Adjacency Graphs, Irreducible Polynomials and Cyclotomy
Ming Li and Dongdai Lin

State Key Laboratory of Information Security,
Institute of Information Engineering,
Chinese Academy of Sciences, Beijing 100093, China
E-mail: {liming,ddlin}@iie.ac.cn

Abstract

We consider the adjacency graphs of linear feedback shift registers (LFSRs) with reducible
characteristic polynomials. Let I(x) be a characteristic polynomial, and I(z) = I; (z)ly(z) - - - L. (x)
be a decomposition of {(z) into co-prime factors. Firstly, we show a connection between the
adjacency graph of FSR(I(z)) and the association graphs of FSR(l;(z)), 1 < ¢ < r. By this
connection, the problem of determining the adjacency graph of FSR(I(x)) is decomposed to the
problem of determining the association graphs of FSR(l;(z)), 1 < ¢ < r, which is much easier
to handle. Then, we study the association graph of LFSRs with irreducible characteristic poly-
nomials and give a relationship between these association graphs and the cyclotomic numbers

over finite fields. At last, some applications are suggested.
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1 Introduction

A De Bruijn sequence of order n is a binary sequence of period 2" which contains all the binary n-
tuples [2]. De Bruijn sequences have many applications in cryptography and modern communication
systems [6]. It is well known that there are 22" ' ~" De Bruijn sequences of order n [2,5]. Even
though their size is very large, we can construct only a small fraction of them efficiently by now
[1,3-5,11,12,20]. A classical method to construct De Bruijn sequences is to consider a feedback
shift register (FSR) producing several cycles which are then joined together to form a full cycle.
Such a method is called the cycle joining method proposed by Golomb [6]. For the application
of this method, we need to know the distribution of the conjugate pairs in the cycles of the FSR,
which is generally difficult to analyze.

The distribution of the conjugate pairs in the cycles of an FSR is defined to be the adjacency
graph of this FSR [9]. Until now, only some special linear feedback shift registers (LFSRs) have
been totally analyzed about their adjacency graphs, for example, the LFSRs with characteristic
polynomials of the form p(z), (14 x)"p(z), (1 + 2™)p(z) and p1(x)p2(z) - - - pr(x), where p(x) and



pi(x),i=1,2,...,k, are primitive polynomial and m is a small positive integer [10,13-16,19]. Their
adjacency graphs were determined and De Bruijn sequences were constructed from them. Recently,
a progress was made in the LFSRs with primitive-like characteristic polynomials, i.e., the LFSRs
with characteristic polynomials of the form I(x)p(x), where [(x) is a polynomial of small degree
(< 30), and p(x) is a primitive polynomial [17]. The authors there defined the concept of association
graphs of LESRs, and they showed how to convert the problem of determining the adjacency graph
of FSR(I(x)p(x)) to the problem of determining the association graph of FSR(/(x)).

In this paper, we further analyse the relationship between the adjacency graphs and the asso-
ciation graphs of LESRs. Let {(z) be a characteristic polynomial and I(z) = l1(z)l2(z) - - - () be
a decomposition of [(x) into co-prime factors. Firstly, by using the theory of LFSRs, we express
the cycle structure of FSR(I(z)) in terms of the cycle structure of FSR(l;(z)), 1 < i < r. Then
we decompose the problem of determining the adjacency graph of FSR(I(z)) to the to the problem
of determining the association graphs of FSR(l;(x)), 1 < i < r. We show that, in the case of
ged(per(ly(z)),la(x), ..., l-(z)) = 1 the adjacency graph of FSR(I(z)) is totally determined by the
association graphs of FSR(l;(z)), 1 <i < r, and in the case of ged(per(l1(x)), l2(x),. .., (x)) # 1,
the adjacency graph of FSR(I(z)) is related to the solutions of a set of equations. Since the concept
of association graphs of LFSRs is of importance, we study the association graphs of LFSRs with
irreducible characteristic polynomials, and give a connection between the association graphs and
the cyclotomic numbers over finite fields. Finally, we suggest some applications of these results.

The remainder of this paper is organized as follows. In Section 2, we introduce some necessary
preliminaries. In Section 3, the cycle structure of FSR(I/(z)) is analyzed. Section 4 gives a relation-
ship between the adjacency graph of FSR(I(z)) and the association graphs of FSR(l;(x)), 1 <i <.
Section 5 considers the association graphs of LFSRs with irreducible characteristic polynomials. In

Section 6, we present some applications. We make a conclusion on this paper in Section 7.

2 Preliminaries

2.1 Feedback Shift Registers

Let Fy = {0, 1} be the binary finite field, and F% be the nth-dimensional vector space over Fa. An
n-variable Boolean function f(zo,z1,...,2,—1) is a function from Fy to Fs.

An n-stage feedback shift register (FSR) consists of n binary storage cells and a feedback
function F' regulated by a single clock. The characteristic function of this FSR is defined to be
f =F + x,. The FSR with characteristic function f is denoted by FSR(f). At every clock pulse,
the current state (s, s1,. .., Sp—1) is updated by (s1, 2, ..., Sp—1, F (S0, $1,- .-, Sn—1)) and the bit sg
is outputted. The output sequences of FSR(f), denoted by G(f), are the 2" sequences s = s¢s; .. .,
satisfying siyn = F(St, St41,- - -, St+n—1), or equivalently f(s¢, S¢41,...,8t4n) = 0, for any ¢ > 0.
It is shown by Golomb [6] that all sequences in G(f) are periodic if and only if the characteristic
function f is nonsingular, i.e., of the form f = 2o+ fo(21,...,2n—1)+2y. In the following discussion,

all characteristic functions are assumed to be nonsingular.



