ON THE FIRST FALL DEGREE OF SUMMATION
POLYNOMIALS

STAVROS KOUSIDIS AND ANDREAS WIEMERS

ABSTRACT. We improve on the first fall degree bound of polynomial
systems that arise from a Weil descent along Semaev’s summation poly-
nomials.

1. INTRODUCTION

Finding solutions to algebraic equations is a fundamental task. A common
approach is a Groebner basis computation via an algorithm such as Faugere’s
F4 and F5 [1, 2]. In recent applications Groebner basis techniques have
become relevant to the solution of the Elliptic Curve Discrete Logarithm
Problem (ECDLP). Here one seeks solutions to polynomial equations arising
from a Weil descent along Semaev’s summation polynomials [10] which
represents a crucial step in an index calculus method for the ECDLP, see
e.g. [9, 11]. The efficiency of Groebner basis algorithms is governed by a
so-called degree of regularity, that is the highest degree occurring along the
subsequent computation of algebraic relations. It is widely believed that
this often intractable complexity parameter is closely approximated by the
degree of the first non-trivial algebraic relation, the first fall degree. In
particular, the algorithms for the ECDLP of Petit and Quisquater [9] are
sub-exponential under the assumption that this approximation is in o(1).

In the present paper, we will improve Petit’s and Quisquater’s [9] first
fall degree bound m? + 1 for the system arising from Semaev’s (m + 1)-th
summation polynomial. That is, we prove that a first fall occurs at degree
m(m — 1)+ 1. Along our argumentation we can improve on special instances
of a general bound proved by Hodges, Petit and Schlather [5] on the first fall
degree of systems induced by a multivariate polynomial. This allows us to
explain some discrepancies presented in their experiments.

2. NOTATION

Our considerations take place over a degree n extension Fon of the binary
field Fy. The notions in [§3] and [§4] generalise easily to Fyn with ¢ being an
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arbitrary prime power. We will comment on some specific generalisations to
F,» throughout the text.

3. THE FIRST FALL DEGREE

Consider the decomposition of the graded ring
S =TFo[Xo, ..., Xna]/(XE,..., X2))
into its homogeneous components
S=5&51P B Sh.

Each S; is a IFo-vector space generated by the monomials of degree j. Let I
be an ideal in S generated by homogeneous polynomials fi,..., f, € Sy all
of the same degree d. Then we have a surjective map
o: ST — I
(915--,97) = gfi+-+gfr
Let e; denote the canonical i-th basis element of the free S-module S”. The
S-module U generated by the elements

(3.1) fjei + fiej and frep

is a subset of ker(¢). If we restrict ¢ to the Fa-subvector space Si_aCS”
we obtain a surjective map

¢j—d: S]T;d — IﬂSj

whose kernel contains the Fa-subvector space U;_q = U N S;-"_ 4 and hence
factors through -
¢j7d : S;fd/Ujfd — 1IN Sj.

Definition 3.1 (Cf. [5, Definition 2.2]). The first fall degree of a homoge-
neous system fi,..., fr € Sg is the smallest j such that the induced Fa-linear
map ¢;_q4 is not injective, that is the smallest j such that dimp, (I NS;) <
dimp, (S}_,/Uj—a). For a general system of equations we define its first fall
degree as the first fall degree of its highest degree homogeneous part.

Note 3.2. If j < 2d then U;_; = 0 and the first fall degree depends on the
non-injectivity of ¢;_4 : S;Ld — I NSj, it equals the smallest j such that
dimp, (I N Sj) < dimp, (S;_d)

4. SOME TRANSFORMATIONS OF ALGEBRAIC EQUATIONS

Let Fan[X] be a univariate polynomial ring, and let 7 : Fon — Fon, 7(a) =
a? denote the Frobenius automorphism. Fix a basis of Fon over Fy by
1,z,...,2" ! and let

X=Xo+2zX1+ - +2"1X, 1 € Fon[Xo,. .., Xn—1]-
The [Fo-linear polynomials Y; = X 2’ can be written as a linear transform of
(Xo,...,Xn—1) via the Vandermonde matrix

