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Abstract

In this paper we introduce a sequence of discrete Fourier trans-
forms and define new versions of bent functions, which we shall call
(weak, strong) octa/hexa/2¥-bent functions. We investigate relation-
ships between these classes and completely characterize the octabent
and hexabent functions in terms of bent functions.
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1 Introduction

Let Fy be the prime field of characteristic 2 and let V,, := F} is the n-
dimensional vector space over F,. A function from [} to Fa is called a
Boolean function on n variables. We denote the set of all Boolean functions
by B,,.

The set of integers, real numbers and complex numbers are denoted by
Z, R and C respectively. The addition over Z, R and C is denoted by ‘+’.
The addition over V,, for all n > 1, is denoted by @®. If x = (z1,...,2,)
and y = (y1,...,Yn) are two elements of V,, we define the scalar (or inner)
product, by

X y=z21y1 D 22Yy2 D - - D TpYn.



We define the scalar/inner product x©®y in C x C in the same way, although
the sum is over C. We define the intersection of two vectors x,y in some
vector space by

X*y = (551?/17 T2Yy2, ... 7$nyn)‘
If z=a+bi € C, then |z|]= va? + b? denotes the absolute value of z,
and Z = a — bi denotes the complex conjugate of z, where i> = —1, and

a,beR.

An important tool in the analysis of Boolean functions is the discrete
Fourier transform, known in Boolean function literature, as Walsh, Hadamard,
or Walsh—Hadamard transform, which we define next

Wiln) =273 37 (~1)feo0ux,

xeVy,

Any f € B, can be expressed in algebraic normal form (ANF) as

f(x1,m9,. .. xpn) = @ Ca (foz> , Ca € FFo.
JEV, i=1

a=(ay,...,an

The character (sign) form of some binary vector x = (z1,...,x,) is (=1)* =
((=1)*1,...,(=1)*). The character form of a function is the character
form of its truth table (output values). The (Hamming) weight of x € V,,
is wt(x) := > | x;. The algebraic degree of f, deg(f) := maxacv,{wt(a) :
ca # 0}. Boolean functions having algebraic degree at most 1 are said to be
affine functions. For any two functions f, g € B,,, we define the (Hamming)
distance d(f,g9) = {x: f(x) # g(x),x € Fon }|= wt(f @ g).

The maximum nonlinearity of a Boolean function f € B, defined by
nl(f) = max{d(f,?¢)|¢ € A,, the affine functions in n variables} known to
be equal to nl(f) = 2""1 — L max,|W;(u)] is achieved when the maximum
absolute value in the Walsh spectrum is minimized. For even n, such func-
tions are known as bent functions [10] and the magnitudes of all the Walsh
values in the spectrum is constant, that is, if [Wy(u)|=1 for all u € V,,. If
f is bent, then for every u € V,,, we have Wy (u) = £1 = (—1)9W_ for some
function g, which is also bent and called the dual of f. A function f € B,
is called semibent, if the Walsh transform of f takes the values {0, +v/2},
when n is odd, or {0, £2}, when n is even.

The sum Cy4(z) = ervn(—l)ﬂx)@g(x@z) is the crosscorrelation of f
and g at z. The autocorrelation of f € By, at u € V,, is Cs ¢(u) above, which
we denote by C¢(u). It is known [3] that a function f € B, is bent if and
only if Cy(u) = 0 for all u # 0.



We refer to Carlet [1, 2], and Cusick and Stanica [3] for more on Boolean
functions.

Another transformation on Boolean functions was introduced by Rierra
and Parker [9] (see also [7, 11]), and dubbed nega-Hadamard transform of
f € V, at any vector u € V,, as the complex valued function Ny(u) =
273 S xey, (—1)FEIEux ) A function is said to be negabent if the nega—
Hadamard transform is flat in absolute value, namely |Ny(u)|= 1 for all
u € V,. The sum Cpy(z) = 3 oy (—1)/CIH9EO2)(_1)%x2 i5 the nega-
crosscorrelation of f and g at z, and the nega—autocorrelation of f at u € V,,
is Op(u) = Yyey, (-1)/ O GO (1,

274
Let (ox = e 2F bea 2F_complex root of 1. In this paper we introduce yet
an entire sequence of transforms, which we call 25-Hadamard transform as
the complex valued function

k n
'H;? )(11) =272 Z (_1)f(x)®u-x <;€t(X)-
xeV,
Certainly, if k = 1,2, and so, (3 = —1, (4 = i, we get the Walsh-Hadamard,
27i

respectively, the nega-Hadamard transforms. If k = 3,4, and so, (s = e s =

; 2mi 242 | \/2-V2
%7 Cig = €16 = \/2\[+Z\/2\[

ing transforms, the octa-Hadamard transform, respectively, hexa-Hadamard
transform and denote them by Oy (u), respectively, X¢(u).

