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Abstract. Solving the equation P,(X) := X% 4+ X +a = 0 over finite
field Fg, where Q = p™, ¢ = p* and p is a prime, arises in many different
contexts including finite geometry, the inverse Galois problem [1], the
construction of difference sets with Singer parameters [8], determining
cross-correlation between m-sequences [11,14] and to construct error-
correcting codes [4], as well as to speed up the index calculus method for
computing discrete logarithms on finite fields [12,13] and on algebraic
curves [21].

Subsequently, in [2,16,17, 5,3, 15,7, 22], the Fg-zeros of P,(X) have been
studied: in [2] it was shown that the possible values of the number of the
zeros that P, (X) has in Fg is 0, 1, 2 or p&°4(™*) 1.1, Some criteria for the
number of the Fg-zeros of P, (z) were found in [16,17, 5, 15, 22]. However,
while the ultimate goal is to identify all the Fg-zeros, even in the case
p = 2, it was solved only under the condition ged(n, k) =1 [15].

We discuss this equation without any restriction on p and ged(n, k). New
criteria for the number of the Fg-zeros of P,(z) are proved. For the cases
of one or two Fg-zeros, we provide explicit expressions for these rational
zeros in terms of a. For the case of p&°d(™*) 41 rational zeros, we provide
a parametrization of such a’s and express the p&4("*) 4+ 1 rational zeros
by using that parametrization.

Keywords: Equation - Miiller-Cohen-Matthews (MCM) polynomial -
Dickson polynomial - Zeros of a polynomial - Irreducible polynomial.

1 Introduction

Let k and n be any positive integers with ged(n, k) = d. Let Q = p™ and ¢ = p*
where p is a prime. We consider the polynomial

- +1 *
Po(X) == X9 + X +a,a € Fp,.

Notice the more general polynomial forms X 9! +7X%+ sX +t with s # r? and
1

t # rs can be transformed into this form by the substitution X = (s—r9)s X; —r.

It is clear that P,(X) have no multiple roots.



These polynomials have arisen in several different contexts including finite
geometry, the inverse Galois problem [1], the construction of difference sets with
Singer parameters [8], determining cross-correlation between m-sequences [11,
14] and to construct error-correcting codes [4]. These polynomials are also ex-
ploited to speed up (the relation generation phase in) the index calculus method
for computation of discrete logarithms on finite fields [12,13] and on algebraic
curves [21].

Let N, denote the number of zeros in F¢ of polynomial P,(X) and M; denote
the number of a € Ff, such that P, (X) has exactly i zeros in Fq. In 2004, Bluher
[2] proved that N, takes either of 0, 1, 2 and p? + 1 where d = ged(k,n) and
computed M; for every i. She also stated some criteria for the number of the
Fg-zeros of P,(X).

The ultimate goal in this direction of research is to identify all the Fg-zeros
of P,(X). Subsequently, there were much efforts for this goal, specifically for a
particular instance of the problem over binary fields i.e. p = 2. In 2008 and 2010,
Helleseth and Kholosha [16,17] found new criteria for the number of Fon-zeros
of P,(X). In the cases when there is a unique zero or exactly two zeros and
d is odd, they provided explicit expressions of these zeros as polynomials of a
[17]. In 2014, Bracken, Tan and Tan [5] presented a criterion for N, = 0 in Fan
when d = 1 and n is even. Very recently, Kim and Mesnager [15] completely
solved this equation X214 X +a = 0 over Fyn when d = 1. They showed
that the problem of finding zeros in Fan of P,(X) in fact can be divided into
two problems with odd k: to find the unique preimage of an element in Fan
under a MCM polynomial and to find preimages of an element in Fon under
a Dickson polynomial. By completely solving these two independent problems,
they explicitly calculated all possible zeros in Fan of P,(X), with new criteria
for which N, is equal to 0, 1 or p¢ + 1 as a by-product.

Very recently, new criteria for which P,(X) has 0, 1, 2 or p? + 1 roots were
stated by [22] for any characteristic.

