y T+ )aty).
i=1
From Corollary 2.2, f(z) is bent if and only if Z?;ll(ci +
2" )z? = 0 has only a solution 0. Since Ls(z) =

S e 4+ 2" )a? is a linearized polynomial and can
be seen as a linear transformation of GF(2") over GF(2),
Ly(x) = 0 has only a solution 0 if and only if Ly(z) is a
linearized permutation polynomial. This theorem follows. M

The following theorem characterizes the bentness of
quadratic Boolean functions of the form (3).

Theorem 3.2: Let f(x) be a quadratic Boolean function
defined by

21

ZTT

where ¢; € GF(2") for 1 <i < Z—1and c,/» € GF(2"/?).
Then f(z) is bent if and only if

1+2 n/2 1+427/2
)+ Ty " (cnyom ),

(1)

Ly(z) = z:(cza:2 + 2" T2 ) + cn/2x2n/2 (12)
i=1

is a linearized permutation polynomial, that is, L;(x) = 0 has
only a solution O.

Proo{: Since T'r]! /2(-) is a surjective map from GF(2")

to GF(27), there exists ¢, , € GF(2") satisfying ¢, /> =

Tr n/2 + c’n2/2/ Then

i:Tr

7L/2( %/2)

n/
)+ Tri(c :L/2x1+2 2)

From Theorem 3.1,
n_q

Ly(z) = Z(csz + 2" e 71) + o
i=1

on/2

Hence, this theorem follows from the similar discussion of
Theorem 3.1. |
From Theorem 3.2, the bentness of quadratic Boolean func-
tions depends on the corresponding linearized permutation
polynomial (12). Hence, many results and techniques on
linearized permutation polynomials, such as theories of non-
commutative polynomials [19], [20], can be used to study
quadratic bent functions. New results on linearized permuta-
tion polynomials can be found in [24]. So far, bent functions
constructed of the form (11) generally satisfy that ¢; € GF(2).
We will present some bent functions with the form (11) with
¢i € GF(2™)\GF(2) for some i.

Theorem 3.3: Let i be an integer satisfying 1 <7 < 5§ —1.
Let o € GF(2")* and n = 2"ng, where ng is odd. Let flx)
be a quadratic Boolean function of the form

f(z) = Tri(az'*?),
Then
(1) There exists « € GF(2") making f(x) bent if and only
if 2v0 1 4.

(2) Let 2% t4. Then f(x) is bent if and only if « satisfies

27171)(2gcd(i,n)71)/(290d(2i,n) 71)

o = @ D/ g

In particular, let « be a primitive element in GF(2"), then
f(z) is bent.
Proof: From the definition of f(x),
Ly(zx) = az? +a2" 22

From Theorem 3.2, we just consider the sufficient and neces-
sary condition for

Ky ={z e GF(2"): Ly(x) = 0} = {0}.

Since z — 22" is an isomorphism for GF'(2"), then Ky = {0}
if and only if K7 = {0}. Further,

+ az =0}

2i 1 i
2 1_ (a)Q 1}

Kfci ={zx €e GF(2"): o 22
={0}u{r e GF(2"):x
={0}u K,
where K' = {z € GF(2") : 221 =
{0} if and only if K = 0, that is,

1\2¢—1 2t _
(3)° '} Then K5 =

i 1.5
P = ()P e eGREY

has no solution. Equivalently,
1 i i
(2P g{a” i e GR2Y))

o
:{zgcd(22"71,2"71) = GF(Q”)*}

:{ngCd(%n)_l cx € GF(2™)*}.



That equals that

(l)(Qn_l)(Qi_1)/(2gud(2i,n)_1) 21,
Q
or
(l)(2'rz._1)(2gud(i,n)_1)/(2gcd(2i,n)_1) 21,
(6]

(13)
Note that
(2gcd(i,n) _ 1) | (Qgcd(2i,n) _ 1) | (2n _ 1)

There exists « satisfying (13) if and only if (29°4(:) — 1) <
(29¢4(2im) 1), that is, ged(i,n) < ged(2i,n). Equivalently,
2% t i. Hence, Result (1) follows. If 2¥° { ¢, f(x) is bent if
and only if « satisfies (13). From 2% {4,

ged(2i,n) =2 - ged(i,n).