The 2*-crosscorrelation of f,g, respectively, 2¥-autocorrelation of f are
defined by

, then we shall call the correspond-

k
c2 )(u) _ Z (_1)f(x)@g(x®z)ux®z’

19
x€eV,
C(Qk)(u) _ Z (_1)f(x)eaf(xeaz) xOz
f :u’ )
XGVn

where p = ¢? is a 287! complex root of 1 (recall the scalar product x © z is
computed over Z). When k is fixed we shall use Cy 4,Cy, instead.

We call a function octabent, hexabent, and in general 2¥-bent if and only if
the octa-Hadamard, hexa-Hadamard, respectively, 2¥-Hadamard transform
are flat in absolute value, that is, |Of(u)|= 1, |Xf(u)|= 1, |H§¢2k)(u)|: 1, for
all u € V,,. Since it is relevant below, we call a function ¢ a strong 2¥-bent
function if and only if ¢ is 2¢-bent for all £ < k. Also, a function f is a weak
2F_bent function if and only if f @ soe—1 is a strong 2¥~!-bent function.

In this paper, we will give some of the properties of the transform and
we will investigate functions that are both bent, octabent, hexabent and



in general 2¥-bent. In the case of octabent and hexabent, we will find a
necessary and sufficient condition in terms of “lower-ladder” level of such
functions.

2 Properties of the 2*-Hadamard transform

Certainly, such transforms to be of any use, they have to be invertible.
Lemma 1. Let f € B,,. Then
( ) fly) _ 2—§C wt(y) Z ,H(Qk) )Y'u. (1)
uEVTL

Proof. We have (let dg(x) be the Dirac symbol, which is 1 at x = 0 and 0,
elsewhere),

278 3 P )y =2 3TN~ s e (e

uev, ueV, xeV,
—9—n Z Z xX)®du-x ;";ﬂt(x)(_l)y-u
XEVn UGVn
—on Z (_1)f(X)C;2t(x) Z (—1)w(xey)
XEVn uEVn
=27 N (-1 sy (x @ y)
xeV,

:(_1)1”(3')453:(3’)7
and the lemma is shown. O

As in [11], we next prove a theorem that gives the 2¥-Hadamard trans-
form of various combinations of Boolean functions. For easy writing, when

k is fixed, we shall use Hy instead of %gch). We will make use throughout
of the well-known identity (see [5])

wt(x @ y) = wt(x) + wt(y) — 2wt(x * y). (2)

27i

Theorem 2. Let f,g,h be in By, ( =e2* and w = 62’c a square root of (.
The following statements are true:

(i) If lac(x) = a-x @ c is affine (a € Vy,c € Fa), then Hygp, (u) =
(=1)Hs(a®u). Moreover,

He, . (n) = (—1)°2" (cos (2%))” ( itan (;))Wt(a@u) o 2wh(adu)



(it) If h(x) = f(x) @ g(x) on FY, then for u € Fy,

)=2" n/2 Zﬂf W,(u@v) =2" n/2 wa V)H, (u B V).

VE]Fn UE]Fn

(ii7) If h(x) = f(Ox), then Hp(u) = " @ H;(On), where O is ann x n
orthogonal matriz over Fy (and so, OTO = I,).

(i) If h(x,y) = f(x) @ g(¥),x,y € Fy, then Hygy(u,v) = Hy(w)Hg(v).
(v) If f € Bp,g € By, and h(x,y) = f(x)g(y), then
221, (u,v) = Hp(w)Ag(v) +w" VWA (v),

Ap(v) +Ag(v) = (=1)2™ (cos (;))m < itan <27;>>Wt(v) W 2IHY),

where Ago(v) = 32 410 (— 1YY OV, At (v) = oy gy (1YY U
Moreover, if k = 1, then 21/2Hyf(x)(u,y) = (—=1)" ¢ Hy(u)+27/2 (cos (2k))”
(<itan ()" w200, 21240 g (0, 0) = Hp(w) +2/2(~1)°¢
(cos (27))" ( itan (Qk ))Wt(u) Wwh—2wt(u)
Proof. To show (i), write
Mot (1) = 3 (~1)7CIect@xngett

xeV,

— (_1)0 Z (_1)f(X)EBx-(aEBu)th(x)

xeVy,
= (—-1)H¢(a® u).

27 uy)
Next, for ( = e2F and w = e2* a square root of {, then

1+C—1+cos<2;1)+isin(%)
- () 2 () o (5)
= 2cos (1) e;% = 2cos (%) w,

1-¢ —251n< )—2ZSID<1>COS(;€)

= —2isin (2—k> w



so, 1+ (—1)bC = (2 cos (%) — wlf(gl)b> W=D,
Let f = 0. Then, with notations a = (ay,...,a,), u = (u,...
for easy writing, b; := a;  u;, 1 < i < n, we write

Hego(w) = (=1)° Y (1)@

, Up ), and

xeVy,

= (—1)° ﬁ (1+c=1)

= (-U{ﬁ (1+¢) H (1-9¢)

= (-1 Ez cos (0 ))” A newi(acu)
(o () o

= (—=1)“2" (cos( )) ( ztan( ))Wt(a@u) o 2wt(adu)

