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Abstract

We contribute to the knowledge of linear codes with few weights from special polyno-
mials and functions. Substantial efforts (especially due to C. Ding) have been directed
towards their study in the last past years. Such codes have several applications in secret
sharing, authentication codes, association schemes and strongly regular graphs. Based
on a generic construction of linear codes from mappings and by employing weakly reg-
ular bent functions, we provide new class of linear p-ary codes with three weights given
with its weight distribution. The class of codes presented in this paper is different from
those known in the literature. Also, it contains some optimal codes meeting certain
bound on linear codes

Keywords Linear codes, weight distribution, p-ary functions, bent functions, weakly reg-
ular bent functions, vectorial functions, cyclotomic fields.

1 Introduction

Error correcting codes are widely studied by several researchers and employed by engineers.
They have long been known to have applications in computer and communication systems,
data storage devices (starting from the use of Reed Solomon codes in CDs) and consumer
electronics. Many progress have been made on the constructions of linear codes with few
weights. Such codes have applications in secret sharing [1, 6, 34, 16] authentication codes
[19], association schemes [2], and strongly regular graphs [3]. Interesting two-weight and
three-weight codes have been obtained in several papers. A non-exhaustive list dealing
with codes with few weights is [8], [9],[17],[33],[18],[20],[27],[35],[36],[15],[16],[30],[32],[31],
[24] and [13].

Certain special types of functions over finite fields and vector spaces over finite fields
are closely related to linear or nonlinear codes. Two generic constructions (let say, of "type
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I” and of "type I1”) of linear codes involving special functions have been isolated and next
investigated in the literature. Linear codes obtained from the generic construction of type
IT are defined via their defining set while those obtained from the generic construction
of type I are defined as the trace function of some functions involving polynomials which
vanish at zero. Recently, based on the generic construction of type II, several approaches
for constructing linear codes with special types of functions were proposed, and a lot of
linear codes with excellent parameters were obtained. A very nice survey devoted to the
construction of binary linear codes from Boolean functions based on the generic construc-
tion of type II is given by Ding in [13].

Bent functions are maximally nonlinear Boolean functions. They were introduced by
Rothaus [29] in the 1960’s and initially studied by Dillon since 1974 in this Thesis [11]. The
notion of bent function has been extended in any characteristic by Kumar et al. [26]. For
their own sake as interesting combinatorial objects, but also for their relations to coding
theory (e.g. Reed-Muller codes, Kerdock codes, etc.), combinatorics (e.g. difference sets),
design theory, sequence theory, and applications in cryptography (design of stream ciphers
and of S-boxes for block ciphers), bent functions have attracted a lot of research for four
decades. A jubilee survey paper is [7]. A book devoted especially to bent functions and
containing a complete survey (including variations, generalizations and applications) is [28].
It is well-known that Kerdock codes are constructed from bent functions. Very recently, it
has been shown in few papers [12, 37, 30] that bent functions lead to the construction of
interesting linear codes with few weights based on the generic construction of type II.

In this paper, we focus on the construction of linear codes from bent functions in
arbitrary characteristic based on the generic construction of type I. The paper is organized
as follows. In Section 2, we fix our main notation and recall the necessary background. In
Section 3, we present the two generic constructions of binary codes from functions which
have been highlighted by Ding in [13] and focus on one of them. In Section 4, we study
codes from mappings based on the first generic construction and present general results in
a very general context. Next, we derive in Section 5 a new class of linear codes with three
weights from weakly regular bent and present its weight distribution. Such a class contains
some optimal codes meeting certain bound on linear codes. The reader notices that the
general idea of the construction of our codes is a classical one since it has been already
employed in [4, 5] in the binary case and in [6, 33] in odd characteristic. Nevertheless, our
specific choice of the function employed for designing our code is new.

2 Notation and preliminaries

We present basic notation that will be employed in subsequent sections.



