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Abstract. In this article, we give an algorithm for decomposing given element of
Jacobian gruop into the sum of the decomposed factor, which consists of certain subset
of the points of curve.
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revise 6 Nov First version of this manuscript, we use Weil descent like techinique and
the decomposition problem of Jacobian reduces to solving exact g number equations system.
However, Proposition 3 is not true and this thechnique can not be used. So, we re-write §4 and
show that the decomposition problem of Jacobian reduces to solving some equations system
(however, the number of the equations is quite large).

1 Introduction

In this article, we give an algorithm for decomposing given element of Jacobian gruop into the
sum of the decomposed factor, which consists of the points of curve. This is the generalization
of the Semaev’s formula [9] and by leading this formuls, we use the Riemann-Roch space

technique similar as [6]. Recently, French researchers [3], [8], propose the algorithm for solving
ECDLP over binary extension field by subexponential complexities of extension degree n.
This algorithm uses the fact that the system of the equations obtained by decomposing given
element of elliptic curve into decomposed fatcor contains many hidden equations and the
complexity for decomposing a point of elliptic curve into d = n¢ (0 < ¢ < 1/2 is a constant ! )
elements of decomposed factor, is subexponential. These arguments seems to have some gaps,
but, any way, there is some posibility that ECDLP is subexponential. By using thier argument
to the Jacobian of plane curve, we similarly get that the DLP of the Jacobian of plane curve
of small genus over binaly extension field /or its generalization to small characterristic field
also subexponential.

2 Notations

In this article, let C' : f(x,y) = 0 be a plane curve of small genus g over Fpn, 0o be a fixed
point at infinity, Dy = Q1 + Q2 + ... + Q4 — goo be a fixed element of Jac(C/Fp»). We also

put dy = deg, f(z,y) and ¢1(z) = [T, = — 2(Q).

3 Riemann-Roch Space

Proposition 1 (Riemann-Roch). Let D be a divisor such that degD > 2g — 1. Then
dimL(D) =degD — g+ 1.

Let d be an integer such that d > 2g—1. Put D :=doo— Dy = (d+g)oo— Q1 — Q2 — ... — Q.
Then form Riemann-Roch theorem(Proposition 1), there are independent elements of function
field fi(z,y) € Fpn (C) (i =0,1,..,d — g) such that f;(z,y) =0 at all Q1,..,Qq, fi(z,y) does

! Taking d = O(n'/?) is best possible for the complexity



not has a pole except 0o, ord, fi(z,y) < —d—gfori =1,2,..,d—g and ord, fo(z,y) = —d—g.
Moreover, form Riemann-Roch Theorem, the element h(z,y) of function field Fy»(C) such
that h(z,y) = 0 at all Q1,..,Qq, h(z,y) does not has a pole except oo, and ordoh(z,y) =

—d — g, is written by h(z,y) = fo(z,y) + a1 fi(z,y) + ... + aa—gfi—g(x,y) (a; € Fpn) up to
constant multiplication.
Let us denote

H(z,y) := fo(z,y) + Afi(2,9) + oo + Adg fag(2,y)
where A; are variables and let S(z) := resultant, (f(z,y), H(z,y)).

Lemma 1. 1. deg, S(z) =d+g.
2. ¢1(x) | S(z)
3. Put g(x) := S(x)/¢1(x) and we have deg, g(x) = d.

4. Put C; be the i-th coefficients of g(x) (i.e. g(x) = Z?:o Cizt). Then we have C; is a
polynomial of Ay, ..., Aq—g with total degree < d,.

4 System of equations

From the discussion of §3, we have the following lemma,;

Lemma 2. Let P, = (z;,y;) € C(F,) (i = 1,2,..,d) and Put s; by the x* coefficient of
the polynomial H?zl(x — ;). When Do+ Py + ... + Py — doo ~ 0, there are some a; € Ipr
(1=1,2,..,d — g) satisfying the following:
1. h(z,y) = Constant X H(z,y)|A;=a, ,
2. 8- Od|A7-,:ai = Ci‘Ai:ai (i=0,1,..,d—1).