Next, we show (7). We write

Z Hiv)Wy(uddv) = 27" Z (_1)f(}’)€Bg(Z)EBV'(y@Z)@u~z th(y)
VeV, viyzeVn
= 27 3 (1) @R@RuE cwily) N (q)vives)
v,2€Vn vev,
= Z (1) WDIWIOWyY (Wiy) = 97/291 0 (),
Y€V

The second identity is similar.
For (iii) we use a similar argument as in [11], and get

th(u) — n/22 @uygwt _ n/QZ f(Oy) @uwat
_ n/2 Z f(z You-0Tz th (0Tz)
— n/2z f(z EBOuzcwt
- n/2§wt Z(_l)f(z)ea(ou)-z th(z)

z

— th(a)/Hf(Ou),



since wt(07z) = (072)T(07z) = 27 (0O0T)z = 27z = wt(z).
Claim (iv) is straightforward, and for claim (v), exactly as in [11] for the
nega-Hadamard transform, we see that

22y (uv) = DT (—1) eIExutyy wta)bwi(y)
(x,y)EIFg'Hc
= Z (_1)y~v th()’) Z(_”f(x)@x-u th(x)
y,9(y)=1
+ y v th(y) Z x u th(x
_ 2n/2'Hf Z yvaty)+2n (COS<27;>>n
9(y)=
) (_Z tan( ))wt(u) n—2wt(u Z (_1>y~v th(y)
¥,9(y)=0

from which we obtain the claim. In particular, for m = 1, if g(y) = y, then
Ago(0) = 1, Agi (v) = (—=1)* ¢, and if g(y) = y1, then Agr (1) = 1, Ago(v) =
(—=1)¥ ¢, and so the claim follows. O

Theorem 3. Let f,g € B,,. The 2*-crosscorrelation of f, g is
2 YRy .
N(2) = ¢ @ S Hp(u)Hg(u)(~1)*.
UEVn

Furthermore, the 2F-Parseval identity holds

> He(w)P=2".

UEVn
Moreover, f is 28-bent if and only if C¢(u) =, for all u # 0.
Proof. Using [3, Lemma 2.6] and identity (2), we write

D Hy () Hy () (1)

uev,,
—9n Z (—1)/C)D9) w0 +wi(z)—wi(y) Z (—1)w(xoyoz)
X,y€Vn, ucvy,
= Z (—1)F C)Dg(x®m) (2wt(2exz)
X,yeVy
k
= 3 (~1)fIRabEn < — 2D ().

x€eV,



If f =g, then we get

k
P (z) = Y (1) eI momyuer — ovila) N7 gy () (1),

uev, uev,
and by replacing z = 0, then we get the 2F-Parseval identity. The last claim
is also implied by the previous identity. O

3 Complete characterization of octabent and hex-
abent Boolean functions

Lemma 4. Let z be a complex number. If s € Zo, then

s_ 1+ (=1)°  1-(=1)°
= 9 + 9 Z.

z

(3)

Proof. The claim is a straightforward computation going through the cases
s=0,1. O]

Throughout the paper, we let

s1(x) = @mi, So(x) = @ TiZy,
i=1

1<i<j<n
s3(x) = @ TiT T, s4(x) = @ TiTjTRT)
1<i<j<k<n 1<i<j<k<l<n
and, in general, st(x) = @ Tiy Ty

1<i1<...<i1<n

be the symmetric polynomials of degree 1,2,3,4,t, etc., respectively, all
reduced modulo 2 (we use the convention that s;(x) = 0, if x € F5, and
< t).

Lemma 5. Let x = (z1,...,x,) € V,,. Then

wt(x) (mod 8) = s1(x) + 2s2(x) + 4s4(x)
wt(x) (mod 16) = s1(x) + 2s2(x) + 4s4(x) + 8sg(x),
k—1
wt(x) (mod 2F) = wt(x) (mod 2871) + 28 Lsi 1 (x) = Z 2 59i(x).
i=0



Proof. We will be using Newton’s identities for symmetric polynomials: with
the notations x = (z1,...,2,), pi(x) = Y 2k, eo(x) = 1, e1(x) =
D ko1 Tk, €2(x) = Zl§k<j§n TRTj, e3(x) = Zl§k<j<s§n TpT;jTs, €tc., then

k

ker(x) =Y (1) tepi(x)pi(x),

=1

Taking k = 3, we get 3es = eap1 —e1p2+p3. Reducing this identity modulo 2
and observing that p;(x) (mod 2) = s1(x), for all i > 1, we can write,

53(x) = 52(x)51(X) D 57(x) @ 51(x) = 59(x)51(X). (4)

In general,
2k
Sok+1(X) = (EB sl-(x)> s1(x).
i=2
We show our lemma by induction on n. The claim is certainly true for
n=1,2. Let x = (X', 2p41), X' € F}. If z,41 = 0, then

wt(x) (mod 8) = wt(x') (mod 8)
= 51(x) + 259(x’) + 4s4(x’) (mod 8)
= 51(x) + 2s2(x) + 4s4(x) (mod 8).
If 2,41 = 1, then s1(x) = s1(X') ® 1, s2(x) = s52(X') D 51(X), s4(x) =
s4(X") @ s3(x') = sa(x) @ s1(x')sa2(x’), using (4). We distinguish several

cases.