We discuss the equation XP'H 4L X a= 0,a € Fyn, without any restriction
on p and ged(n, k). After defining a sequence of polynomials and considering
its properties in Section 2, it is shown in Section 3 that if N, < 2 then there
exists a quadratic equation that the rational zeros must satisfy. In Section 4, we
state some useful properties of the polynomials which appear as the coefficients
of that quadratic equation. In Section 5, new criteria for the number of the
Fg-zeros of P,(z) are proved. For the cases of one or two Fg-zeros, we provide
explicit expressions for these rational zeros in terms of a. We also provide a
parametrization of the a’s for which P,(X) has p&<d(™*) 1 rational zeros. Based
that parametrization, all the p&<d("*) 11 rational zeros are also expressed. For the
case of p&°d(™-¥) 11 rational zeros, some results to explicitly express these rational
zeros in terms of a are further presented in Section 6. Finally, we conclude in
Section 7.



2 Preliminaries

Given positive integers k and [, define a polynomial

k(1—2) )

THX) =X +X7 ...+ x7""7 4+ x

Usually we will abbreviate T} () as T;(-). For « € F,, T;(z) is the absolute trace
Trt(x) of x. The zeros of this polynomial are studied in [?]. In particular, we
need the following.

Proposition 1. For any positive integers k and r,
_ k
{2 €F, | TF (z) =0} = {u—uP |u€Fpr}

Proof. Evidently, {u — u? |u € Fr} C ker(TF). The linear mapping u —
u— uP" has the kernel F,» and so #{u — up* |u € Fper} = pF("=1). On the other
hand, Tf" can not have a kernel of greater cardinality than its degree p*("=1). O

Define the sequence of polynomials {4, (X)} as follows:

AI(X> = 1’A2(X) =-1,

(1)
Arga(X) = —A, 1 (X)? — X9A,(X)? for r > 1.

The following lemma gives another identity which can be used as an al-
ternative definition of {A,(X)} and an interesting property of this polynomial
sequence which will be importantly applied afterwards.

Lemma 2. For any r > 1, the following are true.

1.
Aria(X) = =Ap41(X) = X7 A,(X), (2)

A (0T = A, (X)1A, 4 (X) = X 5717 (3)
Proof. We will prove these identities by induction on r. It is easy to check that
they hold for » = 1,2. Suppose that they hold for all indices less than r(> 3).
Then, we have
Aris(X) = —Apa(X)7 = XTA, 1 (X)7
2

= (A () + X7 4,(6)) 4 X7 (4.0 + X7 A ()

= (A%,00 + X742 (X)) + X7 (A3(X) + X147, (X))

r+1

= —App2(X) - X7 A1 (X)),



which proves (2) for all r. Also, using the proved equality (2), we have
Argo (X)q+1 — Ar1(X)1Ary3(X)
= Apia(X)TH 4 A (X7 (Api2(X) + X0 A, (X)

r+1

= X (A ()T = A (X) 1A 42(X)) + Apy2(X) (Apya(X)7 + A (X)7 4+ X077 4,(X)7)

@ X0 (4,41 (X)TH — A, (X)7A,45(X))

1 al@™=1) a(g"tl-1)

:er+X a—1 =X q-1

which proves (3) for all r. O

The zero set of A,.(X) can be completely determined for all r:
Proposition 3. For any r > 3,

(u—uf)e !

{zeF,|A(z)=0} = {(u—qu)qH’ ueIqu\IFQQ}.

Proof. Given any = € F, \ {0}, there exists at least one element v € F, such

(2
that x = % and v + v? # 0. Then, for any r» > 2, we have

where for ¢ = 2 it is assumed that the product over the empty set is equal to 1.
Indeed, this can be proved by induction on 7 as follows. For r = 2 and r = 3, we

have ) ,
q]

Zj:l v
ve + v

Ay(z) =—1=(-1)°

and

3 3 J 2
q
pata > v ( v )

L Y
(U+Uq)q+q2 (=1) vl + v \ v+ v?