Further let X, (i = 1,..,d) be variables and put S; = S;(X1,.., Xq) € Fpn[X1,.., X4 by
i-th coefficient of [\, (X — X;). Put

gi(Ala cey Ad,g;Xl, ..,Xd) = Si(Xh ..,Xd)Cd(Al, cey Ad,g)—CZ(Al, -'7Ad7g>7 (’L = 0, ..,d—l)
and consider the equation system

EQSl : {gi(Ah ..,Ad,g;Xl, ..,Xd) == 0|’L = O7 ..,d - 1}.
Lemma 3. When EQS: has a solution (ay,..a4—g;x1,...2q4) € A2179(F,), there are some
P, € C(F,) (i =1,..,d) such that Do+ Py + ...+ Py —doo ~ 0 and x(P;) = z; (i = 1, ..,d).

Proof. Put h(z,y) = fo(z,y) + Z?;lg aifi(z,y), and let P;’s be the points on C(F,) which
meet h(z,y) = 0 except Q1, .., Q4. So, we have {z(F;)|i =1,..,d} = {z1,..,4} and finish the
proof.

From Lemma 2, and Lemma 3, we have the following;

Proposition 2. The following (1) (2) are equivalent;
1) EQS; has solution (a1, ..,a4—g; T1, .., xq) € A279(F,)
2) There are some P; € C(F,) (i = 1,..,d) satisfying (P;) = z; (i =1,..,d) and Do + P +
.+ Py~ 0.

Let T1,...,T, be new variables and put
hi(Ar, ., Aa—g; Xa, ., Xa; Th, o, Ty) o= gi(Ar, oy Ag—g; Xa, .. Xa), (i=0,..,d—g—1),
ha—g(A1, oy Aa—gi X1y, Xy Thy o Ty) =301 Ty giva—g—1(A1, s Aa—g; X1, .., Xq), and con-
sider the equation system

EQSQ : {hi(Ala -~7Ad—g; Xl, -~7Xd;T17 "7T‘7) = 0|Z = 0, ..,d - g}



5 Absolute resultant

In this section, we study the absolute resultant of EQSs (cf [1] §3). Here, we consider {4;}
as variables and {X;} U {T;} as constants and eliminate {A;} from EQS;. For the precise
discussion, we must use the homogenious polynomial system. However, it is complicated and
we continue the discussion using non-homogenious polynomial system.

Let D; := degyx,y hi(< dy) (i =0,..,d—g) and D = 3"0=¢ D; — (d — g)(< (d — g)d,). Let
Mgy be the set of monomials ofAq, .., Ad g of degree < D. The number of such momomial

# Mgy is estimated by (d _dg—_; D) < ((d - g)&dz - 1>> and from Stirling formula, which

states N ~ WNNexp(—N), we have #M,y; < 27r(d;j;)d {(dy-i;ildwl }d—g, Let
v y

So = {m € My |deg{Ai} m< D — D0}7

Si={m € Mqy |degs,,m > D — Dy, A7 [m},

5'2 = {m S Ma” |deg{Ai} m>D — DOv AlD1 /rmv A2DQ|m}’

Sd_g = {m € Muy |deg{Ai} m>D — l)o,A{)1 )(m, s ,AdDj;iEI Xm ADd g‘m}
Note that it is well known that #S4—g = DoD1...Dgq—g—1 and Mgy = UizOQSZ (disjoint division
of Mall)~
— — d—g
Put My, = {Mla---,M#Ma”} and U,—o {hzm|m S Sz} = {_C;Yl;m;G#Ma”}- Let Gij S
F,[{X;} U{T;}] be the polymomials such that G; = Z;ﬁv{”’” Gi;jM; and

Res(X1,..,Xq;Th, .., Ty) = determinant of the matrix[Gi;|1<i j<#m,, € Fp[{Xi}U{T:}.

Res is known as absolute resultant and we have the following; 2

Lemma 4. Let (z1,...,24) € AYF,). The follwoing (1) (2) are (essentially) equivalent;

1) Res(z1,..,xq; 11, ..7T ) =0 (T;’s are still variables).