2.1 Some notation fixed throughout this paper

Throughout this paper we adopt the following notations unless otherwise stated.
e For any set E, E* = E \ {0} and #E will denote the cardinality of F;
e p is a prime;
e h is a positive integer divisor of m. Set m = hr;
o q=p
F,, is the Galois field of order n;

Z be the rational integer ring, @ the rational field and C the complex field;
e () be the Legendre symbol for 1 <a <p—1;
o p = (%)p = (—1)»=1/2p. Note that p™ = (%)m\/ﬁ%‘;

V=1 - .
e {, =ec r be the primitive p-th root of unity.

2.2 Some background related to coding theory

Definition 1. A linear [n, k,d], code C over F, is a k-dimensional subspace of F; with
minimum Hamming distance d.

The support of a vector a = (ag, -+ ,ap—1) € [y, denoted by supp(a) is defined by
supp(a) := {0 <i <n—1:a; # 0}. The Hamming weight of a vector a € F denoted by
wt(a) is the cardinality of its support, that is, wt(a) := #supp(a).

2.3 Cyclotomic field Q(¢,)

In this subsection we recall some basic results on cyclotomic field. The ring of integers in
Q(&) is Ok = Z(&,). An integral basis of Oge, is {¢), | 1 <@ < p—1}. The field extension
Q(&,)/Q is Galois of degree p — 1 and the Galois group Gal(Q(¢,)/Q) = {0, | a € Z/pZ*},
where the automorphism o, of Q(§,) is defined by 04(§,) = &. The field Q(§,) has a
unique quadratic subfield Q(y/p*) with p* = (%)p where (%) is the Legendre symbol
for 1 <a<p-1 Forl<a<p-1,ao(vp*) = (§)Vp*. Hence, the Galois group
Gal(Q(v/p*)/Q is {1,004}, where 7 is any quadratic nonresidue in F).



2.4 Some background related to p-ary functions
The trace function T/, : Fgr — Fy is defined as:

r—1
T’r‘qr/q(:E) = qul :$+xQ+xq2 4ot
=0

r—1

The trace function from F,- to its prime subfield is called the absolute trace function.

Recall that the trace function T'rr/, is Fy-linear and satisfies the transitivity property
in a chain of extension fields (m = hr): Trym () = Trph /) (Trym jpn () for all @ € Fyr.

Given two positive integers s and r, the functions from Fg to to Fy will be called
(s,7)-g-ary functions or (if the values s and r are omitted) vectorial ¢g-ary functions. The
component functions of F' are the g-ary functions [o F', where [ ranges over the set of all the
nonzero linear forms over Fy. Equivalently, they are the linear combinations of a non-null
number of their coordinate functions, that is, the functions of the form v- F, v € Iy \ {0}
, where ”-” denotes the usual inner product in Fy, (or any other inner product). The vector
spaces [y and Fj can be identified with the Galois fields Fgs and Fgr of orders ¢° and ¢"
respectively. Hence, (s,r)-g-ary functions can be viewed as functions from Fgs to Fgr. In
this case, the component functions are the functions Tr-/,(vF(x)) where T'r is the
trace function from Fgr to F,.

Let f :Fpm — I, be a p-ary function. The Walsh transform of f is given by:

q"/q

T = T 60T, ) ey

x EIFpm

21/ —1
where {, = e » is a complex primitive pth root of unity and the elements of F, are

considered as integers modulo p.
Function f can be recovered from x7 by the inverse transform:

= 1 — —Tr,m s, (bx)
5};()21971 Yo g T (1)
bEFpm

2.5 Bent functions and (weakly) regular bent functions

A p-ary function f : Fpm — F, is called bent if all its Walsh-Hadamard coefficients
satisfy |x;(b)> = pZ. A bent function f is called regular bent if for every b € Fpm,

p*%i}(b) = fg*(b) for some p-ary function f* : Fpm — F, ([26], [definition 3]). The bent
function f is called weakly regular bent if there exists a complex number u with |u| = 1 and
a p-ary function f* such that upfgﬁ(b) = 55*(6) for all b € Fpm. Such functions f*(z) is
called the dual of f(x). From [21, 22], a weakly regular bent function f(z) satisfies that

Xi(0) = e/p g, (2)
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’ Bent functions ‘ m P
T+ 1

ZiL;nO/ 2 Trm splaia? ) arbitrary | arbitrary

fzal Trpm/p(aimi(pkfl)) +Tr, /p(éx$), elp +1 | m =2k | arbitrary
Trpm /p(az o +3k+1) m =2k p=3