(4.1) V=V(z,7(2),...,7"(2))
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1 z 22 n—1
_ 1 7(2) 7(2?) (2" 1)
1 Tn—l(z) Tn—l:(ZQ) Tn_l(Zn_l)

That is
(42) (Yo, Y1,....Yo 1) = (X, X% ..., X" ) = (X0, X1,..., Xn_1) - V',
and in particular

(4.3) Y= XY = Xo+ 7 () X1+ + 7 (2" H Xy

Each X* can be written as a polynomial in the Fo-linear variables Y; by
a binary expansion of ¢. Recall that as an endomorphism of Fa» we have
X2" — X =0 and hence without loss of generality i < 2", that is

(44) XZ — Xao (X2)a1 . (X2n_1)an,1 — }/Oa()Ylal . Yanfl

n—1

in Fon[Yp,...,Y,_1] of degree < a9 + --+ + ap—1 where a; € {0,1}. To
summarize, any polynomial f € Fon[X] can be written as a polynomial
F € Fon[Yy,...,Y,_1] in the Fy-linear variables Y; such that the degree in
each variable is < 2, and each variable Y; arises from a linear change of the
variables Xg,..., X,_1. To be precise,

n—1
(4.5) FX) = F((Xoy- o, Xp1) - V) =Y 2'Fi(Xo, -, Xoo1),
=0

where we have arranged the terms on the left-hand side as equations
Fo,...,Fh_1 € Fon[Xo, ..., Xp—1] (in fact the coefficients of the F} lie in Fy)
according to the basis 1, z,...,2" 1. We apply the Vandermonde matrix V'
to the vector of equations Fy,..., F,—1 to obtain an equivalent system of
algebraic equations F, F™,...,F™" " € Fan [Yo,...,Y,_1] via

Fy F
Fy FT .

@6) V| o Xec) = | | (Ko X)) - VY.
Fn—l FTn_l

In particular, each entry is given by
) n—1 o
(4.7) F7 (X0, Xno1) - V) =) 7 (2)Fi(Xo, ..., Xn1).
i=0

The system in Fy,..., F,_; regarded in Fon[Xy,..., X,,—1] can be aug-
mented by the field equations X2 — X, ..., X2_; — X, _; to produce solutions

n
in the base field 5. Likewise a linear transform of the field equations forces
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K-valued solutions of F, F",..., F ™! as follows. Recall from (4.3) that

n—1 n—1

(4.8) VP =Y (T)X7 and Y=y ()X,
i=0 1=0
That is, we have the following linear transform
X2 - X, YZ -V
(4.9) cv - : — :
Xéfz — X, Y71232 — Y
anl - anl Ynfl - Y

where C' denotes the circulant matrix
(0 Idp,—1
(4.10) C= (1 0 ) .

Therefore, the extension of the linear transformation in (4.6) such that
the systems Fy = (Fp,...,F,_1)t and F™° = (F,F7,...,F™" ) viewed in
Fan[Xo, ..., Xn—1] equally produce solutions in Fy is given by

(4.11) <‘g C°V> . <X£°X.> (Xo,. ., Xn1)

_ <y.q f;ﬂ) (X0 Xn1) - V).

Note that the application of 7 naturally performs as a cyclic shift on
the variables Y; = X?%. Therefore, each F™ can be computed from F
by the application of 7/ to the coefficients of F and its evaluation at
(Y;,...,Y1,%,...,Y;_1). The linear isomorphisms in and
seem to be common knowledge, see e.g. [, 4.2], [9] 4.4].

When we reduce the system Fy,...,F,_1 by the field equations Xg —
Xoyooy X2 X,,_; it is important to note that the degree of the resulting

n—1""
highest degree homogeneous component cannot drop below the degree of
its counterpart in F, F7, ... ,FTn_l. In other words we have the following
invariance.