We use (sps1...5,—1) to denote the periodic sequence s = s¢sy...5p—1 ... with period p. The
period of s is denoted by per(s). We define the left shift operator L on periodic sequences by
L's = (8iSi41 - --8i—1), where the subscripts are taken modulo p. Two periodic sequences s; and
so are called shift-equivalent if there exists an integer r such that s; = L"sy. The set G(f) are
partitioned into equivalent classes G(f) = [s1] U [s2] U - U [sg] such that two sequences are in the
same equivalent class if and only if they are shift equivalent. Each equivalent class is called a cycle
of FSR(f), and the partition is called the cycle structure of FSR(f). A cycle [(so, S1, ..., Sp—1)] can
also be represented using the state cycle form [Sg, S1,...,S,—1], where S; = (84, Sit1,. .., Sitn—1)
for 0 < i < p—1, and the subscribes are taken modulo p. The state S; is just the state of the FSR
at the moment that the bit s; is ready to be outputted.

An FSR is called a linear feedback shift register (LFSR) if its characteristic function f is
linear [21]. For a linear Boolean function f(zg,z1,...,2,) = aoro + a1x1 + -+ + apzy, we can
associate it with a univariate polynomial I(z) = ag + a1 + - - - + a,z™ € Fa[z]. Most of the time,
we do not discriminate between linear Boolean functions and univariate polynomials. And for
convenience, we sometimes use FSR(I(z)) to denote the LFSR with characteristic function f(z).
For an n-stage FSR, the periods of its output sequences are no more than 2". If this value is
attained, we call the sequences De Bruijn sequences, and call the FSR maximum length FSR. The
unique cycle in a maximum-length FSR is called a full cycle. For an n-stage LFSR, the periods
of its output sequences are no more than 2 — 1. If this value is attained, we call the sequences
m-sequences, and call the FSR maximum length LFSR. It is known that, FSR(/(z)) is a maximum
length LFSR if and only if [(x) is primitive, that is, the period of I(x), denoted by per(l(z)), is
2" — 1.

2.2 Adjacency Graphs and Cyclotomy

For a state S = (so, $1,...,5n—1), its conjugate is defined to be the state S = (50,815 -+ Sn—1),
where 3¢ is the binary complement of sg. Two cycles C'; and Cs are said to be adjacent if there exists
a conjugate pair (S, §) such that the state S is on C7 while its conjugate S is on C5. Conjugate
pairs can be used to join cycles. For two cycles C7 and Cy that share a conjugate pair (S, §), we
can join the two cycles into one cycle by interchanging the successors of S and S. This is the basic
idea of the cycle joining method that proposed by Golomb [6]. For the application of the cycle
joining method, we need to find out the location of conjugate pairs shared by cycles. This leads us

to the definition of adjacency graph.

Definition 1. [9, 18] For an FSR, its adjacency graph is an undirected graph where the vertexes
correspond to the cycles in it, and there exists an edge labeled with an integer m > 0 between two

vertezes if and only if the two vertexes share m conjugate pairs.

For any FSR, its adjacency graph is a connected graph, that is, we can always join the cycles in
this FSR into a full cycle. This fact follows from the statement in [5]: C' is a full cycle if and only
if the existence of state S on C' also implies the existence of its conjugate SonC. Every maximal

spanning tree of an adjacency graph corresponds to a maximum length FSR, since this represents



a choice of adjacencies that repeatedly join two cycles into one ending with exactly one cycle, i.e., a
full cycle. Therefore, for a given FSR, the number of full cycles that we can get from it by using the
cycle joining method, is equal to the number of maximum spanning trees of its adjacency graph.

Let Fon be the finite field of 2" elements, and « be a primitive element in Fon. The field Fon
can be expressed as Fon = {0,00,a!,...,a?"72}. Let d > 1 be a divisor of 2" — 1. The cyclotomic
classes Cp, C1,...,Cq_1 of Fan are defined by C; = {a*74 |0 < j < % —1}for0<i<d-1.
For two integers [ and m with 0 < I,m < d — 1, the cyclotomic number (I,m)y4 over Fon is defined
as the number of elements z € C; such that 1 + x € C),. It should be noted that, the cyclotomic
number (I,m)q is not a fixed number for given [, m,d and n, but affected by the primitive element
«, that is, different primitive elements may give different cyclotomic numbers. We refer the reader
to [7,14] for more details.

In the case that n is an even number, we have 3|2" — 1. The cyclotomic numbers of order 3 over
Fan are fixed numbers (means that they are not affected by the primitive element «), and they are

given in the following lemma.

Lemma 1. [7,8,14] The cyclotomic numbers of order 3 over finite field Fon are given by (0,0)3 =

A, (0, 1)3 = (1,0)3 = (2,2)3 = B, (0,2)3 = (2,0)3 = (1,1)3 = C and (1,2)3 = (2, 1)3 = D, where
Cong(—y3tlog L ong(—2)3 2 _ong (=23t

A= TR NS b o 2uCaio g p 7ecpite

We refer the reader to [8] for the relationship between the adjacency graphs of LFSRs with

irreducible characteristic polynomials and the cyclotomic numbers over finite fields.

2.3 Association Graphs

The concept of association graphs of LFSRs was proposed in [17] to deal with the adjacency graphs
of LFSRs with primitive-like characteristic polynomials.

Let a = ag,a1,...,a;,... and b = by, b1,...,b;,... be two sequences, and ¢ be an element in
Fy. The sum of the two sequences a + b and the scalar product c - a are defined to be a+ b =
ap+bo,a1 +b1,...,a; +b;,...,and ¢-a = cag,cay,...,ca;,.... Let l[(z) € Fa[x] be a polynomial of
degree n. Then there are 2" sequences in the set G(I(x)). It is well known that, the set G(I(z)) is a
vector space of dimension n over Fo when endowed with the two operations 4+ and - defined above.
Let u be a sequence in G(I(z)). Because < G(I(x)),+ > is a group, the mapping from G(I(x)) to
itself:

Yu:a—u-+a

is a bijection. We note that, the bijection 4 is not necessarily preserve the shift equivalent property,
that is, for two shift equivalent sequences a and b, their images vy, (a) and v, (b) may not be shift
equivalent. Therefore, two sequences in a same cycle of G(I(z)) may be mapped into different

cycles. This lead us to the following definition.
Definition 2. [17] Let u be a sequence in G(I(x)), [s1] and [s2] be two cycles in G(I). The

association number of [s1] and [sa] with respect to u is defined by

Ru([s1],[s2]) = ({(z‘,j) | L's) + Lisy = u, 3;%3%231}] .