Trpm/p(xp3k+p2k —PRL z?) m =4k | arbitrary
Trpm/p(amy%); 1 odd, ged(i,m) =1 arbitrary p=3

Table 1: Known weakly regular bent functions over Fym, p odd

where e = £1 is called the sign of the Walsh transform of f(z) and p* equals (_?l)p where
(%) is the Legendre symbol for 1 < a < p—1. Note that from Equation (1), for the weakly

*(b)=Trpm (b
regular bent function f(x), we have Zberm 51]: O)=Trym /p(be) _ epmgjf(m)/\/p*m. Moreover,
Walsh-Hadamard transform coefficients of a p-ary bent function f with odd p satisfy

_7/\ b — * 3
rrxg ) iig{; (b), if mis odd and p=3 (mod 4), )

m { j:g{f*(b), if m is even or m is odd and p=1 (mod 4),
where 7 is a complex primitive 4-th root of unity. Therefore, regular bent functions can
only be found for even m and for odd m with p = 1 (mod 4). Moreover, for a weakly
regular bent function, the constant u (defined above) can only be equal to +1 or =i.

We summarize in Table 1 all known weakly regular bent functions over F,m with odd
characteristic p.

3 Two generic constructions of linear codes from functions

Boolean functions or more generally p-ary functions have important applications in cryp-
tography and coding theory. In coding theory, they have been used to construct linear
codes. Historically, the Reed-Muller codes and Kerdock codes have been for a long time
the two famous classes of binary codes derived from Boolean functions. Next, a lot of
progress have been made in this direction and further codes have been derived from more
general and complex functions. Nevertheless, as highlighted by Ding in his very recent
survey [13], despite of the advances in the past two decades, one can isolate essentially
only two generic constructions of linear codes from functions.

The first generic construction of linear codes from functions is obtained by considering a
code C(f) over F,, involving a polynomial f from F, to F, (where ¢ = p™) defined by

C(f) ={c= (Trypp(af(z) + bx))rer;; a € Fy, b € Fy .

The resulting code C(f) from f is a linear code of length ¢ — 1 and its dimension is upper
bounded by 2m which is reached in many cases. As mentioned in the literature (see for



instance [13]), this generic construction has a long history and its importance is supported
by Delsarte’s Theorem [10]. In the binary case (that is, when ¢ = 2), the first generic
construction allows to provide a kind of a coding-theory characterization of special cryp-
tographic functions such as APN functions, almost bent functions and semi-bent functions
(see for instance [5], [4] and [25]).

The second generic construction of linear codes from functions is obtained by fixing a
set D = {di,ds, - ,ds} in F, (where ¢ = p™) and by defining a linear code involving D
as follows:

Cp ={Trqp(xdy), Try/p(xd2), -+, Trep(2ds) }-

The set D is usually called the defining set of the code Cp. The resulting code Cp is of
length n and of dimension at most m. This construction is generic in the sense that many
classes of known codes could be produced by selecting the defining set D C F,. The code
quality (good or optimal parameters or the contrary) is closely related to the choice of the
set D.

4 On the first generic construction of linear codes from map-
pings over finite fields

For any a, 8 € Fpm, defined as:
fa,ﬁ : IFq'r — Fq
r > fap(x) = Trqy-/q(a\li(x) — px)

where U is a mapping from F,r to Fgr such that ¥(0) = 0.
We now define a linear code Cy over F, as :

C\IJ = {Eaﬂ = (fa,,B(Cl)a fa,,B(Cz), t afa,B(CqT—l))a Q, 6 € IE‘q’"}
where (1, -+, (4—1 denote the nonzero elements of Fyr.

Proposition 1. The linear code Cy is of length q" — 1. If the mapping ¥ has no linear

component then Cg is of dimension k = 27’” = 2r. Otherwise, k is less than 2r.