Hence, Result (2) follows. [ |
Theorem 3.4: Let a € GF(2")* and (a + a™?) €
GF(2"/2), the Boolean function

fla) = Trp @27+ Trf (o + o~ a2

is bent if and only if a(2"~1)/3 £ 1,
Proof: From the Boolean function f(z),
on/2 gn/2+2

Li(z)=x +(a+a 2"tz ,

After some transformation, the factorization of the linear
transform Ly (x) is

Ly(z) = To-o(Ta(a®"" 7)),

on/2-2

where T, (z) = = + a:czQ,Ta%(x) = 2 + a~42?". Since

on/2-2 . . . . . .

T is an invertible linear transformation, L¢(x) is
invertible if and only if both T, (x) and T,,-4(x) are invertible.
It is easily verified that both T, (z) and T,,—4(x) are invertible
if and only if (2" ~1)/3 £ 1. From Theorem 3.2, this theorem
follows. ]

Remark (i) If % is even, then 3|(2% — 1) and 31 (22 +1).
Let w be the largest integer satisfying 3“|(2% — 1) and (3w
be a primitive 3"-th root of unity. Take

a = B (14)

where 3 € GF(2%), 31 o0rd(3) and 31i. Then (o +a~?) €
GF(2"/?). 1t is easily verified that (2" ~1)/3 = 1. Hence,
« satisfies Theorem 3.4 and f(z) in Theorem 3.4 is a bent
function.

(i) If 2 is odd, then 3|(2% + 1) and 3 1 (22 —1). Let w
be the largest integer satisfying 3“[(2% + 1). Take

a = (Tr] ,u)*/Pu (15)
where u € GF(2"), u!*? = 1 and 3%|ord(u). Note that
512% —1and ged(5, ord(Try, ,;u)) = 1. Then (Trz/zu)g’/5 is
well defined. Since 3%|ord(u), u ¢ GF(2%). Let A = u+u?",

n

then the minimal polynomial of u over GF'(2z) is
u? + A u+1=0. (16)
Since A = Tr",u € GF(2%) and 3 { (2% — 1), then «
satisfies that (2" ~1/3 £ 1. From Identity (16),
a+at=ATF M+ A2 41) e GF(23).
Hence, f(z) defined in Theorem 3.4 is bent.

B. A subclass of quadratic bent functions

In this subsection, we will consider a special subclass of
Boolean functions in (11). This subclass can be seen as a
generalization of functions in [10], [17]. Let m be even and
n = me for this subsection.

Theorem 3.5: Let f(x) be a Boolean function defined by

m_q
2 . n

f(z) = Z Tr (c;z' 27 + Tr?/2(cm/2x1+2 /2) (17)
i=1

where ¢; € GF(2°), then f(z) is bent if and only if
ged(cs(z), 2™ + 1) = 1, where

n_q

ci(x + ™) —|—cm/2xm/2. (18)
1

¥l

cf(z) =

?

In particular, if f(z) is bent, then c,, /o # 0.

Proof: Since m is even and e = > divides 7, then
cm € GF(2°) C GF(2%). Note that Tryy j5(+) is surjective
from GF(2") to GF(2%). Then there exists ¢}, , € GF(2")
satisfying ¢, /2 = 1777 5(C1,/5) = €1, 0 + c;i//; Hence,

m_q

f@) = 37 e 2) £ Tri(el, jpat T2).
i=1

From the similar proof of Theorem 3.1,

m—1
gei ge(m—i) gem/2 gei
ci(z® +x )+ Cmyox :E a;xr°
i=1

Ci,
a; =
Cm—is

Let « € GF(2") be a regular element in GF(2°), that
is, {a,a2e,a2€'2,...,aQe(NHI)} is a basis of GF(2") over
GF(2°), then the matrix associated with the linear transfor-

mation L;(x) under this basis is

1<i<m/2,
m/2<i<m-—1.

