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Abstract. The famous Goldbach’s conjecture and Polignac’s conjecte two

of all unsolved problems in the field of number theory today.well known, the
Goldbach’s conjecture and the Polignac’s conjecture ané/algnt. Most of the
literatures does not introduce about internal equivalém&olignac’s conjecture.

In this paper, we would like to discuss the internal equiveéeto the Polignac’s
conjecture, safsy (z) andT'(x) are equivalent. Sincgyy, ~ T'(x) ~ 2c¢- Ty

we rewrite and re-express ®(z) ~ Ti(z) ~ Ts(z) ~ Tis(z) ~ Ts2(x) ~
Ton(x) ~ 2¢ - Tmoyz - And then connected with the Goldbach's conjecture. Fi-
nally, we will point out the important prime number symmetofe of play in
these two conjectures.
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1 Introduction

As well known the Goldbach’s conjecture [1,2,4,5,9, 11,4844 the Polignac’s con-
jecture [6] are equivalent [12]. The Goldbach’s conjectsit@tes every even integer
greater thar can be expressed as the sum of two primes [13]. The Polignaojsc-
ture describes for any positive even numhethere are infinitely many prime gaps of
sizen. Namely there are infinitely man cases of two consecutiv@@mumbers with
differencen. The two conjectures have common point where they are coshelce
twin primes [3, 10]. Recently, Zhang [15] proposed his tle@ebounded gaps between
primes. His work is a huge step forward in the direction oftilum prime conjecture.
But, there is still a very long way to go. In this paper, we pethout the internal equiv-
alence of Polignac’s conjecture if all the conditions artes§iad, and then connected to
Goldbach’s conjecture which certainly the Goldbach’s eohjre and Polignac’s con-
jecture are equivalent. In section 2, we briefly review théigpac’s conjecture, the
section 3 discusses Polignac’s conjecture in arithmetigi@ssion issues. The conclu-
sion be draw in final section.

2 Review of Polignac's Conjecture:

For all natural numbet, there are infinitely many prime pai(g, p + 2k). If k = 1, it
is the conjecture of twin primes.
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Notation:

T'(z): express the number of twin pair numbers in de Polignac’secbare.

G(x): express a number of prime pairs where it matches an evenenohBoldbach’s
conjecture, also call Goldbach partition number.

c: express a constant number.

O: mean big O notation describes the limiting behavior of acfiom when the argu-
ment tends towards a particular value or infinity, usuallteirms of simpler functions.
~: mean equivalence relation, sucha@as b, a is approximately equal tb.

plk: express the divides thek.

p L x: mean the integer does not divide any odd prime factors where its less tjfan

Supposd'(z) is not more than sufficiently large natural numbethe number of twin

prime numbersT’(z) = 2¢ - Moz T O(%), or express td’(z) ~ 2c¢ - oz - Let
Tk (x) is not more than a sufficiently large natural numbehe number of prim pair
(p, p+2k)), Tar(x) = 2Cl_[p>3 (2 ;) (hﬂlz 2 +O(1nf) where @ < p < /z, p|k), or

Tow(z) ~ 2¢[],53 (i ;; oy Sincec =[] 55(1— (p_ll)Q), where(2 < p < /),
p is a prime number. Wheh = 27, wherez > (2k)?, between the Goldbach’s and
the Polignac’s conjecutre are equivalent, §ay(x) and7T'(z) are equivalent. Since
Top ~ T(x) ~ 2c- Tz We rewrite and re-express (x) ~ Ty(x) ~ Ts(x) ~

T16(]/') ~ T32(CL‘) ~ Tgn (l‘) ~ 20 . ﬁ

Let G(z) is large even number af can be expressed as fofth+ 1) number of prime
numbers,

(»— vV
=2c H +O( ), 1)
p>3 2 (In :c) In/z
where ¢ < p < /z, p|k), or
(p—
~ 2¢ H = 2 i x)g. (2)
p>3

LetT'(x) is not more than sufficiently large natural numbehe numbers of twin prime
pairs,

T(x) =2c- (lnxm)Q + O(IH@), (3)
or
T(z) ~ 2- —OHZ)Q. (4)

Let Ty, () is not more than a sufficiently large natural numbeof the prime pairs
(p,p + 2k) numbers,

(p— Ve
Tox(x) = 2Cl_[ 2 lnx) —’—C)(ln\/f)7 ®)

p>3 p
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where @ < p < /z, p|k).