Proof. 1t is clear that Cy is of length ¢" — 1. Now, let compute the cardinality of Cy. Let
Ca,3 be a codeword of Cy. We have

Capp = 0 = Try,(@U(G) — BG) = 0,¥i € {1, ,¢" —1}
= Try(a¥(r) — Br) =0,Vr € Fy,
= Tryrjp(a¥(z) — fz) = 0,Vx € Fy,
= Tryrp(a¥(x) — Br) = 0,Ve € Fyr
= Trer/p(@¥(x)) = Tryr jp(B), Vo € Fyr

6



Hence, ¢, 3 = 0 implies that the mapping from Fg to F, component of ¥ associate to
a # 0 is linear (or null) and coincides with z + Trgr/,(Bz). Therefore, it suffices that
no component function of ¥ is not identically equal to 0 or linear to ensure that the only
null codeword appears only one time at « = § = 0. Furthermore, it implies that all
the codewords ¢, g are pairwise distinct. In this case, the size of the code is ¢*" and the
dimension of the code is thus equals 2r. O

The following statement shows that the weight distribution of the code Cy of length
q" — 1 can be expressed by means of the Walsh transform of some absolute trace functions
over [Fpm involving the map W.

Proposition 2. We keep the notation above. Let a € Fym. Let us denote by ¢ a mapping
from Fpm to F), defined as:

he(x) = Trpm (a¥(x)).

For ¢, 3 € Cy, we have:

— 1 —_—
wt(caﬁ) = pm — — Z wa& (w,B)
4 wel,

Proof. Note that W(0) = 0 implies that f, g(0) = 0. Now, let ¢, g be a codeword of Cy
then,

wt(Co,p) = #{x € ¥y | fa,5(x) # 0}
= #{x € Fyr | fap(z) # 0}
= pm - #{.’L‘ € qu ‘ fozﬁ(x) = 0}

z€Fr ~ welq

The latter equality comes from the fact that the sum of characters equals ¢ if f, g(x) =0
and 0 otherwise. Moreover (using the transitivity property of the trace function Tryr/,
and the fact that Ty, is Fy-linear)



1
wt(Ca,p) =P — — Z Z £y rarp(@fas(@)

wGFq z€F r

=pm—Z Z Z é- Trq/p(WTrgr q(a¥(z)—pBx))

wGFq z€Fr

—_ym_ Trq/p(Trqr/q(wa‘ll(x)—w,é’x))
p p Z Z &p

wEFq z€F -

_ _ - Z Z {Trr/pwa\llx) wfx)

wEFq z€Fr

pm o 1 Z Z {pTrqv-/p(wa\Il(x))—Trqr/p(wﬁx)

wG]Fq z€Fr

Z Z 5 Ywa(x)=Tryr /p(wBT)

wE]Fq z€Fr

= —*qu/;w wp).

wEFq

I
@

O]

In the following, we denote by Sy (a, ) the sum %Zwqu Xvwn (WB). We compute the
sum of all the values of Sy (c, 8) when « (resp. ) ranges the field Fyr

Proposition 3. Keeping the same notation as above, set Sy (o, () := éZwEF - Xton (WP).
q
we have

1. Soer, Su(@:B8) = (¢ + g+ #{z € By | (@) = Trypjq(B2) = 0} — #{z € Fyr |
b(@) = 0}).
2. Yger, Sp(a,B)=¢" " +q" =g

Proof. Let compute the sum ZaquT Sy (e, ).

Z SLZ)( Z Z Z STT' 7 /p(warh(z)—wpB)

aGIqu MGFQ IEF T aGIF r

q Z Z 5 ~Trgr /p(wBz)

We]Fq z€Fr [wip(z)=0



In the second equality we have used the fact that ) €F - ﬁpTTqr/P(‘”O‘w(m)) equals p™ = ¢"
if wi(x) = 0 and equals 0 otherwise. Now, let separate the case when w = 0 and w # 0.

r

Z Sw(a,ﬂ) = i( Z 14+ Z Z fp_Tqu/p(“’fo)>

a€cF r z€F r wEFZ €F r [¢p(2)=0

%(q £ Y & T el e By | () = o})

w€Fq z€Fgr |9 (x)=0

:ql<q’”+ Z Z& “Trap(Trarja(B0)w) gl € By | Y(a )_0})

2€F 4 | (2)=0 weF,

<

= L(4 + a{a € By | 00a) = Trp jg(0) = 0} = ftla € By | 0(a) = 0).