It is easy to see that, the association number Ry ([s1],[s2]) is exactly the number of sequences
in [s1] whose image under =, is located in the cycle [s2]. In another word, Ry([s1], [s2]) = |{(a,b) |
a+b=u,a € [s1],b € [s2]}|. We can use a graph to characterise these relations of the cycles in

G(l(z)). It is obvious that, these relations are influenced by the sequence u.

Definition 3. [17] Let u be a sequence in G(I(x)). The association graph of FSR(I(x)) with respect
to u is an undirected graph, where the vertexes correspond to the cycles in G(I(x)), and there is an

edge labeled with Ry ([s1], [s2]) between two vertices [s1] and [s2].

3 The Direct Sum Decomposition of G(I(z))

Let [(x) be a characteristic polynomial of degree n, and I(z) = l;(x)l2(x) - - - I, (x) be a decomposition
of I(x) into co-prime factors, that is, ged(ly(z),l2(x),...,l-(x)) = 1. Let the degree of I;(x) be m;
for 1 <1 < r. Without lose of generality, we can assume mj < mo < --- < m,. By the theory of

LFSRs, the vector space G(I(x)) has the direct sum decomposition:
G((z)) =G(lL(z)) + G(la(x)) + - - - + Gl (x)).

Every sequence in G(I(z)) can be uniquely written as a sum of r sequences in G(l;(z)), G(l2(x)),

-+, G(l.(x)) respectively. Let e be the sequence generated by FSR(l(x)) with the initial state
(1,0,..., 0). By the above discussion, e can be uniquely written as e = e; + e3 + - - - + e,, where
e; € G(lj(x)) for i = 1,2,...,r. We say e; is the representative of G(I;(z)) determined by [(x) for
i =1,2,...,r. We should note that, the representative of G(l;(x)) relies on I(z). Different I(z)

may result in different representatives.
Theorem 1. With the above notations, the minimal polynomial of €; is l;(x) for 1 < i <r.

Proof. Tt is obvious that, the minimal polynomial of e is [(x). Suppose the minimal polynomial of e;
is not ;(x), but a proper divisor of /;(x). Then the minimal polynomial of the sum e; +es+---+e,

would be a proper divisor of [(x), which is a contradiction. O

For a given [(x) and a given decomposition (z) = l1(z)l2(x) - - - I, (x) satisfying ged(l1(x), l2(x),
.+, Ir(z)) = 1, the representatives ej,es,...,e, can be obtained by using Algorithm 1. In this
algorithm, we use FSR(I(z), S) to denote the sequence generated by FSR(I(x)) with initial state S,
and Ul to denote the first k bits of the bit string U. It is easy to see that, the time complicity of
Algorithm 1 is O(n2™i). So, we can get the decomposition e = e; +e3+ - - -+ e, in time O(n (2™ +
22 4 ... 4 2™r)). In fact the time complicity can be optimized to O(n (2™ +2™2 4 ... 4 2Mr-1)),
because when the r — 1 representatives e, es,...,e,_1 are obtained, the representative e, can be
determined by e, =e+e; + ...+ e,_1.
In the following, we consider the cycle structure of FSR(/(x)). For a periodic sequence a, we use
[a] to denote the cycle [a] = {a, La, ..., LP*®~1al. The sum of two cycles [a] and [b] is defined
to be [a] + [b] = {s+t | s € [a],t € [b]}. The following lemma was proved in [17].



Algorithm 1 Generation of the representative of G(l;(xz))

Input: The characteristic polynomial I(x) = Iy (z)la(z) - - - I (2).
Output: The representative of G(l;(x)) determined by I(x).

1: for S € Fy" do

2: T« FSR(l;(x),S)|n

3 U« T+(1,0,...,0)

4: Ug + U’n—mi

5. if U=FSR(l(x)/l;(x),Ug)|, then

6 u <+ FSR(l;(z),S)

7. end if

8: end for

9: return u

Lemma 2. [17] Let s1 and sg be two periodic sequences such that their minimal polynomials are
co-prime. Let d = ged(per(sy), per(s2)). Then [s1]+ [sa] = [s1+82] U[Ls1 +s2]U---U[L4s) +s9].
In particular, when ged(per(sy), per(se)) = 1, we have [s1] + [s2] = [s1 + s2].

This lemma can be generalised to a more general case.

Lemma 3. Letsy,so,...,s, be periodic sequences such that their minimal polynomials are co-prime.
Let d; = ged(per(sy + - - - + 8;), per(siy1)) fori=1,2,...,r — 1. Then we have,

[s1] + [s2] + - + [s/]

_d1—1, d2—1 dr—1—1 1 [+ Io4 11 Io+-+1Ir_1 I
_U11=0 U[2:0"'U[:,1:0 [L "is1+ L lsy 4+ LT ST‘—1+ST]'

In particular, when ged(per(sy), per(se), ..., per(s,)) = 1, we have
[s1] + [s2] + -+ [sr] =[s1 +s2+ - +5,].
Proof.

[s1] + [s2] + -+ + [s]
= <U§l11;3 [LT1s; + SQ]> + [sg] + -+ [s/]

= (U 2y BTy (L0 2s) + sy +5g]) o+ [sa] + -+ [s,]

_d1—1, do—1 dr—1—1 rr [+ Io4 A1 Io4~41Ir_1 I _1
=UnZoYrso Ui~ o [L 1g1 + L "lgg 4o+ Lils g + 8,

O]

By using this lemma, we can express the cycle structure of G(I(z)) in terms of the cycle structure
of G(l;(x)), 1 <i<r.