Case 1. s1(x") =0 (thus wt(x’) (mod 8) < 7). Then

wt(x) (mod 8) = wt(x’) (mod 8) + 1
=1+ 51(x') + 289(x') + 4s4(x")
= 51(x) + 252(x) + 4s4(%).

Case 2. s1(x") # 0, s2(x') = 0 (thus wt(x’) (mod 8) < 7). Then,

wt(x) (mod 8) = wt(x’) (mod 8) + 1
=1+ 51(x') + 2s9(x') + 4s4(x)
= S1 (X) + 282(){) + 484(}(),

since s2(x) = s1(x’) and s1(x) = 0.



Case 3. 51(X') #0, s2(x') # 0, s4(x’) = 0 (thus wt(x’) (mod 8) < 7). Then,

wt(x) (mod 8) = wt(x') (mod 8) + 1
=1+ 51(x') + 2s9(x') + 4s4(x)
= 51 (X) + 282(){) + 484(}(),

since s4(x) = s1(x')s2(x’) = 1 and s1(x) = s2(x) = 0.
Case 4. s1(x') #0, sa(x’) # 0, s4(x") # 0 (thus wt(x’) (mod 8) = 7). Then,

0=wt(x) (mod 8)
= 51(x) + 2s2(x) + 4s4(x),

since in this case s1(x) = s2(x) = s4(x) = 0.

The remaining claims can be shown in a similar way, although there are
more cases to be considered, however an alternative inductive argument can
be used. Let wt(x) = 2¥t + 2¥~1s 4+ p, where s = 0,1 and p < 2F°1. If
s = 0, then wt(x) (mod 2¥) = p = wt(x) (mod 2¥~1), so we just need to
show that sqr—1(x) = 0 in this case. Certainly, sox-1(x) is exactly the parity
of the number of terms in this polynomial, when the variables are taken
from the nonzero positions of x. That is, we simply need to consider the
parity of the binomial coefficient (2;,511’ ), which is zero by a corollary to a
Theorem of Kummer (the binomial coefficient ('}) =0 (mod 2) if and only
if there is a carry when £ and m — ¢ are added in base 2, which is equivalent
to the statement that m has no 0 in its binary expansion every time ¢ has
a 1). Similarly, if s = 1, then sor-1(x) = (2kt§ik:11+p) = 1, by the same
argument. Thus, we get the first equality of the last identity of our lemma,
and by induction, the second one is shown, as well. O

Theorem 6. Let f € B, and { = e5'. The octa-Hadamard transform of
f can be written as a combination of Walsh-Hadamard transforms in the
following way:

4Of(u) = aleEB84 (u) + a2Wf€BS4 (ﬁ) + a3Wf€BSz®S4 (u) + a4Wf€BSz€BS4(ﬁ)7

where a7 = 1 +C+C+CG, a0 =1-¢C+C -G, a3 =1+¢—-—
G, ay = 1—C¢—C+ 3. Furthermore, f is octabent if and only if:
for n even, f @ s4 is bent-negabent (that is, both f @ s4, f @ s2 @ s4
are bent) and Wrasy (u)Wf@826984 (u) = Wias, (ﬁ)wf@82@84 (w); for n odd,
[ @ sa, f® sy ® sq are both semibent such that [Wygs,(u)|= [Wyas, (1)|=
\/i Wf@$2€984(u) = WfEBS2€BS4(ﬁ) =0, or Wf@54(u) = Wf®s4(ﬁ) =0,
Wiass@ss (W)= Wres,@s, (0)|= V2.

10



27

Proof. Using Lemmas 4 and 5, we write (recall that in this case ( =e’s )

4Of —9- 5+2 Z f(x)@u xgwt
xeV,
5+2 Z f(x)@u ngl (x)+2s2(x)+4s4(x)
xeV,

o Y (1) Bk ()20 p)sa)

XGVn

5+2 Z (x)®34(x)+ux ((1 + (_1)31(x)) + (1 o (_1)81(X))<>

xeV,
~ ((1 + (~1)%09) + (1 = (1))

=272 Z (_1)f(X)EBS4(x)®u-x
xeVy,

Fa2t 3 (-1 e Bsimeu
xeV,

+ 32”2 Z (—1)/ )®s200Bsa(x)Burx
XEV,
tou27r Y (—1)f 851 (X)Ds2(X)Dsa(x)Du-x
xeVy,
= a1 Wras, (1) + a2Wras a5, (1) + asWras o5, (1) + 0aWras, @sms, (1)
= a1 Wras, (1) + a2Wras, (0) + asWras,@s, (1) + aaWrasaes, (1),
where a1 = 14+ ¢+ +G,aa =1+~ a3 =1+¢ -,
ar=1-¢—-¢+¢.
Denoting X = Wyas, (1), Y = Wrasas, (1) = Wras, (@), W = Wrgs,as, (1),
Z = Wrasi@s:@sis (1) = Wias,as, (), we further obtain
40;(u) = W+ X +Y + Z) +V2(W - 2)
+i(X+Y —W - 2)+ivV2(X - Y),
and therefore,

16|05 (u)|?= 4(X2 4+ Y24 W2+ Z2) +2V2(X 24 W2 Y2 - Z2  2WY —2X 7).