Now, let us compute the sum Zﬁqur Sy (e, B).

Z Sw( Z Z Z é-Tr 7 /p(wa(z)—wBz)

(BEF weIFq z€Fyr BEF 4r

q Z Z é-Trqr/p(wai/J(x))

wGFq z€F yr lwz=0

¢ (X 1+ X)),
z€F r welFy

:qT_1<qT+Q*1)-

O

5 A new family of linear codes with few weights from weakly
regular bent functions based on the first genetic construc-
tion

In this section we study a particular subclass of the previous family of linear codes con-

sidered in the previous section. We shall fix h = 1 and assume a € F,. Let then g,z

be the p-ary function from Fym to F, given by ga (%) = aTrpm,(¥(x)) — Trym /,(B2).
Note that go g(z) = a1(x) — Trymp,(Bx) where 1), is defined as in Section 4 by 1, (x) =

Trpm/p(a‘li(x)).
Now let us defined a subcode C of Cy as follows:
C:= {Ea,ﬁ = (ga,ﬁ(C1)7ga,ﬁ(C2)a e 7901,5((}7’”—1)): (OAS Fpaﬁ € Fpm}~ (4)



where (1, -+, (pm_1 denote the nonzero elements of F,m
According to Proposition 2 (where T'r, /p 1s the identity function),

w (cavﬁ - Z waa O‘)IB
wEIFp
=p"—p" T — - Zszw wp)
wE]F*
wa —Tr,m ﬁ)
S Y Y g T
we]F*a:EIF
Trpm U(x Bx)
:pm_ _72 ZfT /pwa —wpz
wG]F*xEIFm
Trpm Y (z)—px)
AR YD Y
wE]F*:EGIFpm
_ 1 _
=p" =P == ) ou(Xen (8).
wely

But xy. (8) = 0a(Xy, (@8)) where @ satisfies @a = 1 in F,,. Indeed,

ool (@) = a3 &)

z€F,m
Z awl Trpm/p(ﬁz)
z€F,m
= Xa1 (B) = Xgu (8)-

Consequently,

WHEag) = ™~ 9" = = S ou(oa(Ta(@B).

p welFy

Note that if & = 0 then wt(¢n5) = p™ — p™ ! — 217 weFs 0w(Xx0(B)) (where O denotes

the zero function). Since Xo(8) = >, cpm fgﬁx = p™éo,s (where d,, denotes the Dirac
symbol defined by 9§, s = 1 if s = r and 0 otherwise). Therefore,

i 1
wt(lap) =p™ =" == ) 0u(p"60s)
wEF;

— pm o pmfl _pmfl(p - 1)50,,8-
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Hence, we obtain wt(Zpo) = 0 and for 8 # 0, wt(¢p5) = p™ — p™ L, which concludes
the Hamming weight of any codeword ¢y g in any characteristic.

Let consider firstly the binary case, that is, the case where p = 2. Assume ¥ :=
Trom/o(®) is bent. Then Xy, (8) = (=1)¥1(P)2% . Hence, according to above, wt(é; 5) =
om _ gm—1 _ %(_1)1/){(5)2% —om—1_ (_1)11,;(5)2%_1.

From now, assume p odd and 1 := Trpm/,(®) is weakly regular bent. Then, by

definition, we have:
X’wl aﬂ _6\/—'m 'L[)l 04,3

Using the fact 0o (v/p*") = oa(y/p")™ = (2)™vp*" and if m is even, ($)™ = 1 and
VP = /p™, one get

Therefore,

1
wt(éaﬂ) _ pm _pmfl . Z T (6 g / 5041%(&,3 )
pweF; p
_ 1 « (&

=" =" = (S Y (VgD
pp w€elFy

_ pm _pm—l _ le(g m g / é.wozwl(aﬂ
b b weR p

P =g = VI T (96 i m odd
pm—pml —p3 - eZwEF* wanby (@) if m even.

Let us distinguish both cases.