Theorem 2. Let I(x) be a characteristic polynomial and l(x) = 1 (x)la(z) - - -1 (x) be a decompo-
sition of l(x) into co-prime factors. Suppose the cycle structure of G(l1(x)), G(la(x)),...,G(l(x))
are

G(lr(x)) =[sra] Ulsr2] U---Ulsrg,],
where k; is the number of cycles in G(l;(x)) for 1 <i <r. Then we have,
1. In the case of ged(per(ly(z)), per(la(x)),...,per(l-(z))) = 1, the cycle structure of G(I(x)) is

GU(x)) = Uiy Uiy -+ Uiy [S1iy + 8+ 8, .
2. In the case of ged(per(li(x)), per(la(z)),...,per(l,(x))) # 1, the cycle structure of G(I(x)) is

k ky di—1, d2—1 dr—1—1
G(l(.’IJ)) :(U“ 1U122 1 “Uz —1) (U = U — =0 UIT 11 0)

ATy 41, Iyt I
[L 1 2 T 1S1,i1 + L 2 T 15272.2 + - + L [ lsr—l,i»p_l + sT,ir]7

where dj = ged(per(sii, + -+ +8j4;), per(sjt1,i;4,)) for j=1,2,...,r — L.

Proof. 1t is easy to see that, Item 1 is a special case of Item 2. So for the proof of this theorem,

we just need to show Item 2.

Because l1(x),l2(z), ..., l.(z) are co-prime polynomials, we have the direct sum decomposition
G(l(z)) = G(li(x)) + G(la(x)) + - - - + G(I;(x)). Then Item 2 can be shown as follows,

G(l(z)) =G(l(z)) + G(l2(2)) + - - + Gl (2))
= (Uii [s1, n]) + (UZ [s1, zg]) +-+ <Uir,1[sl ZT])
= (U“ —1 UZ 1 U?:l) ([s1,6] + [s15) + - + [s1,4,])
= ( LU 'U?ﬂ) (Udl 5 UESs - UI; - é)

Ii+Is--+1,— Io-+1— I—
[L 1+12-+1p 151,7;1+L2 +1I 152’7:2_’_..__’_[17‘ 157“—1,1}71""57",%]

The last equation is valid because of Lemma 3. O

4 The Adjacency Graph of FSR(/(x))

The cycle structure of G(I(x)) has been considered in Theorem 2. By the result there, in the case of
ged(per(ly(z)), per(la(z)), ..., per(l.(x))) = 1, the cycles in G(I(x)) has the form [s; +s2+ - +s,],
where s; is a sequence in G(l;(z)) for i = 1,2,...,7. In the case of ged(per(ly(z)), per(l2(x)), ..

°9



per(l,(z))) # 1, the cycles in G(I(x)) has the form [L*s; + L%sy + --- + L%s,], where s; is a
sequence in G(l;(z)) and a; is an integer satisfying 0 < a; < per(s;) for 1 < i < r. Note that
if ged(per(s1), per(si1),...,per(s1)) # 1, then different arrays (a1, a2, ...,a,) # (b1, ba,...,b,) may
give the same cycle [L%'s; + L%sy + --- + L%s,] = [L"s; + L%sy + --- 4 L's,]. Theorem 2 can
be used to depict when this happens, because it gives a full list of the cycles in G(I(z)) without
repeating.

In this section, we consider the adjacency graph of FSR(I(z)). We will give formulas for the
number of conjugate pairs shared by cycles in G(I(x)). Our discussions are divided into two cases,
the case of ged(per(l1(x)), per(la(z)), ..., per(l,(x))) = 1 and the case of ged(per(ly(z)), per(la(x)),

L per(in())) £ 1.

Theorem 3. In the case of ged(per(ly(z)), per(la(x)),...,per(l-(z))) = 1, let [s; +s2 + -+ + ;]
and [t1 + to + - -+ + t,] be two cycles in G(I(x)), where s; and t; are two sequences in G(l;(x)) for
any 1 <1 < r. Then the number of conjugate pairs shared by the two cycles is

N([s1+s2+ - +s;],[t1 +ta+ -+ t,])
=Re, ([s1]; [t1]) Re, ([s2]; [t2]) - - - Re, ([s ] [t+])-

Proof. Write the cycles in the state form, where each state is of length m.

[sl] :[81707 SLI, ceey Sl,per(-)fl] [tl] :[Tl,(]v T1,17 seey Tl,per(-)fl]
[s2] :[8270, So1,.--, SQ,per(-)fl] [t2] :[Tgp, To1,..., T2,per(-)*1]
[Sr] :[SﬁO? Sris---, Sr,per(-)fl} [tr] :[Tno, Tr1,..., T'r-,per(-)*l]

For simplicity, we use the notation per(-) to denote the period of the corresponding sequence. We
need to show that, there is an one-to-one correspondence between the conjugate pairs shared by the
two cycles [s1+s2+- - -+s,] and [t; +t2+- - -+t,] and the integer pairs (u1,v1), (u2, v2), ..., (Ur, vy)
satisfying

L"s; + L""t; = ey, L"?sy + L%ty = e9,-+- , L"'s, + L"t, = e,. (1)

Suppose there exist pairs (u1,v1), (u2,v2), ..., (ur, v,) satisfying Equation (1). Then we have
L"sy + LYt + L™so + L%ty + -+ L¥s. + L"t,. = e,

which implies
Sl,m + Tl,vl + SQ,M + T2,v2 +eeet Sr,ur + T?‘,vr =E, (2)
where E = (1,0,...,0). Define

X = Sl,u1 + SQ,uz +---+ Sr,ur
Y = Tl,v1 + T2,v2 + -+ Tr,vr‘



Equation (2) shows that, (X,Y) is a conjugate pair shared by the two cycles [s; + s + -+ + ;]
and [t; +to+ -+ t,].