Hence
Topo(z) ~ 2cH (b — )2. 6)
p>3 p
Among which
1
c=J0-—), (7)
s 1)

where(2 < p < y/z), p is a prime number.
We would like to introduce some situations as follow:

Case 1. Whenr = 2", orp L x where ¢ < p < /z), the Goldbach’s conjecture
and the conjecture of twin primes are equivalent. Nam@ly:) andT'(x) are
equivalent.

€T
~T(x) ~ 2 ——.
Gla) ~T(@) ~ 2+ s ®

Case 2. Whert = 2", andz > (2k)?, between Polignac’s conjecture are equivalent.
Namely: Ty () andT (z) are equivalent.

To(z) ~ T(x) ~ 2c- (mxm)Q. 9)

Such as the twin primép,p + 2) numbers ofl'(xz) and the cousin prime
(p, p+4) numbers offy (), the prime paifp, p+ 8) numbers of/3(x) are all
equivalent. Namely:

T(z) ~ Ty(z) ~ Ts(z) ~ Tig(x) ~ Tsa(x) ~ Tan(z) ~ 2 - (10)

X
(Inx)?2’
Case 3. When odd prime factgr®f 2 and odd prime factorg of k are same, and >

(2k)?, the Goldbach conjecture and the Polignac’s conjecturequé/alent.
Say

(p
G(z) ~ Top(x ~2¢p1:[3p ) m). (11)

Such as: When = 2" - 3, 2k = 6, G(z) andT5;(x) are equivalentZ(x) and
prime pair p, p + 6) numbers ofls(x) are equivalent. This is to say

G(z) ~ Ts(x) ~ 2¢ ]| b=l _o (12)

Whenz = 2™ - 5, 2k = 10, G(x) and Ty (x) are equivalentG(z) and the
prime pair(p, p + 10) numbers ofl’(x) are equivalent, say

G(z) ~ Tio(a Nch (p— . (13)
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Whenz = 2™ - 3 - 5, 2k = 30, G(x) andTs, () are equivalent, sag#(x) and
the prime pait(p, p + 30) numbers off’5, are equivalent, be expressed

x

G( ) Td() NQC]:[ p

= et (14)
p>3

Case 4. While:,, andk,, are same odd factogswherek,, > k,,, andz > (2k,)?,
between the Polignac’s conjecture are equivalent. Namely:

T ~Y
ok, () ~ Tor,, 2¢ H 2 (I :c) (15)
p>3
For example:
Whenk = 2™ - 3™,
p
Ts(z) ~ Tiz(x) ~ Ths(z) ~ 2¢ H ln—x)Q (16)
p>3
Whenk = 2™ - 5™,
Tio(x) ~ Tog(x) ~ Tuo(x) ~ Tso(x) ~ 2¢ H b= m)2~ (17)
p>3
Whenk = 2™ . 15™,
T30(x) ~ Too(x) ~ Too(x) ~ 2¢ H z hl—x)g (18)
p>3
From above, we obtained result as follow:
NS
=92 2 1
T VT
T = 2c- . 2
(z) = 2¢ (lnm)2 +O(ln \/E) (20)
Tor(x _2cH (= + O ﬁ) (2 <p<Vr,plk). (21)
s (p— 2 (In x) In/x ’

Until now, the above equivalence relation is establishéer&fore, the Goldbach’s con-
jecture and the Polignac’s conjecture are homologous ant/agnt in some places
actually.

3 ThePolignac's conjecture of the arithmetic progression

In this section, we would like to discuss about Polignacsjecture in the arithmetic
sequence problems.
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3.1 ThePolignac'sconjecturein the arithmetic sequence

In the first, thel, and the tolerancgco-prime wherel, < ¢) in its arithmetic sequence,
the prime pair g, p + q) (¢ is an even number) and prime pgit, f + 2¢) (¢ is an odd
number) are infinitely many pairs of prime numbers.

Let T'(x, ¢, L) is not more than a sufficiently large natural numbesf the prime pair
(p,p + q) or (p, p + 2q) numbers.