2) There are some (a1, ...,aq—gy) € AY9(F,) satisfying (a1, ..,a4—g;T1,..,T4) is a solution of
EQS,.

Lemma 5. 1) deg 7, Res(X1,..,Xq;Th, .., Ty) < dz_g.

dy+1 dy+1)%wH g
2) deg(xy Res(X1, ., Xa; T, .. Ty) < d - #May de/%(djg)dy{( e

d?/

Proof. The number of the row that T; appears equals to #S54—g = DoD1...Dg_g—1 < dZ_g

and the degree of {T;} of each element of the the matrix is 1. So, we have 1). The degree of
{X.} of each element of the the matrix is < d and the size of the matrix is #Mgy;. So, we
have 2).

Let {m1,...,mn} be the set of monomial of {71, ..,T;} which divide some monomial of
Res(X1,..,Xq;Th,..,T,) and put
Res(X1, ., Xa;Th, .., Ty) = valH»(Xl,. X4) - m;. From Lemma 5, we have degr,) Res <

d—g g
dd 9 and N = <deg{T 1) Res + g) u From Lemma 5,

we also have degyy,y Hi(X1,.., Xq) < d,/zﬂ(dd +gl)d {(d +1)dy+1 =9 (i =1,..,N).
From Lemma 4 and Proposition 2, we have the followmg,

Proposition 3. Let (21, ...,2q4) € AYF,). The follwoing (1) (2) are (essentially) equivalent;

1) Hi(x1,..,2q) =0 (i=1,..,N).

2) There are some P, € C(F,) (i = 1,..,d) satisfying x(P;) = z; (i =1,..,d) and Dy + Py +
o+ Py~ 0.

2 We do not use homogenious polynomial system and projective variety. So, there is some gap.
However, it seems to negligible and continue the discussion.




Thus, the decomposition problem of Jacobian of a plane curve reduced to solve some the
equations system.

6 Hyper elliptic curve case

In this section, we consider the hyper elliptic curve case. Let C : f(z,y) = y? + bjzy + .. —
29t bgg(EQg —...—ap = 0 be a hyper elliptic curve of small genus g over Fy», co be a unique
point at infinity, Do = Q1+Q2+...+Q4—goo be a fixed element of Jac(C/Fy»). From Munford
representation, Dy is also represented by using two polynomials ¢1(z) := [[{_, # — 2(Q;) and
¢2(x) which has the properties deg ¢o(z) < g — 1 and y(Q;) = d2(z(Q:))-

Let d be an integer such that d > 2g—1. Put D := doo— Dy = (d+g)oo—Q1—Q2—...— Q.
Then form Riemann-Roch theorem(Proposition 1), the base of the vector space
L(D) :={h € C(Fpn)|h has zero at all Q1,..,Q, and has pole only at co, ordech < —d — g}
is written by

{61(2), d1(2), 0o, b1 ()21, (y — B2(2)), (y — D2(2)), .o, (y — P2(2))2™ "}

where My = |(d—g)/2] and M, = |(d—g—1)/2]. Note that when 2|(d— g), ord¢1 (z)zMt =
g +dand when 2 f(d — g), ordeo(y — ¢o(x))xM2 = g +d.

M, _
So put fo(z,y) = {((Zsyl(f)dz(x))ng ?%d —g)g) and putf;(z,y) (1 < i < d— g) by other

bases of L(D) and exceeds the simailar argument of Section 2. Let us denote

H(z,y) := fo(z,y) + Aifi(z,y) + oo + Anfu(z,y)
where A; are variables and let S(z) := resultant, (f(z,y), H(z,y)).

Lemma 6. 1. S(z) is monic polynomial of x and deg, S(z) =d + g.

2. ¢1(x) | S(x)

3. Put g(x) := S(x)/¢1(x). g(x) is a monic polynomial of x and deg, g(x) = d.

4. Put C; be the i-th coefficients of g(x) (i.e. g(z) = % + Z:i:_ol C;xt). Then we have C; is a
polynomial of Ax, ..., Aq—g with total degree 2. (Note that Cq =1 form g(x) being monic.)