On the other hand, suppose (X,Y) is a conjugate pair shared by the two cycles [s; +sa+- - - +5;]
and [t; +t2 + -+ + t,]. Since X is a state on the cycle [s; +s2 + -+ +s,] and Y is a state on the

cycle [t; +ta + - - + t,], we can assume

X = Sl,u1 + SQ,uQ + -+ Sr,uT
Y = Tl,v1 + T2,v2 +---+ Tr,vr‘

Then by X +Y = E we get
St,ur + T10 + S2u, + T2 + -+ Spu, + Ty, = E.
Let T be the next state operation corresponding to FSR(g). For any integer ¢ > 0, we have
T"(S1uy + Tiwy + Sous + Towy + -+ Sy, + Try) = T'E,
which implies
T'S1uy + T T + TS0 + T oy + -+ + TS, + T'Ty, = T'E.
Therefore, the following equation holds,
L"sy + Lty + L"sy + L%ty + -+ L%s,. + L t, = e.
Then by the uniqueness of the decomposition of e, we get that
L"sy + L't = e, L"s9 + Lty = eq, -+ , L"s, + L"t, = e,.

So we get the integer pairs (uy,v1), (ug,v2), ..., (ur, v,) which satisfy Equation (1). This completes
the proof. O

According to the proof of Theorem 3, the conjugate pairs shared by the two cycles [s1 + so +
-+ +s,] and [t; + t2 + - - - + t,] are exactly those (S14;, +S2u, +-+Sru., T10, + Topy + - +
T, ., ), where the array (ui,ug,...,u,,v1,02,...,v,) satisfies L"1s; + LVt = e, L"2sy + L'ty =
ey, -, L"s, + L't, = e,.. Hence, the problem of finding conjugate pairs shared by cycles in
G(l(x)) is decomposed into the problems of finding the association relations between the cycles in
G(li(z)) for i =1,2,...,r, which are obviously easier to handle.

We note that, in Theorem 3, we didn’t require the two cycles [s; + s2 + -+ + s,] and [t; +
to + -+ + t,] are different. When the two cycles are the same one, we get that, there are
3 Re, ([s1], [s1]) Re, ([s2], [S2]) - - - Re, ([s+] [s+]) conjugate pairs in the cycle [s1 +s2+- - - +s,]. There-
fore, Theorem 3 considers all the adjacency relations of the cycles in FSR(I(z)).

Theorem 4. In the case of ged(per(li(x)), per(la(z)),...,per(l,(x))) # 1, let [L*'s; + L™sy +
oo 4 Ls,] and [LPt + L%ty + - + L t,] be two cycles in G(I(z)), where s; and t; are two
sequences in G(f;), and a; and b; are two integers satisfying 0 < a; < per(s;),0 < b; < per(t;) for
any 1 < i <r. Then the number of conjugate pairs shared by the two cycles is equal to the number

of arrays (ui,ug, ..., U, V1,02, ...,0,) that satisfy the following three conditions:



1. L%s; + L't; =e; forany 1 <1 <r.
2. ged(ug, ug)|(ai — aj), ged(vi, v5)|(bi — bj) for any 1 <i# j <r.
3. 0 <wu; <per(s;),0 <v; <per(t;) forany 1 <i <r.

Proof. Write the cycles [s1], [s2], .- ., [sr], [t1], [t2], - .., [t;] in the state form as in the proof of The-
orem 3. We need to show that there is an one-to-one correspondence between the conjugate pairs
shared by the two cycles [L¥s; + L%sy + --- + L%s,] and [L"t) + L%ty + --- + L't,] and the
vectors (u1,ug, ..., Ur, V1,02, ..,0,) that satisfy the three conditions.

Suppose there exists a vector (uj,us,...,ur,v1,v2,...,v,) that satisfy the three conditions.

Since this vector satisfies Condition (1) we have,
LY'sy + LYt + L"sy + L%ty +---+ L¥%s, + LUt, = e.

Let X = Siu +Sou, + -+ Sy, and Y = Ty, + Toy, +--- + T, ,, Then as we have
done in the proof of Theorem 3, we can show that (X,Y) is a conjugate pair. Since the vector
(ut,ua,...,up,v1,02,...,v,) satisfies Condition 2, that is, ged(u;, u;)|(a;—a;) forany 1 <i # j <,
the reader can verify that X is a state on the cycle [L%'s; + L*sy + --- + L%s,|. Similarly, since
ged(vi,v;)|(b; — bj) for any 1 < i # j <r, Y is a state on the cycle [L¥1t1 + L2ty + --- + L¥t,].
Therefore, (X,Y) is a conjugate pair shared by the two cycles [L%'s; + L*sy + --- + L%s,| and
[LVt) + L%ty + --- + LPrt,].

On the other hand, suppose (X,Y) is a conjugate pair shared by the two cycles [L*'s] + L%2s9 +
-+ 4 L%s,] and [LP1ty + LP2ty + - - + L¥t,]. We can assume,

X =S1u +S2u, + -+ Sru,
Y = Tl,vl + T2,v2 +-e Tr,v,«-

Since X is state on the cycle [L*'s; 4+ L%sy + - - - + L%'s,], the reader can verify that ged(u;, u;) is
a divisor of a; —a; for any 1 < i # j <r. Similarly, since Y is state on the cycle [L*'s; + L%sy +
.-+ + L%s,], we have that ged(u;,u;) is a divisor of a; — a; for any 1 < # j < r. Therefore, the
vector (ug,usg, ..., Uy, v1,ve,...,v,) satisfies Condition (2). Because (X,Y) is a conjugate pair, the
equation X +Y = E holds. This implies,

Sl,ul + Tl,vl + 827’“2 + T2,v2 R ST‘,ur + Tr,vr =E.
Then as in the proof of Theorem 3, we can show that,
L"s) + L""t] = ey, L"?sy + L%ty = e9,--- , L"'s,. + L"t, = e,,

which means that the vector (uy,us,...,u,,v1,v2,...,v,) satisfies Condition (1). This completes
the proof. O

10



According to the proof of Theorem 4, the conjugate pairs shared by the two cycles [L™s; +
L%28y+- - -+ L%s,] and [LPt1+ L%ty +- - -+ Lb"t,] are exactly those (S1u, +S2.us++* +Srups T1.00 +
T, + -+ Tyy,.), where the array (ui,us,...,ur, v1,v2,...,v,) satisfies the three conditions.