0 ay an Am—1

Q-1 0 ax Q2

A= Um—2  Am-1 0 A —3
a1 as asg - 0

Hence Ly(x) is a linearized permutation polynomial if and
only if A is non-singular. From the theory of cyclic codes in
[1], A is non-sigular if and only if the dimension m — ged(0+
a1+ asx?, -+ am_ 1™ 2™ — 1) of the cyclic code over
GF(2°), generated by rows of A, is m, i.e. ged(cy, 2™ +1) =
ged(0 4+ a1z + aga?, -+ apm_12™ 2™ — 1) = 1. Finally,
if ¢, /2 = 0, then (z + 1)|cy ().

Hence, this theorem follows. |

Theorem 3.6: Let m = 2'9, where vg > 1. The Boolean
function

m_q
2 . n

f(z) = Z Tr (c;z' 27 + Tr?/2(cm/2x1+2 /2) (19)
i=1



is bent if and only if c,, o # 0. Further, the number of bent
functions with this form over GF'(n) is (2° — 1)267"52.
Proof: Since m = 2%, 2™ + 1 = (z + 1)2"°. Then
ged(cs(x), 2™ +1) = 1if and only if (x+1) t c¢(z), that is,
cy(1) # 0. Note that cy(1) = ¢, /2. From Theorm 3.5, f(x)
is bent if and only if ¢,/ # 0. From the random choice of
¢ €EGF(2¢) (1<i< msz) , the number of bent functions
is (2¢ —1)2¢™2". This theorem follows. [ ]
Theorem 3.7: Let n = 2Ymq, where mg is odd. Let A €
GF(2%)* satisfying A + + € GF(2°)*. Then the Boolean
function

n ei z 1 n/2
F(@) = Tri@ ")+ Trf (4 1))

is bent if and only if \"o/9¢d(i.mo) oL 1,
Proof: From the definition of f(x),

. ) 1
cp(w) =(a' +2™7) + (A + 1)a"?

: : 1
=@ +27) + (A +3)
P (A5t 41

w’l
i A i 1
E(I + )(I +)\) mOd .'I:'"LO—"I,
I’L
Then ged(cp(z), ™ +1) = 1if and only if ged(z’ 4+ X, 2™ +
1) = ged(x'++, 2™ +1) = 1. From ged(z' 4+, ™0 +1) = 1,
we have equivalently

A¢{z':x € GF(2),2™ =1}
={z: 2z € GF(2),zmo/9¢d(Emo) — 1}

that is,
)\mo/ng(iamO) ;é 1.

Similarly, ged(x? + %,xmo + 1) = 1 if and only if
A~mo/ged(imo) £ 1 Note that A™o/9¢(t.m0) £ 1 if and only
if A\—mo/ged(i:mo) £ 1 Hence, this theorem follows. ]

We will consider how to construct new quadratic bent
functions from known quadratic bent functions.

Theorem 3.8: Let ¢; € GF(2°) for 1 < ¢ < m/2 and
B8 € GF(2°)*, then

m_q

f(z) = Z Tr{t(cixlﬂei) + Tr?/Q(cm/zmHzn/z)
i=1

is bent if and only if
m_q

N ci n n/
fa(z) = Z Tr(Be;x'T2) + T} /Z(ch/2$1+2 2)

i=1
is bent.
Proof: We have

1

ol

2

cp(x) = cilx + 2™ + cm/ga:m/ ,

i

o L
L

cys () =B( ci(z + :Em_i) + cm/Qaﬁm/Q) = fey(z).
i—1

7

Since 5 # 0, then
ged(cp(x), z™ + 1) = ged(cy, (), 2™ +1).
From Theorem 3.5, this theorem follows. |

Remark This theorem can explain the relationship of bent
functions presented by Hu and Feng[10] and bent functions
constructed by Ma, Lee and Zhang [17].