Assuming this identity holds for all indices less than r, we have

As(z)=1—-29=1-

Ap(z) 2 — A1 (z) — 27 Ao (2)

r—1 g3 r—2 J s r—2 gi r—2 J
— (—1)™*! 2= v 7 (- T (—1)+! vt Y= v (- !
4 4 p4? i v+ v (v +0v2)7" "+ i v+ v

J

_<—1)r+1<v+vq>‘”IZ?iv“—v‘”Zﬁvwﬁ( - >q

’Uqr—l (1} + Uq)q ol v+ ve




Thus A,(z) = 0 if and only if Y7_; v?" = (Tf"(v))? = 0 and v + v # 0,
which by Proposition 1 is equivalent to v = u — u? for some u € Fgr \ Fe.

q q2
Therefore, A, () = 0 if and only if z = =21

(u—ua?)a+1

for some u € Fgr \Fg2. O

3 Quadratic equation satisfied by rational zeros of P,(X)

Letting m = n/d, define polynomials
F(X):=A,(X),
G(X):=—-An1(X) — X AL

m—1

(X).

We will show that if F'(a) # 0 then the Fg-zeros of P, (X) satisfy a quadratic
equation and therefore necessarily N, < 2.

Lemma 4. Let a € F). If Po(z) =0 for x € Fq then
F(a)z® 4+ G(a)x + aF%(a) = 0. (4)

Proof. If 29! + 2 +a =0 for z € Fg, then z # 0 and thus we get

g_ —T—a
x o (5)

Now, we prove that for any r > 1
27 (Ap(a)z — aA,_1(a)?) — Apy1(a)z + adn(a)! =0 (6)

with the assumption Ag(x) = 0. In fact, if » = 1 then the left side of (6) is P, (z)
and so it holds for » = 1. Suppose that it holds for » > 1. Raising ¢g—th power
to both sides of (6) and substituting (5), we have

r+1

x? (Ar(a)qxq - anr,l(a)f) — Ary1(a)?29 + a94,(a)? =0 =
20 (@12 — 014, 1 (@)7) 4 Arga ()12 + 94, (a)7 = 0=

r+1

x? (( — A (a)? — anr,l(a)qz)x - aAT(a)q) + <Ar+1(a)‘1 + anT(a)qz) x+
aAri1(a)? =0=
29 (A1 (a)z — aAr(a)?) — Apyo(a)z 4+ adyyq(a)? = 0.

This shows that (6) holds for r 4+ 1 and so for all r.
Taking 7 = m in (6) and using the fact that 29" = 2Q"" = 2 when z € Fo,
we obtain the result of the lemma. O

4 Some equalities involving F and G

To determine the Fg—rational zeros of P,(X) when N, < 2, we will need the
following properties of the polynomials F' and G which appear as coefficients of
the quadratic equation (4).



Proposition 5. For any x € Fym, the following are true.

1.
(G(z) = 2F(2))! = —G(). (7)
2.
G(z)? —4aF(2)" Fy. (8)
3. .
G(z) = —2F? (x) + F4(x) + o F(x). (9)

Proof. The first item follows from
(G(z) —2F(2))?! = G(2)? = 2F (2)? = —Apy1(x)? — achm,l(gc)q2 —2A,,(x)?
D (A (@) + 27" A1 (2))T — 29 A1 (2)7 — 24, (2)1
=xAn_1(z)? — qum_l(a:)q2 — Ap(2)7 (since 29 = )
W A1 (2)7 + Appia () = —C(2).

The second item is proved as follows. Let E = G(z)? — 4zF(z)*"". Then

2
E1—F= (Am+1($)q + quAm_1(x)q2) — 429 A, (z) 7T

— (A1 (@) + 2 A1 (2)9)? + dz Ay ()7

Consider A,,11(z)? @ (—Ap(z) — 27" Ap_1(2))? = —Ap(2)7 — zAnm_1 ()7,
By substituting this and using (1), we have

2\ 2
E1—-F = (—Am(x)q —2Ap_1(2)? + 24,1 (z)? ) — 4z A,y ()T
2 2
- (—Am(m)q 2 A, ()Y + xAm_l(x)q) + 4w A, ()T
= 4A,,(z)? (:CAm,l(:v)q — qum,l(x)qz) — 4z Ay ()1 4z A, (1)