We note that, in Theorem 4, we didn’t require the two cycles [L*s; + L*2s9 + - - - + L%'s,| and
[LPt) + LP2tg + - - -+ L¥t,] are different. When the two cycles are the same one, we get the number
of conjugate pairs in the cycle [L*'s; + L*sg + - - -+ L?'s,|. Therefore, Theorem 4 considers all the
adjacency relations of the cycles in FSR(l(x)).

5 Irreducible Polynomials and Cyclotomy

According to Theorems 3 and 4, the adjacency graph of FSR(I(x)) relies totally on the association
graphs of FSR(l1(z)), FSR(l2(z)),...,FSR(l;(z)). So it is helpful to study the association graphs
of LFSRs. In [17], some general properties about the association graphs have been given. In
this section, we consider especially the association graphs of LFSRs with irreducible characteristic
polynomials. We will show that, their association graphs are related to the cyclotomic numbers
over finite fields.

Let g(z) be a irreducible polynomial of degree m and period p. Let g = 277;%1. By the theory of
LFSRs, G(g(z)) contains the zero cycle [0] and ¢ cycles of length p. Denote the ¢ non-zero cycles by
[so],[s1], ..., [Sq—1], where sq, S2,...,8,—1 are non-zero sequences in G(g(z)) that in different cycles.
Let 8 be a root of g. We can construct a finite field Fom with g(x) as a defining polynomial. Let
o € Fom be a primitive element satisfying a4 = 3, then Fom = Fa(a) = {0,a°,at,...,a?" 72}, It
is well known that, for any sequence a € G(g), there exists a unique y € Fom such that a = (a;) =

(Tr(yf3")), where the trace function Tr is from Fom to Fy and a; is the i-th element of a. Define a
mapping,

Cb : G(g) — FQm

ar 7.

Then ¢ is an one-to-one mapping and has the properties that, for any sequences a and b in G(g),
¢(La) = ¢(a)B,d(a+ b) = ¢(a) + ¢(b). Define the cyclotomic classes with respect to o

C’0 = {50,51’ cee 7517_1}
Cl = {aﬁoaaﬁlv s 7a6p_1}
Cq—l = {aqillgov aqilﬁla ) aqilﬁpil}

The set Fom \ {0} is partitioned into disjoint classes, i.e., Fom \ {0} = C1UCyU---UC,_1. The class
C; is the i-th cyclotomic class of Fom with respect to a. We note that, different primitive element

a may result in different partitions of Fan \ {0}. For a cycle [s;] in G(g), denote

([si]) = {(s:), (Lsi), - ... d(LF's:)}.
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Then it is easy to see that, ¢([s;]) is a cyclotomic class. Different cycles in G(g) give different
cyclotomic classes. and there is an one-to-one correspondence between the cycles in G(g) and the
cyclotomic classes of Fom. Without lose of generality, in the following we assume ¢([s;]) = C; for
0<i<qg-—1.

Theorem 5. Let s be a sequence in G(g), and let ¢(s) = a*B°, where a and b are two integers
satisfying 0 < a < g—1 and 0 < b < p—1. Then the association number of [s;] and [s;] with respect
to s is

Rs([si], [s;]) = (i —a,j — a)q,

where the two integers i — a and j — a are reduced modulo q.
Proof. Let v be an element in Fom. We use v + C; to denote the set {y+0 | 0 € C;}, and vC; to
denote the set {75 | § € C;}. We need to prove that |(a?p® + C;) N Cj| = (i — a,j — a),. This can

be done as follows,

(@*B° + Ci) N Ty
=la” 87" (8" + Ci) N Cy)]
=la™*((a" + Ci) N Cy)|
=|(1+ Ci—a) N Cja)|

=(i—a,j —a)g.

6 Applications

6.1 Applications to the product of primitive polynomials

Let p(z) be a primitive polynomial of degree n. Then G(p(x)) contains two cycles, [0] and [s],

where 0 is the zero sequence, and s is an m-sequence in G(p(z)).

Theorem 6. Let p(x) be a primitive polynomial of degree n, and G(p(z)) = [0] U [s] where s is
an m-sequence in G(p(z)). The association numbers of the cycles in G(p(x)) with respect to any

m-sequence u € G(p(x)) is
Ra([0],[0]) = 0, Ru([0], [5]) = 1, Ru(s), [s]) = 2° 2.

Proof. Tt is easy to see that, Ry([0],[0]) = 0 and Ry([0],[s]) = 1. In the following, we show that
Ry([s], [s]) = 2™ — 2. By the definition of association numbers, Ry([s],[s]) = [{s1 | u+s; € [s],s1 €
[s]}H = [G(p(x)) \ {0, u}| = 2" — 2. O

The association graphs of LFSRs is assumed to be obtained by using the exhaustive search
method, that is, for a given polynomial /(x) of degree m and a sequence u € G(I(z)), we need

time O(2™) to calculate the association graph of FSR(l(z)) with respect to u. However, when
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[(x) is a primitive polynomial, by Theorem 6 the association graph of FSR(I(z)) can be de-
rived directly. We should note that, Theorem 3 together with Theorem 6 give the adjacency
graph of G(p1(z)p2(z) - - - pr(x)), where p1(z),p2(x),...,pr(x) are primitive polynomials such that
ged(degpi(z), deg p1(x),...,degpi(z)) = 1. These adjacency graphs have been studied in [15] using
a different method. It is easy to verify that, ged(degpi(z),degpi(x),...,degpi(z)) = 1 if and only
if ged(per(pi(z)), per(pa(z)),...,per(pr(x))) = 1. By Theorem 2, when ged(degpi(x), degpi(x),
..., degpi(x)) = 1 the cycles in G(p1(z)p2(z)-- - pr(z)) has the form [s; + s2 + -+ - + s,], where s;

is a sequence in G(p;).