Theorem 3.9: Let ¢; € GF(2°) for 1 < ¢ < m/2 and
B8 € GF(2°). Then
m_y
2

F@) =37 Tr(ea™®) + T (e pat*2)
=1

is bent if and only if

m_

fila) = fl@)+ Y Tr(Ba'*2")
=1

is bent.
Proof: We have
m_q
cr, () =cp(x) + Z (' +2™m")
i=1

=1

—es(@) + BE 4 1) Y
=1

For any polynomial g(x), ged(g(x),2™ + 1) = 1 if and only
if ged(g(w),2™/? 4+ 1) = 1. Then

ged(cy, (), ™2 + 1)
m_q
2
=gcd(cy(x) + B(x™/? 4+ 1) Z ' ™2 1)
i=1

:.QCd(Cfa xm/Q + 1)

Hence, this theorem follows. |
From Theorem 3.9, we have a generalization of Theorem 5 in
[10].

Corollary 3.10: Let mg be the largest odd integer dividing
m.Let 1 <k<m/2-1,d>1, 3 € GF(2°)* and B3 €
GF(2°). The Boolean function

m/2—1

fla)= > Tri(Bea'*)

i=1

k
+Trf (B2 ) £ 3 Ty (Bt
i=1
is bent if and only if gcd((2k + 1)d, mg) = ged(d, mo).
Proof: From Theorem 3.9 and Theorem 4 in [10], this
theorem follows. |
Theorem 3.11: Let a;,b; € GF(2°) for 1 <i < m/2. Two
Boolean functions fi(z) and fy(z) are defined by

ei n n/2
filz) = Z Tri(a;z'™") + Tr] /Z(am/2x1+2 ),

fal@) = > Tri (bt 2) 4 Tri P by, 22,

i=1



Let (.2, ai(@+a™ ™) bamoa™) (D2 bilatam™ )+
by o™ ?)z™/? = S eat mod 2™ + 1, where ¢; €
GF(?C). Let ag = by = 0. Let Am—j = aj,bm,k = b, for
m/2+1 < j,k <m. Then

>

j+k=i+m/2 modm
0<j,k<m—1

C; = ajbk.

Further,

(l)coz()andcm_i:ciforlgigmfl; ‘

@) fiol) = 21 Tri(ea'™)
T (¢ jpa'™"%) is bent if and only if both fi(z)
and fo(x) are bent.

Proof: We have

Co — ajbk.

D

j+k=m/2 modm
0<j,k<m~—1

=a1byyo—1 + + Qpya—1b1 + apy2bo
+ @mjop1bm—1 + -+ A1y 24

=a1bp a1+ + Amy2—101 + 2+ 0
+ apmya—1b1 + -+ a1by o

=0.

For1<:<m-—1,

Cm—i = § ajbk
j4+k=m/2—i modm
0<jk<m-—1
= § am—jbm—k
i+k=m/2—4i modm
0<j,k<m-—1

CLn’ijbrnfk

(m—3)4+ (m—k)=m/2+i modm
0<j,k<m—1

-y

j+k=m/24+i modm
0<j,k<m—1

ajbk

=C;.

Hence, Result (1) follows. From the definition of f1.2(z),

m—1
Cfien (CC) = Z et
i=0
Further,
Ch.o (@) = cq (2) - () mod 2™ + 1.
Then

ged(cs,., (x), 2™ +1) = ged(cy, (x) - epy(x), 2™ + 1).

Hence, gcd(cy,.,(x),z™ + 1) = 1 if and only if
ged(cey, (), ™ + 1) = ged(cy, - cp,(x), 2™ + 1) = 1. From
Theorem 3.5, Result (2) follows. [ |

Corollary 3.12: Let mg be the largest integer dividing m,
then the Boolean function

Proof: From Theorem 3.11 and Theorem 4 in [10], this
corollary follows. [ ]

IV. THE ENUMERATION FOR BENT FUNCTIONS IN CASE
m = 2Y9p" AND ged(e,p—1) =1

In this section, we will consider the enumeration of bent
functions in (17). In [10], [25], cyclotomic polynomials and
their factorization are used in the enumeration. Our method
can be generalized for general cases. Before the enumeration,
some knowledge on monic self-reciprocal polynomials is given
first.