If f is octabent, that is, |Of(u)|= 1, for all u, then, we obtain the
following system of equations

X2+ VY24 wW?24+22=4
X2+ W2 -Y2_-2Z242WY —2XZ =0.

11



If n is even, then by Jacobi’s four-squares theorem, we obtain the solutions
(X, Y, W, Z)

(_17 _17 _17 _1)7 (_17 _17 17 1)7 (_17 1a _17 1)5 (_L 17 17 _1)3
(1,-1,-1,1),(1,-1,1,-1),(1,1,-1,-1),(1,1,1,1).

Thus, f @ s4, f ® s2 @ s4 are both bent such that Wrgs, (W)Wrgs,as, (1) =
Wias, (@)Wigssms, (). If nis odd, then the same system will have solutions
(X, Y, W, 2)

(=v/2,-v/2,0,0), (—v2,1/2,0,0), (0,0, —v2, =v/2), (0,0, —/2, /2),
(0,0,v2,—-v/2),(0,0,v2,v2), (v2,-v/2,0,0), (v/2,v2,0,0).

‘Wf€984 (w)|= |Wf€BS4 (w)[= 1 and Wf®526954(u) = Wras,os, (m) = 0, or
WfEBS4 (u) = Wf@&; (ﬁ) =0 and |Wf€BSQEBS4 (u)’: ‘Wf@S2EBS4 (ﬁ)|: L.

A simple computation shows that for these values, f is octabent, and
the theorem is shown. O

Remark 7. Given our definition, we see that f is octabent if and only if
f @ s4 is a strong negabent function, together with some conditions on the

Walsh coefficients.

Corollary 8. If f is octabent, { = e%, then the octa-Hadamard spectrum
of fis {CF|0 < k <8} = {£1,+(, +i,+C3}. If f is a weak octabent, then
its spectrum in absolute value belongs to {1, /1 £ %}

Proof. The proof is a straightforward computation running through the set
of values for the Wash-Hadamard coefficients described in the previous the-
orem, respectively, all £1 coefficients for the second claim. O

Corollary 9. Let n be odd and f € B,,. Then f is octabent if and only if

91(x%,y) = f(x) ® s4(x) Bysa(x), g2(%,y) = f(%) & s4(x) ® y(s2(x) & 51(x))
and g3(x,y) = f(x) @ s4(x) B s1(x) ® ysa(x) are all bent in Byiq.

12



Proof. We compute the Walsh-Hadamard transform of g; by

Wy (a,v) =275 3 (— 1)/ 0051602 () duxyy

xeV,
yEF2
_ o Y (1) o mu
xeV,
Lot Y (1) WEs e osuxEy
xeVy,
- \}5 Wioms (1) + (—1) Wipase (W)

Similarly,
Wi 10:8) = = Wraa () + (<) Wrnsoe(®)
Wi 10:2) = —= Wy (1) + (=) Wy, ().

If g1, g2, g3 are bent, then Wy, (u,v), Wy, (u,v), Wy, (u,v) € {£1} which im-
plies (by solving the corresponding systems for every possible £1 value) that
the Walsh coefficients of f @ sa, f @ 53 @ 54, etc., are all in {0, +v/2} and so,
these functions are semibent. If, [Wras, (u)|= V2, then Wigg,as, (1) = 0,
and so (using Wy,), [Wrasyas, (@)= 0, which forces |[Wyags, (1) = V2. A
similar argument works if Wyg,, (u) = 0. By Theorem 6, then f is octabent.

Conversely, if f is octabent, then f & so, f ® so @ s4 are semibent
and either |Wygs, (u)|= v2 and Wigs,as,(1) = 0, or Wy, (u) = 0 and
‘Wf@&;@sz (w)|= ﬁand thus, ‘Wf@&; (u) £ Wriass®sa (w)| = \/2 ‘Wf@u (u)£
Wf69846952(ﬁ>’: \/§ and |Wf®54(ﬁ) + Wf69546952(ﬁ>‘: \@a that is, g1, 92, 93
are all bent. O

It is known that (when n is even) f is negabent if and only if f®ss is bent.
Thus our condition in the theorem can be rewritten (when n is even) as f is
octabent if and only if f@®s4 is both bent-negabent (along with the constraint
on the spectra). From previous work [7], we know that x1ze ® zoxs @ x324
is both bent-negabent. This quickly gives us our first example of weak
octabent function, namely f(x1,x2, 3, 4) = T122DTox3 D L3T4 D T1T2X3T4.
In reality, it is not difficult to give examples of weak octabent functions. Let
7 be a permutation on F4 such that 7(y) @y is also a permutation (see the
discussion on complete mapping polynomials from [4, 11, 12]). On F3", let
the Maiorana-McFarland type function f(x,y) = x-7(y)®g(y), for some g,

13



and f'(x,y) = f((x,y)-O®a)+a-x®c, where O is an orthogonal matrix.