Corollary 1. [15] Let pi(z),p2(x),...,pr(x) be primitive polynomials of degrees my,na,...,n,
respectively. Suppose ged(ni,na,...,n,) =1. Let [s1+sa+---+s;] and [t; +ta+ -+ t,] be two
cycles in G(p1(z)p2(x) - - - pr(z)), where s; and t; are two sequences in G(p;i(z)) for 1 <i <r. Then
the number of conjugate pairs shared by the two cycles [s; +s2+ - +s;] and [ty +ta+ -+ +t,] is

N([s1+s2+ - +s],[t1 +ta+--+t])

= ] @ -2 IT ¢ IT ¢ IT o
$i7#0,t;7#0 $i=0,t,7#0 $i#0,t,=0 $i=0,t;=0
Proof. Let e be the sequence generated by FSR(p1(x)p2(z) - - - pr(x)) with the initial state (1,0, ...,
0). The sequence e has the unique decomposition e = e; +e3+ - - - + €, such that e, € G(p;(x)) for
1 <i <r. By Theorem 1, the minimal polynomial of e; is p;(x), that is , e; # 0 for 1 <i <r. By
Theorem 3, N([s; +s2+---+s;],[t1 +ta+---+t:]) = Re,([s1], [t1]) Re, ([S2], [t2]) - - - Re, ([sr], [t+])-
Then we can finish the proof by using the formulas in Theorem 6. O

6.2 Applications to primitive-like polynomials

The primitive-like polynomials are of the form [(x)p(z), where I(z) be a polynomial of small degree
and p(xz) be a primitive polynomial. Let degl(x) = m and degp(z) = n. For simplicity, we
consider here only the case of ged(per(i(z)), per(p(x))) = 1. Let e be the sequence generated by
FSR(I(z)p(z)) with the initial state (1,0,...,0), and € = u+s be the decomposition of e such that
u € G(I(z)) and s € G(p(x)). It was shown in [15] that, the adjacency graph of FSR(I(x)p(z)) is
related to the association graph of FSR(I/(x)) with respect to u. The decomposition e = u + s is
assumed to be obtained in time O(n2™) and the association graph of FSR(I(z)) is assumed to be
obtained in time O(2"). Therefore, determining the adjacency graph of FSR(I(z)p(x)) needs time
O(n2™). In fact, the time complicity can be optimized as follows.

Let I(z) = li(x)l2(x) - - - I, (x) be a decomposition of [(x) into co-prime factors. Let the degree
of li(xz) be m; for 1 < ¢ < r. Without lose of generality, we assume m; < mg < --- < m,. Let
e =e; +ex+ -+ e +s be the decomposition of e such that e; € G(l;(x)) for 1 < i < r
and s € G(p(x)). It is easy to show that, e; + ez + --- + e, = u. By using Algorithm 1, this
decomposition can be obtained in time O(n (2™ + 2™2 + ... 4 2™r)). Then, by Theorem 3 we can
get the adjacency graph of FSR(I(x)p(x)) by analyzing the association graphs of FSR(l;(x)) with
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respect to e; for 1 <1 < r, which needs time O(2™ + 2™2 4 ... 4+ 2"). Therefore, the total time
to determine the adjacency graph of FSR(l(x)p(z)) is O(n(2™* +2™2 4 ... 4+ 2™))  which can be
much smaller than O(n2™).

We use an example to explain the above discussion. The adjacency graph of FSR((1 + z + 23 +
z*)p(x)) was analyzed in [17]. Since 1 +x + 2® + 2* = (1 4+ 2%)(1 + 2 + 2?), instead of analyzing
the association graph of FSR(1 + = + 2% + x*) with respect to u = (000111) (see Figures 1 and 2
in [17]), we can analyze the association graphs of FSR(1 + z2) and FSR(1 + x + 2?) with respect
to e; = (10) and ey = (101) respectively. The two mappings e, and ~e, are shown in Figures 1
and 2. The association graphs of FSR(1 + x2) and FSR(1 + x + #2) with respect to e; = (10) and
ey = (101) respectively can be easily determined from two mappings 7e, and 7e,, and they will not

be given here.

[(0)] (0) (0)
(01) (01)
[(01)]
(10) (10)

(] €)) €))

Figure 1: The mapping e, on G(1 + 22), where e; = (10)

[(0)] (0) (0)
(011) (011)
[(011)] (110) (110)
(101) (101)

Figure 2: The mapping e, on G(1 + z + 22), where ey = (101)

Let s be an m-sequence in G(p(z)). The cycle structure of G(1+z?), G(1+z+2z?) and G(p(z))

are
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By Theorem 2, the cycle structure of FSR((1 + 22)(1 + z + 22)p(x)) is

G((1+ 251+ 2+ 2H)p(x))
=[(0) + (0) + (0)] U [(01) + (0) + (O] U [(1) + (0) + (0)]
+[(0) + (011) + (0)] U [(01) + (011) + (0)] U [(1) + (011) + (0)]
+[(0) + (0) +s] U [(01) + (0) +s] U [(1) + (0) + 5]
+[(0) + (011) +s] U [(01) + (011) +s] U [(1) + (011) + ]
=[(0)] U [(01)] U [(1)] + [(011)] U [(000111)] U [(001)]
+ [s]U[(01) +s]U[(1) +s] + [(011) + s] U [(000111) 4 s] U [(001) + s].