Proposition 4.1. The first fall degree of po,...,pn—1 given by
pi = Fy mod (X3 — Xg,..., X2 1 — X,_1)-

n—1
is equal to the first fall degree of F, F™,..., F7

Proof. Due to the linearity of the transforms and we only have
to compare the degrees of the highest degree homogeneous parts. Let dy be
the highest degree that appears in the pg,...,pn—1. As explained previously
7 performs as a cyclic shift on the variables Y;, so it is sufficient to consider
the homogeneous parts of F' which are of the form

A = Z Cagyean-—1Yp Y1 o vt

n—1

n—1

ap+---+an_1=d
ag, - - -, an—1 € {0,1}
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Let A(@) be the highest degree homogeneous part of F. Since the transform
is linear, it is clear that the maximal degree of each F; is < ag+ -+
an—1 < dy and so dy < di. We consider the following commutative diagram
where ¢, are linear isomorphisms induced by the Vandermonde matrix V*
from (4.2) and 7y, my are the natural projections.

¢
]FQn [XO, ceey Xn_l] ]F2’IL [}/0, oo 7Y?’L—1]

o l lw

Fon[Xo, .o, Xnoa] /(X8 .., X0 ) s Fou[Yo, ..., Yot ] J(YE, ..., YO )

We have 7y (A(@)) £ 0 since the variables Y; appear with powers a; € {0, 1}.
Since 9 is a linear isomorphism we obtain

047 (ry (A@)) =t -+
where ¢ € Fon and p is a monomial of degree d; such that each X; appears
with degree < 2. Therefore p remains unchanged when lifted along mx and
reduced by the field equations (X3 —X,,..., X2 ;—X,,_;), and consequently

do = dy. O
5. A FIRST FALL DEGREE BOUND

From now on let f(X) € Fon[X] have degp,, f < 2" — 1 and degy, f = d,
and assume M < n. Then f(X) = F(Yp,...,Y,—1) is an element of the
truncated graded ring

ROM=L —Fou Yo, ..., Yar 1]/ (YE, ..., Y& )
=M e R e e R
For studying its first fall degree we can assume without loss of generality
that F' is an element of the degree d homogeneous component RS’M_I.

Proposition 5.1. The Fon-linear mapping
0,M—1 0,M—1
Rj_ d o Rj
I = uF
has a non-trivial kernel if
i M+d
2
Proof. The dimensions of the components Rs of the graded ring R are
encoded in the Hilbert series

(1—)M e (M s
HSponr—1(t) = 2 = (1+ )M = £,
0= > (3)

+ 1.

A non-trivial kernel occurs if

. 0,M—-1 __ M M . M ST 0,M—1
dimg,,, ijd = (] —d) > <j> = <M—]> = dimp,, Rj ,
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le. if Moid
+ + 1.

J—d>M-j&j>
([l
According to the non-injectivity of yu +— uF yields a first fall

degree bound when trivial relations cannot occur.
Corollary 5.2. If j < 2d the first fall degree of F is < %(M +d)+1.

This bound can be generalized to < %((q —1)M +d)+1 for polynomials F'
that have coefficients in Fgn, when still 7 < 2d. Hodges, Petit and Schlather
[0, Theorem 4.9] prove that general bound without the restriction on j.

However, in our restricted setting we can improve by one due
to the following observations.

Proposition 5.3. E|Assume M —j=j—d, such that M +d and M — d

are even and dimpy,, R?]’Q{ﬁ /2 = dimg,,, R(()]’\%r_cé 2 = (j]\f d). Then, the linear
transform
0,M—1 0,M—1
Riu—aye — Bitaye
7 = uF

has a non-trivial kernel if (j]\_{i) is odd. If furthermore M < 3d, the first fall
degree of F is < $(M +d).