1. Case m odd.
e If Y7 (af) = 0 then (using the fact that Zwep(f) =0)

Wh(Eag) = p™ — p 1 — (D) ST ()



o If Yj(@B) # 0 then (using in particular the evaluation of the Gauss sum:

Zw@ﬁ;(%)@bf =Vp")

- ; W g
wely
=p" - - *6 \Fmacwl aﬁ)( > (%)55)
wEIF*

=p" - - *6 \/_mam,z)1 aﬁ) )

_.m m—1 1 « * CMT/J*(CK,B) *
=p" —p _Eﬁ(p)ﬂ( 1p )\/7
_om _ ,m—1 1 5 T(O_ZB)
=p"—p @ (F)
L1 yi(aB)
=p" =" () (P
. m __ . m—1 ;1 T+1 Tfl Wf(_ﬁ)
=p" —p e«(—)2p ( . )
2. Case m even.
o If ¢j(@f) = 0 then we have
wh(ea,p) = p" — p" - pE e Y g D

€ry

w
=p" —pm Tl —pT T le(p—1).

o If ¥ (af) # 0 then (since aw € Fy) we have ZweF ﬁawwl @5 0. Thus

wh(Eap) = p" — p" T = pE e Y g
welF}

m — -1

=p" —p" e

Collecting the previous results, we give in Theorem 1 that the weights of the codewords of

C.

Theorem 1. Let C be the linear code defined by (4) whose codewords are denoted by Cq 3.
Assume that the function ¥y := Trym,(¥) is bent or weakly regular bent if p = 2 or p

12



odd, respectively. We denote by 7 its dual function. Then the weight distribution of C is

given as follows. In any characteristic, wt(¢op) =0 and for B # 0, wt(¢oz) = p™ —p™ L.
Moreover,
1. if p = 2 then the Hamming weight of ¢1p (B € Fim) is given by wt(éy 5) = 2™ —
(—1)¥iB2% -1,
2. if p is odd then
o if m is odd then the Hamming weight of ¢o g is given by
pm—pmliface Fy and ¢i(aB) = 0;
pm—pmt — e(’?l)mTHmefl <7¢ng&5)> if a € Fy and Yi(af) € Fym.

e if m is even then the Hamming weight of ¢, g is given by

{ pr—pm Tt —p2le(p—1) ifa €F5 and ¥i(aB) =0
2

P —pm 4 p2 e if o € FY and ¢5(aB) € Fim.

We are now going to compute the weight distribution of C in the case where p is an
odd prime. To this end, let us write the Walsh transform of 1 as
gwf(w)

Xoy (w) = eup? &,

where € € {—1,1} denotes the sign of the Walsh transform X, and v € {1,i} € C.
The weight distribution of the code C is closely related to the bentness of the involved
function. Let g be a weakly regular bent function over Fm:

Xg(w) = eupgﬁg*(w),w € Fpm, e=+£1, u € {1,i}.

Then ¢* is a weakly regular bent function and

Xg(w) = eu_lpggg(_“),w € Fpm.
Set
Nj = #t{x € Fpm | g(2) = j}.

The following useful result shows that we are able to compute the cardinalities of the
sets N;j. The values of the numbers N; are known (see for instance [23], Theorem 2.2) for
the even case). However, for the sake of completeness, we state their values in Proposition
4 translated in our framework together with a proof.

13



Proposition 4. Using the above notation and assuming g*(0) = 0. Then
if m is even,
No=p" ' —ep> !+ ep2;
Nj=p™ -2 L 1<j<p—1;
if m is odd,
No=p™Y

m—1

Nj=p™ 1+ epT(i), 1<j<p.
p
Proof. One has
p—1
(0= Y @ =eapt O =3 N
z€F,m 7=0

that is,
p—1

Z Njﬁg; —eup? =0. (5)
0

j=
e If m is even, u = 1. Now since Z?;é 27 is irreducible over the rational number field
and since it is the minimal polynomial of &, over the rational number field, we have
Nj:a,lgjgp—land]\fo—ep% =N

for some a, that is, all the IN;th are equal except for Ny that differs from —ep%.
Now, Z?;é N; = p™. Hence a + ep% + (p — 1)a = p™ from which one deducces

a:pm— 1

L psilonp%_ .

e If m is odd, u = i. Recall now the well-known identity

p . 1 .
VN 2; ifp=1 (mod4);
Mg =g vy p=1 modd (6)
op ip2, ifp=3 (mod4),

that is, Z?Zl(i)ﬁ; — up?. One therefore rewrite (5) as

p—1 P .