Wheng = 2™,
1 T NZ
T(,0, L) = oo 26 (s + O ) (22)
Or it can be expressed as
1 T
T(x,q,L) ~ - 2¢- , 23
e D)~ 5 % oy @
(¢(q) is Euler phi-function).
If ¢ = 2, itis the conjecture of twin primes.
If ¢ £ 27,
1 p-1 =z VX
T(x,q,L) = — - 2c . + O , 24
@al) =5G22 11— @ TG 4
where ¢(q) is Euler phi-function,? < p < /z, p|q).
Furthermore . )
T, 1) ~ 2 [ 22 @)

olg) o (p=2) (nz)*

Wheng = 3k, Namely: Green and Tao [7, 8] demonstrated that primesraeéititc se-
quence can be arbitrarily long problem.
Among which

1
ng(l—m)a (26)

where(2 < p < v/z), p is a prime number.

3.2 Thesmallest prime pairsproblem of the arithmetic sequence

In the first, thel. and the tolerance co-prime ([ < ¢) of the arithmetic sequence, there
exists at a least upper bound of the prime paip+ q) (¢ is an even number) and prime
pair (p, p + 2q) (¢ is an odd number)(q) - ¢%, (¢(q) is Euler phi-function), namely:
p<oq) - ¢*

3.3 The Generalized Goldbach’s conjecture: The corollary of symmetry primes

In this section, we would like to introduce about generaizoldbach’s conjecture
issue, say the prime numbers symmetrical situation in titbraetic sequence. The
detail follow:
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Corollary 1. Inthe former L and tolerances q (L < ¢,q > 2) co-prime to arithmetic
sequence, for any one item of this sequence such as £ where £ > ¢(q) - ¢*, (¢ isthe
Euler phi-function). There exists at least one pair of primes about 7, namely = can be
expressed for the sum of two primesin its series.

Proof.
LetG(z, ¢, L) are numbers of prime in its arithmetic sequence which it egprbsented
to (1 + 1) form by variable integet..

_ om (p— VT
1) If g = 2™, G(z,q, L - 2c- pll = 1nx)2 + O(45), where2 <
p < Vz,plz.
2.) If ¢g=2"andp L = where @ < p < \/z), say
1 x VT
G(z,q,L) = -2c¢- + 0 . 27
T R (T A W &0
3.) If gis an odd number,
1 -1 = vz
G(z,q,L) = ————= - 2¢- : + O , (28)
@l == * U= me 97
where2 < p < /z, andp|x.
4.) If ¢ is an odd number, and= 2" orp L 2 where @ < p < /),
1 € \/5
G(z,q,L) = - 2¢- + O . 29
N (701 R R TY s m #)
5.) If ¢ =2™ .3 (j is odd number),
1 1 p-1) = VT
G(z,q,L) = . - -2c¢- . +0 , (30
@)= ey G- > o= @ TOm R @
where2 < p < \/z, andp|x.
6.) If g =2"-j (jis an odd number), angd | = where ¢ < p < /),
1 1 x NG
G(z,q,L . : - 2c- + 0 31
el =5em -0 " ey TomE G
where @ < p < /7, p|z).
It can be seen, we classify two situations.
1. Whileq = 2; ¢ = 3 or ¢ = 6 alternative,
(p— vV
G(z) = G(x,q,L) = 2c- pll 2 m) +O(1n\/5)’ (32)

where @ < p < \/z, p|z), this formula prompts the expression of Goldbach conjec-
ture.
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2. Whileq = 2; ¢ = 3 orq = 6 alternative, and = 2" orp L 2 where @ < p < /),

x ﬁ
= L) =2c¢- .
We say, the Goldbach’s conjecture expression is same withgvime conjecture.
Since )
c= | | 1——), 34

p=>3

where @ < p < /), p is a prime number.

4 Conclusion

In this paper, we clearly give the expression of Polignaosjecture, saylsi(x) =

2¢]] Eg:g “oE T 0(13/55) where2 < p < /z, while £ = 1, it matches twin-
prime conjecture. Previously, there have some referenisessted the equivalent of
conjectures between Goldbach and Polignac. But, thereameado discuss about inter-
nal equivalence in Polignac’s conjecture. We clearly dbsdhe equivalent situations
in this topic, and also give the detailed proofs. Althoughhage not found any regular-
ity to Polignac’s conjecture. We suppose upon on this edgiiz point view, we found

the orderliness in disorder of prime number distributiom pfime numbers symmetry

in Generalized Goldbach conjecture, is our future resegoah
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