We know that f’ is bent-negabent and therefore f’ & sy is a weak octabent.

However, it is not that straightforward to construct (full) 2¥-bent functions.
Next, we characterize hexabent functions.

Theorem 10. Let f € B, and ( = e¥s . The hewa-Hadamard transform
of f can be written as a combination of Walsh-Hadamard transforms in the
following way:

8Xf(u> = BlwaBSS (u) + 62Wf6958 (ﬁ) + 63Wf€952®88 (u) + 54Wf®52®58 (ﬁ)
+ BSWfGBSz;GBSs (u) + 66Wf69546958 (ﬁ)
+ BeWiass@simss (u) + BsWrmsy@sadss (w),

where f1 = 14¢+C+C+CIHC O+, o = 1=+ =C 1=+,
B3 =1+(—C =+ ==, fr=1-(-CHCH+ ==+,
Bs = 14+CH+C+C =t =" == (7, B =1 -+ ==+ =0+ (7,
Br=1+¢-C-C - =C+C+ Br=1-C-C+C -+ +
¢ — (7. Furthermore, f is hexabent if and only if conditions (i), for n even,
respectively, (ii), for n odd hold:

1. f @ sg is bent-negabent-octabent with the conditions that (Wigss(u),
WfEBSs( ) Wf@SzEBSs( ) WfEBSzEBSs( ) Wf€984€958( ) Wf@346958 (ﬁ))

Wf€952@84@88( ) Wf®82®84®88( )) (17 1,1,1,1,1,1, 1) ( 1>Z7 where
€ As, and As is the set of affine functions in three variables.

2. fDssg, fDsa®ss, [fDssDss, fDss®ss®Dsg are all semibent and
(WfGBss; (), Wigss (), Wiass@ss (u), Wigs,@ss (w) = (ﬂv ﬂv \/57 \/i)*
(=1)¢, £ € Ay, and Ay is the set of affine functions in two variables,
and Wrgs,ess (@) = Wias,ass (1) = Wras,@sioss (1) = Wiassasioss (1) =
0; or, (Wf@34@38 (u)7
Wf®246958 (ﬁ)v Wf@52@34€9ss (u)7 WfEBSzEBS4€BSs (ﬁ)) = (\/Z \/57 ﬂa \/Q) *

(_1) ;€ Ay, and Wf@ss (u) = Wf@ss (ﬁ) = Wf®s2®ss (u) = Wf@sz@ss (ﬁ) =
0.

27

Proof. As in the previous theorem, we write (here, we set ¢ := (16 = €16 )

SXf 243 Z f(x)69u x Wt(x)
xeV,
— 9 %13 Z f(x)®u- x<31(x +252(x)+454(x)+8s5(x)
x€V,
—9—5+3 Z f(x)&u- xC81(X)C§2(X) 54(X)( 1)58(x)
x€eV,
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—9-%+3 g (_Uf(x)@ss(x)@wx ((1 + (_1)81(3‘)) +(1— (_1)51(x))g)

(@ (1) + (1= (1))
(4 ()50 4 (1= (=) )i)

=272 Z (—1)f (Bss () Bux
x€V,

+ 5227 % Z (—1)/ @51 (x)Bss(x)Dux
xeV,

+B327% Z (—1)f B2 () Bsa(x)Du-x
x€eV,

T ﬁ42—% Z (_1)f(x)@51(x)@52(x)@58(x)®u'x
x€eV,

+ 85277 Z (_1)f(X)®S4(X)€9SS(X)69u-x
xeV,
+ 27 % Z (_1)f(X)6981(X)GBS4(X)69S8(X)EBu-x
xeV,
+B727E Y (—1) (08 @n ) @ss (g gux
x€eV,
4 ﬁ82—% Z (_1)f(x)@51(X)@S2(X)EBS4(X)€BSs(X)EBu-x
xeV,
= B1Wrass (1) + B2Wrwss () + BsWrass@ss (1) + BaWias,ass (1)
+ BsWrasi@ss (u) + BeWrasimss (w) + BeWr@ss@sadmss (u) + BsWr@sr@sadss (w),

where 81 = 1+(+2+C+C+C+O+7 = 144 <1 +V2+4/2(2+ \/§)>,
62=1—c+<2—<3+c4—c5+<6—c7=1+z‘<1+ﬂ— 2(2+¢§)>,
Bs=1+C-C=C++C - =T =1+V4-2V2+i(1-V2),
Bi=1-C-C+C+=C -+ =1-V4-2v2+i(1-V2),
Bs =14+ ¢+ P+ === = =1-i)+V2+/2(2+V2),
Be=1-C+C ==+ -+ =0-)+vV2-/2(2+V2),
Br=1+4C-C-C==CHC+T=1-V2+i(-1-V1-2/2),