Definition The reciprocal polynomial g*(x) of a polynomial
g(x) of degree n is defined by ¢*(z) = z"g(l/z). A
polynomial is called self-reciprocal if it coincides with its
reciprocal polynomial.

Lemma 4.1: Let A(z) = Y "';a;z' be a monic self-
reciprocal polynomial of degree ny and B(z) = > . bz’
be a polynomial of degree no. Then A(x)B(x) is a monic
self-reciprocal polynomial of degree n; + ngy if and only if
B(z) is a monic self-reciprocal polynomial.

Proof: Let C(z) = A(z)B(z) = 318" ¢;x. Suppose
B(x) is a monic self-reciprocal polynomial, then ¢y = agbg =
Gy bny, = Cnygn, = 1. For 0 < k < ny + no,

>

it+j=n1+na—k

- ¥

i+j=nitnz—k

- F

(n1—i)+(n2—5)=k

= Z aibj

it+j=Fk

Cni4no—k = al—bj

Ay —ibn,—j

a/TLl —ibnz —_]

=Ck-

Hence C(x) is a monic self-reciprocal polynomial of degree
niy + no.

On the other hand, suppose that C'(z) is a monic self-
reciprocal polynomial. From apby = ¢9 = 1 and ap,b,, =
Cnytny, = 1, bp = 1 and b,, = 1. If B(z) is not monic self-
reciprocal, there exists an integer k satisfying that 0 < k < na,
bk # bnz—k and bk—l = an_(k_l); . ,bo = an. Then

0 =C| — Cn1+n27k
=(apbr + arby_1 + -+ axbo)
— (@, brg—k + ny —1bpy—(k—1) T+ Qny 1)
=(aoby, + arbg_1 + - - - + axbo)
— (aobp,—k + arbp_1 + - -+ + arbo)
=bg — bny—r,

The result b, = b,,,_, contradicts the supposition of k. Hence,

Fx) =T (@42 ) + e (@425 4 T (2127 B(2) is a monic self-reciprocal polynomial.

" TT?(x1+2c(d1—d2+7n/2)) i Tr? (xHQn/z)

is bent if and only if ged(3di,mo) = ged(di, mp) and
ged(3dz, mg) = ged(dz, mg).

This theorem follows. [
Lemma 4.2: Let A(z),g9(x) € GF(2°)[z] and A(z) be
monic self-reciprocal. Let g(z) be irreducible and g(z)|A(x),
then g*(x)|A(z), where g*(z) is the reciprocal polynomial of



g(x). Further, if g(x) is not self-reciprocal, then g(z)|A(x),
where g(x) = g(z)g*(x).

Proof: If g(x) is self-reciprocal, g*(x) = g(z), the results
obviously hold.

Suppose that g(z) is not self-reciprocal. From g(x)|A(z),
g*(z)|A*(xz) = A(x). Then g*(z)|A(z). Since g(x) is irre-
ducible, ged(g(x),g*(z)) = 1 and g(x)g*(z)|A(z). Hence,
this lemma follows. ]

Corollary 4.3: Let A(z) € GF(2°)[z] be a monic self-
reciprocal polynomial. Then A(x) has the following factor-
ization.

Az) =g1(2)g1 () - - 95 (2)g5 () gs 41 () - - gopa ()

:gl (3;‘) e 'gs (.’L‘)§S+1(CL‘) e '§s+t(x)a (20)

where g;(z),g5(z) (1 < i < s+t1 < j < s) are
irreducible. g;(x) is not self-reciprocal for 1 < ¢ < s and
gi(x) = gi(x)g} (x), where g} (x) is the reciprocal polynomial
of g;(x). g;(x) is self-reciprocal for s + 1 < i < s+ ¢ and
gi(z) = gi(x).
Proof: From Lemma 4.1 and Lemma 4.2, this corollary
follows. u
Let the monic self-reciprocal polynomial A(z) €
GF(2°)[x] without duplicate factors have the following fac-
torization of the form (20).