Proof. For a subset J C Q = {0,...,M — 1} we denote the monomial
ps = [lic;Yi and write the homogeneous polynomial F' = Z|J|=d ClbJ-
Denote by I;_q C 2 = {0,...,M — 1} a subset of cardinality j — d and
consider

pr_ b= Z CIHIUI;_g-

Jﬂ[j,dzw
Each pjur;_, is an element of R?}%j{% /2 Since M — j = j — d we can further
write
(5.1) nyF= ) o on phe/nn

Ii NI ;=0
Because of the symmetry of [ i—d and [ ]/'—d the coefficients on the right-

hand side of (5.1)) form a square symmetric matrix of odd dimension (]]\f d).
Since any symmetric matrix in characteristic 2 is also anti-symmetric its
determinant vanishes. If M < 3d, then j < 2d and there are no trivial
relations according to Hence we have a first fall. O

When (]Af d) is even one cannot expect the determinant of the linear
transform from [Proposition 5.3| to vanish. Instead the following approach
yields a first fall.

1Timothy J. Hodges informed us that he and Sergio Molina observed the same behavior
and anti-symmetry argument in ongoing unpublished work.
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Proposition 5.4. Assume M — j = j —d, such that M +d and M — d are
even, and recall the polynomials F € RS’Mﬁ1 and F7 € Rcll’M from (4.6)).
We assume M < mn — 1 such that T acts as a simple shift on the variables Y;
without turning round. Then, the defect of the linear transform

0,M—1 1M 0,M
Roi—ay e ®Bi—aye = Blarya)e
(1, 1t") = pl + p FT

is at least (Mj_l) > 0. If furthermore M < 3d, the first fall degree of F, F™
is < (M +d).

Proof. We denote by I; € @ ={0,...,M—1} and Il C {1,..., M} subsets of

cardinality 7, respectively. Consider the linear subspace in R?% )2 spanned

by the 2(jj\fd) = 2(1‘]4) many products

_ F
Mljde - Z CI\L g0
Ij:)Ij,d

,
F™ = cf .
M 2
/ /
or_,

Then, the coefficients ¢\, ¢k, form a matrix with 2(M ) rows and
’ (VALY AV j

(A]/I )+ ( (];4 )— (Mjfl)) columns, since the above representations overlap exactly

in the (Mj*l) many subsets ; from {1,...,M — 1}. That is, the defect of

that linear transform is at least (Mj_l) > 0 as claimed. If M < 3d, then

j < 2d and there are no trivial relations according to Hence we
have a first fall. O

Let us compile a list of experiments. We choose uniformly at random a
homogeneous polynomial F(Yy,...,Yy—1) of degree d in Fon[Yy, ..., Y, 1]
such that the degree in each variable Y; is < ¢ — 1. and compute a Groebner
basis of the ideal

I=(FF™", .  FT YZ Y, Y2, —Y, Y2 —Y)

in Fon[Yp,...,Y,_1] generated by the system in (4.11)). The computation is
done with Magma’s GroebnerBasis () function tuned to verbosity level 1.
The empirical first fall degree D is read off as the step degree of the first
step where new lower degree (i.e. < step degree) polynomials are added. The
empirical degree of regularity D,., is read off as the highest step degree of
all steps where new polynomials are added.

The gray colored part of is a copy of the lines with p = 2,
discrepancy B > Dy from [5l, Table 1] (their ¢ being our M), and ¢ > 3d.
We were able to reproduce their experimental data on Dyy and D,ey. The
white cells document our first fall degree bound (M + d)/2 that solves the
discrepancy B > D according to |Pr0position 5.3| when (]Af d) is odd and

m(n—1))

Proposition 5.4| when (JM d) is even. The defect (Mj_l) is listed as appropriate.