=4A,,(x)? (xAm_l(x)q _ CCqu_l(:E)q2 — qum(x)q2 + xAm(x)) .
By the way, since

21 A1 (2)T + 29 A (2)7 = 29 (A1 (2) + A (2))7
Q@ (29" Ao (1)) = —a T Ao (2)T

@

we get B1 — E = 4z A, (x)? <Am,1(x)q 29 A, _o(2)T + Am(x)) = 0, that is,

E =G(z)* — 4zF(2)"" € F,.



Finally, the third item is verified as follows:

G(x) = —Apir (@) — 2Am_1(2)? 2 Ay (2)? + 29401 (2)7 — 2 A1 (z)1

WA, (@) + 2941 (2)" + 2 (qum_Q(x)f T Am(x)>

=1 (A a(@) + 27" Ao () T A (@) + A (2)
= — 294, (2)T + Am(2)? + 2 A (2).

For p even, we will further need the following proposition.

aF(a)?t?!

Proposition 6. Let p = 2. Let a € Fg with G(a) # 0. Let E = Grlay and
H="Tr{ (NTZ(G)), The followings hold.

@
1.
Trr(E) = mH. (10)
2
TW(E) = G(“)Cj(j;(“)q + SH (11)

Proof. Regarding the fact that N77"*(a) = N77%(a) as a € Fg, we have

aF(a)"" 3) aAp_1(a)?Ami1 + Nry(a)  (Angi(a) +G(a) Apyr + Nrg(a)

E= G(a)z = G(a)Q - G(a)Q
 Apii(a) | [ Amii(@)\? | Nr(a)
= " Gla) *( G(a) ) Gla)®

Hence, immediately (10) follows from the facts Nrjj(a) € Fpa and G(a) € FymaN
F,rx = F,a (which follows from (13) as a € Fma). And also

_ Angal(a) Api1(@)\? k. 13) Apga(a) + Apgr(a)? |k
T (B) = =G ( G?;) ) L e e 1
_ G(a)+aA,_1(a)? + Apqi(a)? Kk
B G(a) . * EH
@ G(a) +aAy,_1(a)? + (Am(a) + aqulAm,l(a))q . ﬁH
- G(a) d
_G(a)+ F(a)? K
=T @ taf
O



5 Rational zeros of P,(X)

By exploiting the results of previous sections, now we can completely solve the
equation P,(X) = 0 in arbitrary finite fields.

51 N,=p%*+1
Lemma 7. Let a € Fy,. The following are equivalent.

1. N, =p%+1i.e. P,(X) has exactly p? + 1 zeros in Fq.
2. F(a) = 0, or equivalently by Proposition 3, there exists u € Fgm \ Fp2 such
_ (u,uq)q"’ﬂ
that a = m
(u_uq)42+1
= (u—ud?)at1’

_(u+a)q27q ]F
W fO’I"O[ (S p-

3. There exists u € Fg \ Fp2a such that a Then the p® + 1 zeros

in Fo of P,(X) are zg = — and T, =

-1
14+ (u—ud)
Proof. (Item 1 <= Item 2)

We already showed that if F((a) # 0, then N, < 2 i.e. N, # p? + 1.

q (]2
If F(a) = 0 i.e. there exists u € Fgm \ F,2 such that a = (u—u)?

(a_ui®)yar1> then the
set given by

—(u+ )74 -1
ag {]‘ + (u - uq)qfl } U{l + (’LL - uq)qfl}

is the set of all ¢+ 1 zeros of P,(X). In fact, the cardinality of this set is exactly
g+ 1 as u is not in . Also we have

—1 -1 1 b (g —ud)e
Pa = 1— + z
1+ (u—ut)9-1! 1+ (u—u7)9-1 14+ (u—wug)a—t (u — u? )+l

e (e (wu)™

u— ud’ u— ud’

and

Pa( —(uta)” ) —(u+ )1 <1+ —(u+ )1 ) + (u—ut)s+1

1+ (u—wuq)9-t 1+ (u —wu9)a-1

- —(u —u?) " qu w0 — (14— ) (0 o 2\ 1 (u — u?)4 +1

= e sy (e ) = b))

= —(u—uh) w—u?)wl + a) — (u—ut)w” +a)) (u—ut)? M

= ey (@ @) — @ be)
—(u —u9) (u—uq)‘12+1

= ((u—u?)(u+a))? + =0.