Alz) = g1(x) -+ gs(2)Gs41(2) - - - Gstt (@), (21)
where g;(z) is self-reciprocal. Further, suppose g;(z) is monic.
Then n; = deg(g;(x)) (1 < i < s+ t) is even. For a
positive even integer k, let 93y, be a set of polynomial C'(x) €
GF(2°)[x], where C(x) satisfies the following conditions.

(i) deg(C(x)) < k and deg(C(x)) is even;

(ii) C(x) is monic self-reciprocal;

(iil) ged(C(z),z +1) = 1.

For an even integer h > deg(A(x)), define P, (A(z)) as a
set

PBr(A(x)) = {C(x) € Ry, : ged(C(x), A(x)) = 1}.

Then we have the enumeration for # () and #(Prn(A(x))).
Lemma 4.4: Let notations be defined above, then

(22)

#(Re) :26%7
s+t n;
#O A =2 [0 - () %)

Proof: Note that the monic self-reciprocal polynomial
2t ag 122 4 a;rt+ -+ agzt + 1 of even degree
is coprime to = + 1 if and only if a; # 0. From the definition
of Ry, the numbers of polynomials of degree 0,2,4,6,--- ,k
in Ry, are 1,(2°—1),(2° —1)(2%)%, (2¢ — 1)(29)2,--- , (2° —
1)(2¢)% ! respectively. Hence,

#(Re) =1+ (2° — 1) + (2 = 1)(29)" + (2° — 1)(2°)?
o (20— 1)(29)2 !

k
:265.

To enumerate P, (A(x)), we introduce the auxiliary set
k
My (i1, i, -+ i) = {C(x) € Ry : [[ i, (2)|C(2)},
j=1

where 1 <k <s+tand 1 <i3 <ig < ---<ip <s+t.

From Lemma 4.1, for any C'(z) € My, (41,12, - ,ix), C(z)
can be uniquely represented by C(z) = C'(x) Hle gi; (),
where C'(z) € Rp—n, —...—n, . Then

FH(Mp (i1, 92, i) = H#(Rhopiy —mns, )-
Since A(x) has no duplicate factors, gcd(g;(x),g;(z)) =
1 (2 # j) and deg(g;(z)) is even. Then ged(g;(x),x+1) = 1.
From the inclusion-exclusion principle,
#(PBn(A(z)))
=#Rn) — > #O(i)) +

1<i1<s+t

+ (_1)S+t#(m’th(1’ 27 T
s+t

=#(Rn) + Y _(-1)*
k=1

s+t

=#(Rn) + > _(—1)*
} S+tk_1

=27 + ) (—1)*
k=1

s+t

=281+ ) (-1)F
k=1

s+t 1 =

=272 [T = () 7).

k=1

>

1<i1<iz<s+t

;8 +1))

>

1<ii<io< - <ip<s+t

>

1<ii<io< - <ip<s+t

#(M (i1, 12))

#H (M (i1, 02, -

#(mh*nil *'”*nik)

h*”il —Ng e

ig T Mg
2. r—

1< <io < <ip <s+t

>

1<i1 <ip< - <ip<s+t

Hence, this lemma follows. |

Now we consider the enumeration of bent functions. Let
m = 2Yp" and ged(e,p — 1) = 1, where vg > 0, r > 0
and p is an odd prime satisfying ord,(2) = p — 1 or
ordy(2) = (p—1)/2((p — 1)/2 is odd). We first discuss the
factorization of 7" 41 over GF(2¢), which is connected with
cyclotomic polynomials [12]. The d-th cyclotomic polynomial
Q4(z), whose roots are primitive d-th roots of unity, is a monic
polynomial of order d and degree ¢(d), where ¢(-) is Euler-
totient function.