ﬁg:1—C—C2+C3—C4+C5+C6—C7:1—\/§+i<\/4—2\/§—1).
Set A = Wf@38 (u), B = Wf®88 (ﬁ), C = Wf@52@58 (u), D= Wf@52@58 (ﬁ),

X = =
Wigs,oss (u),Y := Wigsiass (w), W= Wigs,@satss (v), Z := Wigs,@sidss (a).
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Taking the complex norm and arranging the coefficients (as in [6]), we get
64|X;(u)|* =8(A* + B>+ C* + D* + W? + X* + Y? + Z?)
+4V2(A?+ B2 — C? — D?* —2AW — W? 420X + X%+ 2DY
+Y?-2BZ - 7Z?)

+4\/4+2V2(A% — B2 — AW + DW + BX + CX + X% — AY — DY
~Y?+BZ-CZ2)

+24/4 —2v2 (A% — B2 + 2BC + C? —2AD — D? — 4DW + W? + X?
+2WY — Y2 +4CZ - 2X7 — Z?).

We now assume that f is hexabent, so |X;(u)|= 1, for all u € V,,. We
obtain the following system of equations with solutions in 2-"/27Z,

A2+ B2+ C?°+D* 4+ W2+ X?4+Y?4+272=38
A> 4+ B? - C? —D? —2AW —W? +2CX + X?>+2DY +Y? -2BZ - Z?> =0
A2 B> AW +DW +BX +CX +X? - AY - DY -Y?*+BZ-CZ=0
A% — B? 4+ 2BC +C* —2AD — D* — 4DW + W? + X?

+2WY —Y?+4CZ - 2X7Z — 7% =0.

By a similar method as in [6], we can show that if n is even, then the above
system has the solutions

(—1,— 1,-1,-1,-1,-1,-1),(-1,-1,—-1,-1,1,1,1, 1),
(—1,— 11,1,— 1,1,1),( 1,-1,1,1,1,1,-1,-1),
(-1,1,— -1,1),(-1,1,-1,1,1,-1,1,-1),
(—-1,1,1,— 1,1,1, 1),(-1,1,1,-1,1,-1,-1,1),
(1,-1,— 1,1, 1,1,1,-1),(1,-1,-1,1,1,—-1,-1,1),

(1,— 1,1,— 1,1, 1,1),(1,— 1,1, 1,1,-1,1,-1),

(1,1, ,1,1),(1, , -1,1,1,-1,-1),
(1,1,1,1, 1, 1, 1),(1,1,1,1,1,1,1,1)

Similarly, if n is odd, the system has the solutions

(—v2, =2, —v/2,—1/2,0,0,0,0), (—V2, —v2,v/2,v/2,0,0,0,0),
(—V2,V/2,-v/2,4/2,0,0,0,0), (—v/2,v2,V/2,-+/2,0,0,0,0),
(0,0,0,0,—v2,—v2, —v2,-v/2),(0,0,0,0, —v2, —v2,v2,v/2),
(0,0,0,0,—v2,v2, —v/2,1/2), (0,0,0,0, —v2, V2, V2, —V/2),
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(0,0,0,0,v2, —v2, —v/2,v/2),(0,0,0,0,v2, —v2,V2, —V/2),
(0,0,0,0,v2,v2, —v2,—v/2),(0,0,0,0,v2,v2,v2,V?2),
(V2,—V2,—-v/2,4/2,0,0,0,0), (vV2, —V2,v/2,-/2,0,0,0,0),
(V2,V2,—v2,-1/2,0,0,0,0), (vV2,v2,v2,4/2,0,0,0,0).

Consequently, if n is even, f@sg, fDsaDsg, f DsaD s, f Dsa®ssPsg are all
bent with the conditions that (Wrgss (W), Wigss (1), Wigsoamss (1), Wrgs,mss (1),
WfEBS4EB88 (u)7 Wf@s4@88 (ﬁ)7 Wf6952€584€988 (u)v Wf®82®84®88 (ﬁ)) - (17 1,11,
1,1,1,1) % (—1)*, where ¢ € Az, and Az are the affine functions in three
variables.

If n is odd, then f @ sg,f @ so D s, f B s4 P sg, f B s2 B s4 D sg
are all semibent and (Wrgss(W), Wigss (1), Wigsyass (1), Wras,mss (1) =
(V2,v/2,v2,V2)%(—1)¢, £ € Ay, and A; are the affine functions in two vari-
ables, and Wqs 55 (1) = Wias,0s5 (1) = Wigs,osi@ss (W) = Wrgssasimss (1) =
0; or, (Wf®s4®88 (u)7 Wf@84@88 (ﬁ)a Wf@sz@&;EBSs (u)a Wf®s2®846988 (ﬁ)) = (\/57
\/iv \/Z \/i) * (_1)£a ¢ € Ay, and Wf@Ss(u) = Wf@Sg(ﬁ) = Wf@Sz@Ss(u) =
WfGBSzGBSs (ﬁ) =0.