From the association graphs of FSR(1+22), FSR(1+x+2?) and FSR(p(z)), the adjacency graph of
FSR((1+z+2%)(1+2%)p(z)) can be determined. We take the two cycles [(011)] and [(000111) + s]
for example to show how to calculate the number of conjugate pairs shared by them. Because
[(011)] = [(0) + (011) + (0)] and [(000111) 4+ s] = [(01) + (011) + s], by Theorem 3 the number of

conjugate pairs shared by the two cycles is

N([(011)], [(000111) + s]) = Re, ([(0)], [(01)]) Re, ([(011)], [(011)]) R ([(0)]; [s]) = 2.

6.3 Applications to irreducible-like polynomials

We call the polynomials of the form I(z)g(x) irreducible-like polynomials, where [(z) is a poly-
nomial of small degree and g(x) is an irreducible polynomial. For simplicity, we consider here
only the case of ged(per(i(z)),per(g(x))) = 1. Let degl(z) = m and degg(x) = n. Suppose
l(xz) = l1(z)la(z) - - - I (2) is a decomposition of [(x) into co-prime factors. Let the degree of [;(x) be
m; for 1 < i < r. Without lose of generality, we assume mq < mg < --- < m,. Let e be the sequence
generated by FSR(I(z)g(z)) with the initial state (1,0,...,0), and e = e1 +e2 + --- + e, + s be
the decomposition of e such that e; € G(I;(z)) for 1 <i <r and s € G(g(x)). By using Algorithm
1, this decomposition can be obtained in time O(n (2™ + 22 4 ... 4 2™r)),

According to Theorem 3, to determine the adjacency graph of FSR(I(x)g(x)) we need to analyze
the association graphs of FSR(/;(x)) with respect to e; for 1 < i < r and the association graph of
FSR(g(z)) with respect to s. The association graphs of FSR(l;(z)) for 1 <14 < r can be determined
in time O(2™ +2™2 4 ... 4+ 2™r). The association graph of FSR(g(z)) with respect to s is related
to the cyclotomic numbers over finite fields by Theorem 5. Let per(g(z)) = p and g = u Then
G(g(x)) contains the zero cycle [0] and ¢ nonzero cycles of length p. Denote the cycle structure by
G(g(x)) = [0] U [so] U [s1] U -+ U [sq—1], where s1,s9,...,84-1 are sequences in G(g(x)). Let 8 be
a root of g(x) and « € Fan be a primitive element satisfying a? = 3, where ¢ = n—_ and p is the
period of g(z). Without lose of generality, we assume [s;] is the cycle that corresponding to the
cyclotomic class C; = {a'B°, aiBL, ... a’BP~1} for 0 < i < ¢ — 1 (see the discussion in Section 5).

To determine the association graph of FSR(g(z)) with respect to s, we have to know (1) which
cycle [s;] contains the sequence s, and (2) the exact values of the related cyclotomic numbers.

Question (1) can be related to the following problem (see Problem 1). It appears to us, however,
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difficult to solve Problem 1 in time O(n). The known methods to this problem need time that
grow exponentially with n. For Question (2), only a few cyclotomic numbers are known by now
(see Lemma 1). So it seems hard to determine the adjacency graph of LFSRs with irreducible-like

characteristic polynomials in the general case.

Problem 1. Let g(x) be an irreducible polynomial of degree n, and X and Y be two states of length
n. Determine whether or not the two states X and Y belong to the same cycle of G(g(x)).

In the following, we consider the case of per(g(z)) = 3 and I(z) = 1 + x + 22 to show how to
determine the adjacency graph of FSR(I(z)g(x)). The two cycle structure of G(I(z)) and G(g(z))
are G(I(z)) = [(0)] U [(011)] and G(g(x)) = [(0)] U [s1] U [s2] U [s3], where [s;] is the cycle that
corresponding to the cyclotomic class C; = {a/8%,a’3,...,a!BP~1} for 0 < i < 2. By using
Algorithm 1, we can get the decomposition e = e; + s in time O(n), where e; € G(l(x)) and
s € G(g(z)). We assume that the sequence s belongs to the cycle [sg]. The other cases can be
handled similarly. Then the association graph of FSR(g(x)) with respect to s can be determined

by using Theorem 5, and we show it in Figure 3.

(0)
[ 0 ] 1 [s N
B C
C D B
S1] [SQ

Figure 3: The association graph of FSR(g) with respect to s

Then by using Theorem 3, we can get the adjacency graph of FSR((1 + = + 22)g(z)), and we
show it in Figure 4. The number of conjugate pairs shared by cycles are listed in Table 1. The
numbers A,B,C and D are from Lemma 1. We should note that, these results are based on the

assumption s € [sg].

Table 1: The number of conjugate pairs shared by cycles in FSR((1 + = + 22)g(z))

[(0)] | [wo] | [wi] | [u] | [(011)] | [(011) +uo] | [(011) +uy] | [(011) + ug]

[(0)] 0 0 0 0 0 1 0 0
[uo] 0 0 0 0 1 A B C
[u1] 0 0 0 0 0 B C D
[ug] 0 0 0 0 0 C D B
[(011)] 0 1 0 0 0 2 0 0
[(011) +uo] | 1 A B C 2 2A 2B 2C
[(011)+u] | © B C D 0 2B 2C 2D
[(011) +uz] | © C D B 0 2C 2D 2B
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[(0)] »  [(011)]

[so] [(011) + so]
[s1] [(P11) + s1]
[s2] ® [(011) + s2]

Figure 4: The adjacency graph of FSR((1 + x + 22)g(z))

7 Conclusion

We studied the relationship between the adjacency graphs and the association graphs of LFSRs. By
using this relationship, the problem of determining the adjacency graphs of LFSRs is decomposed
to the problem of determining the association graphs of LFSRs with small orders, which is much
easier to handle. We also studied the association graphs of LFSRs with irreducible characteristic
polynomials, and showed that these association graphs are related to the cyclotomic numbers over

finite fields. At the end, we suggested some applications of these results.
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