Lemma 4.5: Let notations be defined above.

(1) If ged(e,p — 1) = 1, then ord,(2°) = ordp(2).

(2) )z?" + 1 has no duplicate factors.

(3) For any i > 1, Q,i(x) is a monic self-reciprocal
polynomial of even degree.

(4) Leti > 1.If ord,(2) = p—1, Qi () is irreducible over
GF(2°). If ord,(2) = E5* is odd, then Qi (z) = gi(x)g; (2),
where g¢;(x), gf(z) € GF(2°) are monic irreducible polyno-
mials and g7 (z) is the reciprocal polynomial of g;(z).

(5) 2P +1 = (z+1)Qp(z) - - - Qpr () and I;jll is a monic
self-reciprocal polynomial.

©) If ord,(2) = p — 1 or ordp(2) = (p — 1)/2
((p — 1)/2 is odd), then % = Qp(x)---Qpr(z) is a
factorization in the form of (20) or (21).

vis+t))



Proof: (1) This can be obtained by the fact that GF(p)*
is a cylic group of order p — 1.

(2) Since ged(zP” +1, (zP" +1)') = ged(xP +1,2P 1) =
1, then P + 1 has no duplicate factors.

(3) From its definition, @, (x) is monic and of even degree
#(p') = p"~*(p —1). Qpi(x) is self-reciprocal, which can be
found in [1].

(4) This can be obtained in [6]. }

(5) The factorization of 2P" 41 can be found in [1]. %
is obviously monic. The self-reciprocal property of x; Jil can
be obtained from Lemma 4.1.

(6) From Result (5) and (4), this result can be obtained. H

From Theorem 3.5, the Boolean function in (17) is bent if
and only if the polynomial ¢/ () in (18) is coprime to ™ +1.
There exists an integer k satisfying that 1 < k <m/2, ¢ #0

and ¢y_1 = --- = c1 = 0. Then we have
c c
cr(x) =cpat(zm2k 4 Chtl m—2k—1 4 o “m/2 m/2—k
Ck Ck
c
4ot ﬂxl + 1)

Cr
=cpz"O(x).

Hence ged(cs(x), ™ +1) = 1 if and only if ged(C(z),z™ +
1) = 1. Note that 2™ + 1 = (2" + 1)2"°. Equivalently,
ged(C(x),2P" +1) = 1, that is, C(z) € ‘Bm,g(m:;gl ). Since
¢, € GF(2°)*, the number of bent function of the form (17)

18

G Y Fna(E0),

Hence, we have the following theorem.

Theorem 4.6: Let m = 2V°p", where vg > 1, r > 1 and p
satisfies that ord,(2) = p—1 or ord,(2) = 21 (1 is odd).
Let ged(e,p — 1) = 1. Define the Boolean function

(23)

=
2 .
f(z)= Z Tr (c;z' 27 + Tr?/Q(cm/ngzn/z) (24)
i=1
where ¢; € GF(2°). The number of bent functions of this
form is

(2 - 122" [J - () F ).

26
=1

Proof: From Result (6) in Lemma 4.5,

P 1

= Q) Q@)

is the factorization of £ L in the form (21) and n; = ¢(p') =

pt —p~! (1 <i<r). From Lemma 4.4
o 1 s 1 1 piopict
meo(———)) =277 1— (= . (25
#Pm2(——7)) =27 [[0- ()7 ). @9

i=1
From Identity (23), the number of bent functions defined in
(24) is

T

(=275 T[0 - ()%

26
i=1

Hence, this theorem follows. [ |

V. CONCLUSION

In this paper, we present the relationship of quadratic
Boolean functions with linearized permutation polynomials. A
large class of quadratic bent functions is discussed and studied.
Some quadratic bent functions are constructed. Further, new
quadratic bent functions can be constructed from known
quadratic bent functions. Finally, for special n, we present
the construction and enumeration of quadratic bent functions.
Our technique can be used in the study of semi-bent functions.
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