8 ON THE FIRST FALL DEGREE OF SUMMATION POLYNOMIALS

TABLE 1. Empirical and theoretical first fall degree for degree
d homogeneous F'(Yp, ..., Yy 1) with coefficients in Fon. The
empirical data is based on 10 repetitions.

p|t(=M)|d| n |B|Dyss| Dy MTM (jA—/[d) (Mj_l)
2 6 41116 | 50 | 5.0 5) 6 1
2 6 41136 | 50 | 5.0 ) 6 1
2 6 411716 | 5.0 | 5.1 5) 6 1
2 7 311116 | 5.0 | 5.0 5) 21 —
2 7 31136 | 5.0 | 5.0 5 21 —
2 7 311716 | 5.0 | 5.0 5 21 —
2 7 5|11 7| 6.0 | 6.0 6 7 —
2 7 5113 7| 6.0 | 6.0 6 7 —
2 7 5|17 7| 6.0 | 6.1 6 7 —

Remark 5.5. There is a multinomial version of [Proposition 5.4| for polyno-
mials with coefficients in Fy» assuming (¢ — 1)M — j = j — d. The defect of
the analogous linear transform is the coefficient of #/ in (1+4¢+-- -+t~ 1)M=1,
That way one can improve the bound of Hodge, Petit and Schlather [5, The-
orem 4.9] to < ((¢ —1)M +d)/2 when (¢ — 1)M < 3d. The latter restriction
does not scale well with ¢ but excludes trivial relations such as f;e; — fje;

from (3.1]), and of course f,‘j_lek. However, this explains the discrepancy in
[0, Table 1] in the case p = 3,t =5,d = 4.

6. WEIL DESCENT ALONG SUMMATION POLYNOMIALS

We will derive the first fall degree bound < m(m—1)+1 for the polynomial
system that arises from a Weil descent along Semaev’s summation polynomial
Sma1(21,- .., Tmy1) [10]. This is an improvement over m? + 1 that results
from [, Theorem 5.2] and [9, §4]. We briefly describe the polynomial system
arising from the Weil descent and refer the reader to e.g. [9] for more details.
Fix a basis 1, z,...,2" ! of Fon over Fy and let V be a random subvector
space in Fon of dimension n’ and basis v, ..., v, over Fo. We introduce mn’
variables y;; that model the linear constraints z; = Z?:ll Y, set Ty to
an arbitrary element ¢ € Fon, and obtain the equation system

n' n’
Sm+1($17 <oy Timy, merl) = Sm+1 <Z yuvi, - -+, Z YmiVi, C)

= folyij) + 2f1(yij) + -+ 2" fru1 (yi5)

The first fall degree of interest is that of the reduced polynomial system

s = fr mod (y%l — Y115 - - .,y?nn/ — Yt )-
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By the definition of the first fall degree we are interested in the highest

degree homogeneous part of sg,...,S,_1 whose degree can be determined as
follows.

Proposition 6.1. Let m > 3. The highest degree homogeneous part of

the polynomial system so,...,Sp—1 is of degree m(m — 1) and is induced
by the monomaal a:%m_l_l - -x%,lnil_lxmﬂ in the summation polynomial
Sm+1(l‘1, cee s Iy, :Em+1).

Proof. First we show the existence of this monomial in .S),+1. Due to Semaev
[10] we have

S3(x1, 9, 13) = (SL'% + x%)X2 + z12223 + x%x% +t
Sm+1(1 -+« s Ty Timp1) = Resx (Sm(21,y ooy Tim—1, X), S3(m, Tmt1, X))

and the degree of S,,;1 in each variable z; is 2~ !. The resultant of
f,9 € Fan[X] of degree k und [ is the determinant of the Sylvester matrix

Resx(f,g) = det Syl(f, g)

i Jo
i Jo

et feoo
g 90
g 90

g T go
That is, with

S3(@my Tty X) = (25, + 250 ) X2+ T 1 X + 2@ + 1

Sm(l'l, ey $m,1,X) = CQm_1X2m_l 4+ .4

we have
Sm+1(a;1 ooy Ty, xm+1)
Com—1 Com—1_1 e o 0
0 Com—1 e c1 co

2 2 2 .2
—det | Tm T Thmt1 TmTmy1 Ty +U

2 2 2 .2
Ty + T+l ImIm+1l TiypTpyq +1

with a total of 2 + 2™~2 rows and columns. In order to prove our claim we
have to find proper Laplace expansions for the determinant of the Sylvester
matrix.