(u — uq2)q+1(u + a)q (u — qu)qu‘l

Thus P, (X) splits in Fym. Corollary 7.2 of [2] states that P,(X) splits in Fym if
and only if P,(X) has exactly p? + 1 zeros in Fg.



(Item 1 < Ttem 3)

To begin with, define Sy = Fg \ F2, S1 = {v € Fo \ F, | Tr}(v) = 0},
Sy ={vi"t|ve S }and S={a€cFq| N, =p?+1}.

Now, we will show that the mapping

(u — ud)?+1

W:UESQHW

€S,

which is well-defined by Proposition 3 and the equivalence between Item 1 and

Item 2, is surjective.
,uq)q2+1

Regarding E“ (u—ut)? )"

u—ua?)a+l T (I (u—ug)a- )t
where @1 :u € Sy — u—ud € 51, Pa :VE S —> VI €8y, 3w € Sy —>

we can write ¥ = @3 0 g3 0 ¢

TFwyeT €5

Consider 1 (u + Fpa) = ¢1(u) for any u € S and #S; = p(m=Dd — (p¢ —
(p*— 1) - (m mod 2)) = (pm? — p=m med Ad) /pd — 4G, /pd. Therefore ¢ is
p?-to-one and surjective. Next, consider that ¢s(vy) = @o(v2) for vy, ve € Fo
if and only if v = Bv; for some B € IF;d and that if v; € Sy then v, € S
for any 8 € I}, since Try(Bv1) = BTrg(vi) = 0. Hence 3 is (p? — 1)-to-one
and surjective. On the other hand, if a = @3(w) for w € Sy, then P,(

_L) —
14w
SEUETR E (R E € S and so N, = p¢ + 1, th

o To (ruyr = 0. Since a and so N, = p , there
are at most p? + 1 such w € Sy that 3(w) = a. Therefore we get

#52 p(m—l)d _ p(l—m mod 2)d

> =
#LD(SO) = pd +1 de 1

. pim—1d_,(1-m mod 2)d
Since #S = P by Theorem 5.6 of [2], we have a sequence

of inequalities #S < #W¥(Sy) < #S5 which concludes that ¥(Sy) = S i.e. ¥ is
surjective. (Note that it also follows that @3 is (p?+1)-to-one and ¥ is p?(p??¢—1)-
to-one.) This means that Item 1 and Item 3 are equivalent. ad

52 N, <2:0dd p
Theorem 8. Let p be odd. Let a € Fg and E = G(a)? — 4aF ()T,

1. N, =1 if and only if F(a) # 0 and E = 0. In this case, the unique zero in
Fo of P.(X) is — i)

2F(a)"
d_y
2. Ny = 0 if and only if E is not a quadratic residue in F,a (i.e. E"7 #0,1).
d_q
8. Ny = 2 if and only if E is a non-zero quadratic residue in F,a (i.e. Ef=z =
1). In this case, the two zeros in Fg of Po(X) are 19 = M;Fizs@% where

E? represents a quadratic root in Fpa of E.

Proof. To begin with, note E € F, by (8) and so £ € F, NFg = F .