It is a simple computation to check that these values of the Walsh-
Hadamard coefficients will render f hexabent, and so, the reciprocal is true,
as well. O

Corollary 11. If f is octabent, { = 621%, then the hexa-Hadamard spectrum
of fis {CF|0 < k < 15}. If f is weak hexabent then its spectrum in absolute
value belongs to a 32 element set.

Proof. The proof is a straightforward computation running through the set
of values for the Wash-Hadamard coefficients described in the previous the-
orem, respectively all £1 Walsh-Hadamard coefficients and removing dupli-
cates, for the second claim. ]

4 The general case of 2*-bent functions

As in the case of negabent functions, one can characterize the 2*-bent
functions in terms of codimension one subspace decomposition. We write
R(z), 3(z) for the real part, respectively, imaginary part of a complex num-
ber z.

Theorem 12. Let h € B,, and h(x,y) = f(x)(1 & y) B yg(x). Then f is
2k_bent if and only if |Hy(u)>+||Hy(u)]?= 2 and R({)R (Hf(u)Hg(u)> +

(O3 (Hy(wH(w) = 0.
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Proof. We first find the 2¢-Hadamard transform of f,
H ( ) — Q—LH Z (71)h(u,v)@u~x€9vy<—wt(u)+v

ueVv,
vEFy
e n+1 Z (_1>f(u)69u~xcwt(u)
UEVn
+ 2—"T+1C(_1)y Z (_1)g(u)®u-xcwt(u)

UGVn

1 1
= (W) + 5= 1) H(u).

Taking complex norms (with notations ( = a + i3, Hs(u) = 21 + iz,
Hg(u) = wy + dwz), squaring and simplifying the expressions, we get

2| Hn(x,0)|? = |H s (w)|*+|Hg(0)|*+2a(z1w01 + 20w2) + 2B(w122 — 21w2)
21H, (%, 1) = |7-[f(u)|2+|7—[g(u)\2—2a(21w1 + 20w3) — 2B(w129 — 21w2).

If h is 2¥-bent, then we immediately get (by adding the above expressions)
that |Hp(u)>+|Hy(u)>= 2, and a(z1w; + z0w2) = B(waz1 — zowy). The
reciprocal is also true and the theorem is shown. ]

It turns out that we can prove that the bent ladder we previously ob-
served is preserved (we shall be more precise below), although, we are only
able to show a sufficiency criterion. Let £;_1 be the set of all linear functions
in k — 1 variables and let W := (1,¢,...,¢%7).

Theorem 13. Let f € B, and k > 3. The 2"-Hadamard transform and
2k=1_Hadamard transforms are related by

k—1 (2)
2 7‘[ Z /Ba f®s,1— 1@2] 06] » (u)a (5)

ba€EL)_1

where o = Y17 Oejznj € Ly_1, for ¢ € {0,1}, and Ba = ¥ - (1),

Moreover, if n is even and all f & sop—1 P ijo €;89i are bent with their
Walsh-Hadamard transforms’ signs matching the character forms of the lin-
ear functions in k — 1 variables, then f is 2F-bent. If n is odd and all
f@ Zj’:ll €;59i are semibent, with the extra condition that either the Walsh-
Hadamard transforms of f @ sqr—1 @Z?;S’ €;89i match the signs of the linear
functions in k—2 variables, and the rest of the 282 Walsh-Hadamard trans-
forms of f @ Sop—1 B Sgr—2 D Z?;g €895 are zero, or vice-versa, then f is
2F_bent.
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Proof. By Lemma 5, we compute (we let ¢ := (or)

2k—1H(2k)(u) — 9= B+k—1 Z (_1)f(x)€9u-x th(x)

!
XGVn
— 9y k-1 Z (—1)f (D31 ()Dux 51 (x) D282 (X) D D1 (X)
x€V,
_ 2—% Z (_1)f(x)@52k—1(x)@u~x ((1 + C) + (1 _ C)(_l)sl(x))
xeV,

(A + - =1=)
(A + = chEDH@).
(AT + =T )

which, by expansion, renders our first claim.

Now, if we consider all f @ Zf;ll €;59: bent with the Walsh-Hadamard
transforms having the signs of the character forms of some linear function
in k — 1 variables, say ¢, € Li_1, then we see that the right hand side of
equation (5) becomes

U (1) = (Ba)raesy - (—1)
— W (—1)e® =37 g, = ok,

a

since multiplying by (—1)% has the effect of permuting the sum of 35, and
moreover, every coefficient of ¢*, i > 1, has the same number of £1 in such
a sum. A similar argument holds for n odd. The proof is done. O

We challenge the community to construct classes of weak and strong
2%_bent functions or show that they do not exist for various values of k.
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