Step 1: Prove by induction (start with z?22 in S3) that S, 11 contains

the monomial x%"hl e 1:72:71. For that we expand along the term ¢y in the
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first two rows. The resulting minor is an upper triangular matrix in the last

2m=2 rows and hence
2m72
2 2
Sm+1(l'1 e ,l’m,{L‘erl) = CoCo H (ZEm + xm—f—l) +...
=1
2771,72 2m72 2 2mfl
—(:El "'$m_1)xm 4+ ...
2m—1 2m—1 2m—1
=] X1 Ty + ...

Step 2: Prove by induction (start with xjxoxg in S3) that S,,4+1 contains
the monomial w%m71_1 e m%lm_lflxmﬂ. For that we expand along c¢; in the
first and along ¢q in the second row. The resulting minor is again an upper

triangular matrix in the last 22 rows and we have

Sm+1($1 <oy Ty merl)
2m—2_1
_ 2 2
= C1C0TmTm+1 (T, + 2pyy) + .-
i=1

o 2m72_1 27n72_1 2m—2 2m—2 2 2m—271
- (331 T )(‘Tl o Tm—1 )$m$m+1($m) +...

2m—1_1 am—l_q om=l_]
=T T Loy l’m+1—|-...

The degree claim is argued as follows. The variables y;; of the s, are over Fo
where taking squares is a linear operation. Therefore the degrees of the homo-
geneous parts of the system sq, ..., s,_1 depend only on the Hamming weight
wt(z{?t - 2dm) =5 wt(a;) of a monomial in Sy, 1. Since the degree of Sy,41
in each variable z; is 2"~ ! the monomial x%m_lfl e :U%nm:1171$72nM71_1xm+1,
when x,,11 is set to an element ¢ € Fan, produces the highest Hamming
weight > wt(2™~1 —1) = m(m — 1). To be precise, we consider the linear
change

n n
Vij=af = _vaum)® = yai’
=1 =1
and obtain
m m—2
e T T
i=1 j=0
m m—2 n’
= CH yleZQJ
i=1 j=0 I=1
m m—2
= Z’ch H yii; + terms of degree < m(m — 1)
k i=1 j=0
where vy, € Fon and the [; for j = 0,...,m — 2 are pairwise distinct. [l

We are ready to prove
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Theorem 6.2. The first fall degree of the polynomial system sq,...,Sn_1
resulting from the Weil descent along the summation polynomial Sp,41,m > 3
is <m(m—1)+1.

Proof. We consider again the linear change of variables

n’ n’

27 27

= yam)® => v
=1 =1

This is induced by the m x n’ matrix

Vl o e Vn/
oo i
m—1 m—1
12 S}

that can be completed to an invertible linear transform assuming m < n’
(which holds in any practical instance) by [8, Lemma 3.51]. Therefore the
first fall degree of the polynomial F, € Fan[Y}}], c € E, that is

FC(Y107 o 7Y1(m71)7 o 7Ym07 ey Ym(mfl)) = Sm—f—l(wh ey Tmy C),

is equal to the first fall degree of the polynomial system sg,...,8,_1. As
explained earlier the monomial me -1 --x%nmflflc induces the highest
degree homogeneous part of Fy, that is
m m—2
A(m(m 1)) CIH Y—U
i=1 j=0

with some ¢ € Fan. This is of degree d = m(m — 1) in M = m(m — 1)
many variables Y;; over Fo. Since 3(M +d)+1=m(m—1)+1 < 2d
our [Corollary 5.2| now gives that the first fall degree of F, and hence of
80y .-y Sn—11s <m(m —1)+ 1. O

Remark 6.3. From [5, Theorem 5.2] and [9, §4] one deduces a first fall
degree < m? +1 for the summation polynomial S,,;1. The argumentation in
our proof is completely analogous except that we do not generically bound
the degree of Sy,11 in each variable (which is 2™71) by 2™ — 1.