. m—1 7 .
Y Nig —ep T Y (2)E=0.
=0 =P

By similar arguments as those used in the even case, one conclude that

b
Now, Z?;é Nj =p™ =pNo + eme_l {4 (J) = pNy. Thus Ny = p™~ L.

j=1\p

14



Hamming weight ‘ Multiplicity ‘

0 1
pm _ pmfl pm -1
pr—p" T —ep? M (p—1) P —p"  tep? M (p—1)°
pr—p" T +ep? ! " —p" -1 - '(p-1)°

Table 2: The weight distribution of the codes C when m is even

O

Now, using Proposition 4, we give in following theorem the weight distribution of the
code C when m is even.

Theorem 2. If m is even, then the weight distribution of the code C is given by the Table
2.

Proof. The weights comme from Theorem 1. One can easily get from Theorem 1 that
there are p™ — 1 codewords of Hamming weight p™ — p™~!. Set K := #{(a, ) € [y x
Fpm | ¥7(aB) = 0} and Ny := {y € Fpm | ¢f(y) = 0}. Clearly, K = (p — 1)Np and
(p—1D(@™ = No) = #{(, B) € F, x Fym | () # 0}. Now, according to Proposition 4,

No=p™" — ep%_l + ep%. Thus,

K=@p-1)@p" "+ p-1))
=p" —p" e i (p - 1)

and

(p—1)@E™=No)=(p— D™ —p™" " —ep2'(p—1))
=" —p" Hp—1)—ep? p-1)>~

Now, according to Theorem 1, the number of codewords of Hamming weight p™ — p™~1 —

ep%fl(p — 1) is equal to p™ — p™~! + ep%fl(p — 1)% and the number of codewords of
Hamming weight p™ — p™ ! +ep2 ! is equal to (p™ —p™ N(p—1) —ep? (p—1)2. O

Theorem 3. If m is odd, then the weight distribution of the code C is given by the Table
3.

Proof. Let us take again similar notation as those used in the proof of Theorem 2. Set
K = #{(a, ) € F} x Fpm | Y7 (aB) = 0} and N; := {y € Fym [ ¥7(7) = j}. According to
Theorem 1, the number of codewords of weight p™ —p™~! is equal to p™* — 14+ K = p™ —1+
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Hamming weight ‘ Multiplicity ‘

0 1
pm _pmfl 2pm _pmfl -1
- — T mFl w1 p— =T 12
propm T —e(Z) "2 pTT | (et r )
" — pl mFL  m—1 1 m=T (p_1)2
pr =P te(5) 2 p T | (" —ep 7 )P

Table 3: The weight distribution of the codes C when m is odd

m—1

(p — 1) Ng while the number of codewords of Hamming weight p™ — p™~! — ¢( _?l)pT and
of Hamming weight p™ — p™~1 —i—e(_?l)meil are equal respectively to Zje{l,m p-1h(D)=1 N;
and Zje{l 1} (D=1 Nj. According to Proposition 4,
k) 9. b p
Pt =14 (p=DNo=p" =1+ (p— D™ ) =2p" —p" ™ — 1;
m—1
> N; = > (p—1DE" " +ep )
_ m=1,. D — 1
=" e T ) () - b);
and
_ m—1
> N; = > p-1E" " = 7))
je{l, - p—1}(d)=-1 je{l, - p—1}(d)=-1
_ m—1 p— 1
=" e ) () - 1),
]

6 Concluding remarks

The paper is a contribution to the knowledge of codes from weakly bent functions with few
weights. The general idea of the construction is a classical one but our specific choice of
the function employed is new. Our codes are different from those studied in the literature
[15, 16, 30] due to the differences in the lengths and dimensions. Moreover, we notice that
our codes have dimension m + 1, they have the same weight distribution as a subcode of
some of the codes in [4] when p = 2 and the same weight distribution as a subcode of some
of the codes in [6, 33] when p is odd.
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