Similarly let X; (i = 1,2,..,d) be variables and put S; = S;(Xi, .., X4) by the X* coefficient
of the polynomial Hle(X - X5).
Consider the system of the equations

EQS?, : {Si(X17~-~7Xd) :Ci<A17.-,Ad_g)| iZO,l,..,d—l} (1)

Proposition 4. Let (z1,..,74) € A%F,). The condition that there are some P; = (x;,y;)
(i=1,2,..,d) such that Do+ Py + ...+ P —doo ~ 0 and z(P;) = x; (i =1,..,d) is equivalent
to the condition that the equations system EQSs of the variables{A;} and {X;} has some
solution satisfying X; = x;.

Note that the variables {A;} can be eliminated by the technique of previous section.

7 Decomposed factor

In 2009, Diem [2] proposes the way of taking decomposed factor, called Diem-variant, and
shows ECDLP of elliptic curves over F,» satisfying log p = O(n?) has subexponential complex-
ity when input size nlog p goes to infinity. In 2005 or 2006, soon after the Semaev’s formula is
discoverd, Matsuo also found the simmilar and more general way of taking decomposed factor
(for exapmle distinct or non-equal size decomposed factor). Matsuo tries to decompose an
element of elliptic curve over around 120-bit size binary field, but, huge memory workstation



does not returns the reply and it it not presented and only the researchers around him knows
this.

Here, we propose the way of taking decomposed factor of Jacobian of the curve, which is
the generalization of Matsuo’s decomposed factor. Fix [w1, ..., w,] be the base of Fpn /F,,. Let
ni,..nq be the positive integers satisfying ni + ... + ng = ng. Put

7
B: = {Z l'i’jwj‘(ELj S Fp} (l =1,2, ,d)
J=1

Let rq,...,74 be elements of Fy» 3 and take decomposed factor B; by
B; :={P—o00 € Jac(C/Fn)|P € C(Fyn), Iz € Bj such that x(P) =z+r;} (i=1,2,..,d),
and consider the decomposition (of Dy)

d
Dy+» (Pi—00)=0  (P;—o0)€ B

i=1

in Jacobian group.

Note that B;’s are essentially disjoint, |B;| &~ p™, and the probability that the decompo-
sition success is O(p™1 - +T14~"9) ~ 1. From the disjointness, it is improved that the term of
1/d! in the probability is omitted. (Remark that it is needed to compute gaussian elimination
of d-times size matrix in the last step.)

So, we have the following proposition, which is a generalization of Diem’s result:

Proposition 5. DLP of the Jacobian group of a plane curve of small genus g over extension
field Fyn satisfying logp = O((ng)?) (since g is constant, it is equivalent to logp = O(n?))
has subexponential complexity when input size N = nglogp goes to infinity. .

Proof. We consider the case d = ng, n1 = no = ... = ng = 1 and compute the decomposi-
tion of given divissor Dy. In this case, Dy is decomposed by the divisor Y 1Y, (P; — co) such
that z(P;) = (x;,1w1 + 7;) with x;1 € Fp,. From Proposition ??, in order to find such {x;1},
it it sufficient to solve the 2ng equations Fjj € F,[{x;1}] obtained by Weil descent from
Fij(xi1w1 + 71,y Tngawi +1ng) = 0 (5 = 1,2,...,9). (Note that put Fj; be the polymo-
nials obtained by Fj(z11w1 + 71, ..., Tng1w1 + Tng) = Dopey Fja(@1,1, s Tng1)wr ). From
Proposition 77 the degree of the equations obtained by Weil descent is < Const‘li = Const}?.
So the upper bound of the cost of finding the value of {z;1} by using Grébner basis is es-
timated by (Const]?)"9xConstz — egp(Constz n?g?) = exp(N?/3t°(M). In order to solve the
DLP, we must have obtain dp = ngp decomposition and compute the Gaussian elimination
of the dp = ngp size matrix. Since ngp = exp(log(ng) + log p) = exp(N?/3+°(1) we also have
both of the costs of ngp decomposition and Gaussian elimination are e:Ep(N2/3+O(1)).
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