Remark 6.4. Our [Theorem 6.2 remains true also in the case m = 2 with
first fall degree <2 -1+ 1 = 3. This bound is not sharp though, in fact the
first fall degree in the case m = 2 equals 2 [7, Corollary 4.11 and Remark
4.12].

Remark 6.5. When the vector space V' C Fon/F9 is a subfield the first
fall degree equals the highest degree, that is m(m — 1), of the induced
homogeneous part of sg,...,S,—1. This is easy to see from the equation
system and , respectively, since by the subfield condition there is
some k such that F = F™ which is a trivial relation that induces a first fall.
Those symmetries explain certain observations in [12, §6].
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In the light of the first fall degree bound given in[Theorem 6.2 we computed
a Groebner basis for the ideal resulting from the Weil descent along the
summation polynomial Sy, 1(21,. .., Zm, Tmy1) for m = 2,3,4 on an AMD
Opteron CPU with Magma’s GroebnerBasis() function. Again, we set the
verbose level to 1 and extracted the empirical first fall degree D¢y as the
step degree of the first step where new lower degree (i.e. < step degree)
polynomials are added. The empirical degree of regularity D,.4 is the highest
step degree of all steps where new polynomials appear. In each experiment
we chose a random non-singular elliptic curve over Fon, a random subvector
space of dimension n’ = [n/m] as the factor basis, and set x,,11 to the
x-coordinate of a random point on the curve.

Like Kosters and Yeo [7), §5] we observed a raise in the regularity degree for
m = 2 in our experiments and were able to verify their observation that with
the low degree polynomials V = span{1, z,..., 2" } chosen as the factor basis
(Cf. [T} 4.5]) the raise in the regularity degree was produced for slightly
greater n = 45. It would be very interesting to observe a raise in the degree
of regularity for higher Semaev polynomials, but time and memory amounts
become a serious issue for m > 3. However, such observations might neither
falsify [9, Assumption 2] that D,eq = Ds¢+o0(1) nor lead to further evidence
that the gap between the degree of regularity and the first fall degree depends
on n as discussed in [6l §5.2].

However, we believe our first fall degree bound m(m — 1) 4+ 1 to be sharp
in generic cases, and rephrase [9, Assumption 2] as the following question:

(6.1) Dyeg =m* —m+1+0(1) ?
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TABLE 2. Empirical data for the Weil descent along the
summation polynomial S, 1 over Fon with n/-dimensional
factor basis. The observed first fall degree Dyr, degree of
regularity D;.g4, the time in seconds s and space requirement
in gigabyte GB is based on 10 repetitions.

m|n |n |mm—1)+1|Dss| Dyeg s GB

2 (34|17 2 4 188 1.2

2 13518 2 4 1237 16.1
2 136 |18 2 4 1342 16.4
2 37119 2 5 2542 29.2
2 13819 2 5 2815 25.2
213920 see 2 5 4785 45.6
2 140 | 20 | Remark 6.4 2 15} 4858 46.3
2 (41|21 2 15} 7930 65.3
2 42|21 2 15} 8901 66.7
2 (43| 22 2 15} 16816 | 95.5
2 |44 | 22 2 5 15690 | 96.8
2 |45 | 23 2 5 38352 | 140.0
2 |46 | 23 2 5 31735 | 140.7
2 (47|24 2 5 103200 | 207.7
2 (48 | 24 2 5 86636 | 208.2
3113 5 7 7 7 14 0.6

311415 7 7 7 14 0.7

3115 5 7 7 7 14 0.7

3116] 6 7 7 7 597 13.5
31171 6 7 7 7 656 13.3
3|18 6 7 7 7 729 34.1
3119 7 7 7 7 16571 | 92.2
3120 7 7 7 7 17684 | 101.2
3121 7 7 7 7 17681 | 90.2
4 1131 4 13 13 13 467 25.0
4 1141 4 13 13 13 487 25.8
4 1151 4 13 13 13 592 26.3
4 1161 4 13 13 13 755 27.6
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