Assume F(a) # 0. Then the equation (4) can be rewritten as

(m + ;?&)2 = 4F](Ea)2. (12)

1
M;Fizg@ of (12) become the

Now, we will show that the solutions x; 2 =
zeros of P,(X) if and only if E is a quadratic residue in Fy. In fact, letting

1\1 1
(E2) = FEz + 6, we have

(£E% — G(a)) (iE% + 64 (2F(a) — G(a)) ) + 4aF ()™
- 4F (a)?!
o) EEF —G(@) (£B +5+ G@) +4aF (@™ (Lp} _ G(ay)s
- 1F ()" 4R

and so P,(x12) = 0 if and only if § = 0, that is, E> € F,. On the other hand,

z1 € Fg if and only if EZ € Fg. Combining above discussion with Lemma 7
completes the proof. m]

Remark 9. In the last two cases of Theorem 8 (i.e. the cases of N, = 0 or 2),
the condition F'(a) # 0 is implied because E # 0 implies F'(a) # 0. Indeed, if
F(a) =0, then from Equality (9) G(a) = 0 follows and so E = 0.

53 Ny<2:p=2

When p = 2, Item 1 and 2 of Proposition 5 are reduced to

G(z) € F, for any x € Fgm. (13)

_ _ Nri(a) _ aF(a)i*!
Theorem 10. Letp =2 anda € Fg. Let H = Tr ( Grgd(aﬁ ) and E =2 Gf(a) .
1. Ny =1 if and only if F(a) # 0 and G(a) = 0. In this case, (aF(a)i™1)= is
the unique zero in Fg of Py(X).
2. N, =0 if and only if G(a) # 0 and H # 0.
3. Ny, =2 if and only if G(a) # 0 and H = 0. In this case the two zeros in Fg

are T, = ggz; -T, (C—EJ and xo = x1 + %, where ¢ € pg41 \ {1}

Proof. Let assume F'(a) # 0. If G(a) = 0, then the equation (4) has unique solu-
tion o = (aF(a)*"")Y/% Then P2(xo) = 7l (aqu2(a) + F9(a) + aF(a )) ©
F‘(’a) G(a) = 0 and thus it follows that P,(X) has exactly one zero (aF(a)d~1)'/?
in Fo when G(a) =

10



Now consider the case of G(a) # 0. Note that (9) shows that G(a) # 0 implies

2
F(a) # 0. The equation (4) can be rewritten as (ggzg x) + GEa)x = F and so

it has a solution in Fg if and only if

Tr? (E) = 0. (14)
In case of existence of solution, (4) has exactly two solutions xl and x2 in Fg.
s, (51 )"+ 52 — (55 ) Elhe, =T, () + T (&) =

Q
(C%) + (CTEl) = E(% %) and so z; and x2 are two solutions of

(4). And, both z; and z, are in Fg since T, (C-H) + T, (C-H) =T,(F) =

1)
Oie. T, () € Fo.

2
Let  be a solution of (4). Then we have T ((ggzg x) + ggag ) Ti(E),
3

. a a a q (
ie. (ggagz‘) + gga; = Ti(E), hence 2?7 = (g&) (GEa;x—i—Tk(E))
F(a)x?c(:a(;?Tk(E) and Py(z) = z(2+ 1) +a = z(F(a)wc(;()aT)Z(EHF(a) ) 4o W
2(G(a) T (E)+F(a)’+G(a))

F(a)e :

Thus, it follows that the solution x of (4) is zero of P,(X) if and only if
G(a) + F(a)?
G(a)

Equalities (10), (11), (14) and (15) together leads us to conclude that when
G(a) # 0, P,(X) has a zero (equivalently, exactly two zeros) in Fq if and only
it mH = %H = 0 which is equivalent to H = 0 since at least one of m and k/d
must be odd as ged(m, k/d) = 1.

Combining above discussion with Lemma 7 completes the proof. a

Remark 11. When p = 2, A,(X) defined in this paper coincides with C,(X)
introduced in [17]. Many of our results specific to p = 2 also appears in [17] with
relatively longer and complicate proof.

iy (B) ‘2

)

T, (E) = (15)

Remark 12. On the other hand, very recently, the number of roots of linearized
and projective polynomials was studied in [7, 22]. In particular, criteria for which
P,(X) has 0, 1, 2 or p? + 1 roots were stated by Theorem 8 of [22] using
some polynomial sequence G,(X) which are related by A,.(X) = G,_1(X)?
with A,.(X) defined in this paper. Using the notations of our paper, Theorem 8
of [22] states that N, = p? + 1 if and only if A,,(a) = 0 and A;41(a) € Fpa
As the first note, here, the condition A,,11(a) € F,a is surplus because this
follows from the condition A,,(a) = 0. In fact, if F'(a) = Ay, (a) = 0 then by (1)
Amyi(a) = (=aAm—1(a)?)? and by (9) G(a) = 0 i.e. Apyi(a) = —adm-_1(a)?,
50 Apyi(a) = Apmgi(a)? that is Apq1(a) € FgNFg = Fpa.

As the second note, when p = 2, the criteria for N, = 0,1,2 in [22] are false.
In the criteria for N, = 0, 1,2 of Theorem 8 of [22], G,, € F, or G,, ¢ F, must

11



be fixed by G,, + G,,° + G,_1° =0 or G,, + G,,° + G,,_1° # 0 respectively. Note
that the quantity G, + G,,° + Gp,—1° (Ay for p odd, resp.) therein equals G(a)é
(E% for p odd, resp.) in the notation of our paper.

6 More for the case N, = p? + 1

Let S, = {z € Fyma = Fq | Py(x) = 0}. The following problem is remained:
when N, = p? 4 1 i.e. A,,(a) = 0, express S, explicitly in terms of a.
For this problem, the following facts are the only things we know at the moment.

1. When m =3 and As(a) =1 —a? =0 1ie. a =1, we have
Sa ={(b— bq)q_l,b € [F3a \]de}.
2. When p=2, m=4 and A4(a) =1+ a? +a? =0, we have
Vaes,.
3. When p=2, m =5 and As(a) =1+ a? +a? +aq3(1 + a?) =0, we have

a(a + a?)

1+ a4 + aqt! € Sa-

4. When p =2, m = 6 and Ag(a) = 1+al+a? +a? (1+a9)+a? (1+al+a?) =
0, we have

€ 8S,.

a?(1+a+ a9+ a?tt) + a®+at1(1 + a + a?)?
a2®+a 4+ (1+a+ a?)(1+ a2 + a9)4

All these can be checked by direct substitutions to P,(X).
Lemma 13. If 297 + 2+ a = 0 for a € F}), then for anyr >0

20— Ari1(a)z —aAr(a)?
Ar(a)r — aA,_1(a)?’ (16)

where the denominator never equal zero.

Proof. This is an alternation of (6). Only thing to be verified is the fact that

the denominator never equal zero. In fact, if A,(a)z —aA,_1(a)? = 0 (and so
also A,y1(a)z — aA,(a)? = 0 by (6)), then z = aAA:(lg)q = Z’ZE'ZS and thus
it follows a(A,(a)?™' — A, 1(a)?A,11(a)) = 0. But (3) shows a(A,(a)i*" —

Ar_1(a)?4,141(a)) = o' # 0 i.e. a contradiction. O

Lemma 14. If A,,(a) =0, then for any x € Fg such that 29 + 2z +a =0, it
holds
Nrb™(2) = A1 (@).

Furthermore, for anyt > 0

Amst(a) = Apsi(a) - Ag(a).
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Proof. By multiplying all equalities (16) for r ranging from 1 to m — 1 side by

side we get =T = —aAp,—1(a)? = Apyi(a)V9, e, Ayyg(a) = Nrfm™(z)e =
Nrkm(z) € F,. Then, an induction on ¢ leads to the conclusion of the lemma. O

7 Conclusions

We studied the equation P,(X) = X'l X g = 0,a € Fpn and proved some
new criteria for the number of the F,n-zeros of P,(z). For the cases of one or two
Fn-zeros, we provided explicit expressions for these rational zeros in terms of a.
For the case of pgd(™*) 41 rational zeros, we provided a parametrization of such
a’s and expressed all the pg°d(™5) 11 rational zeros by using this parametrization.
An important remaining problem is whether for any given p,n,k, in the case
of pged(mk) 4 1 rational zeros, it is always possible to explicitly express these
peed(k) L1 rational zeros in terms of a.
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