DISCRETE LOGARITHMS IN QUASI-POLYNOMIAL TIME
IN FINITE FIELDS OF FIXED CHARACTERISTIC

THORSTEN KLEINJUNG AND BENJAMIN WESOLOWSKI

ABSTRACT. We prove that the discrete logarithm problem can be solved in quasi-polynomial
expected time in the multiplicative group of finite fields of fixed characteristic. More generally,
we prove that it can be solved in the field of cardinality p™ in expected time (pn)zlog?(")+o(1).

1. INTRODUCTION
In this article we prove the following theorem.

Theorem 1.1. Given any prime number p and any positive integer n, the discrete logarithm
problem in the group F;n can be solved in expected time (pn)21°g2(")+0(1).

Fixing the characteristic p, the complexity of solving the discrete logarithm problem in the
family of groups F;n is then n?1°82(")+0()  Therefore the discrete logarithm problem in finite
fields of fixed characteristic can be solved in quasi-polynomial expected time. This result sig-
nificantly improves upon the complexity Ly~ (1/2) proved by Pomerance in 1987 [Pom87]. The
quasi-polynomial complexity has been conjectured to be reachable since [BGJT14], where a first
heuristic algorithm was proposed. More generally, Theorem [1.1] implies that for any parameter
a € (0,1/2), discrete logarithms can be computed in expected time Ly (a + 0(1)) in any family
of fields where p = L,n ().

Following the first heuristic algorithm of [BGJT14], a new one was proposed in [GKZ1§|. The
latter algorithm is proven to terminate in quasi-polynomial expected time for finite fields of fixed
characteristic that admit a suitable model. Heuristically, it seems to be easy to compute such
a model for any given field, but attempts to prove that it always exists have failed [Mic19].
Nevertheless, the approach of [GKZIS8] has been perceived as the most promising way towards a
fully rigorous algorithm. Our approach in the present article is similar, and we take advantage of
the geometric insights developed in [KWI§|. The main difference with all previous work is that
we rely on a different model for the field: one that can be proven to exist, eliminating the need
for heuristics. This model is introduced in Section [2} The main difficulty is then to construct an
algorithm that provably works in this model. The general strategy is similar to that of [GKZ18],
yet their algorithm does not immediately translate to the new model. An overview of the new
algorithm is presented in Section [3| The remainder of the article is dedicated to the proof.

2. A SUITABLE MODEL FOR THE FINITE FIELD

The recent algorithms to compute discrete logarithms in small characteristic all exploit properties
of a very particular model for the field. It is assumed that the field is of the form Fgac, for a
prime power ¢ and integers d and ¢, and there exist two polynomials hg and hy in F a[z] of degree
at most 2, and an irreducible factor I of hyx? — hg of degree . The field is then represented as
F,ac = F a[z]/(I), and the relation

(1) 2l = ho mod [
hy
is the key ingredient leading to heuristic quasi-polynomial algorithms, assuming that such a model
of Fa: can be found where g and d are small enough. A proof that such a model can always be
found seems out of reach, therefore we propose to use another one. All we need is a property
similar to Equation : applying Frobenius is equivalent to a small degree rational function.
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Definition 2.1 (Elliptic curve model). Consider a prime power ¢ and an integer n > 1. Suppose
there is an ordinary elliptic curve E defined over F, a rational point @) € E(F,) and an irreducible
divisor .# of degree n over F, such that for any f € F,(E), one has fo¢, = forg mod .#, where
¢4 is the g-Frobenius and 7¢ is the translation by . Then, F,[.#] = Fyn, and we call (E,Q, .¥)
a (g, n)-elliptic curve model of the field Fyn.

We now show how to construct such a model. Consider a prime power ¢ and an integer n > 1.
Let I be an elliptic curve defined over the finite field Fy, and let ¢4 be its g-Frobenius. Suppose
that E(F,) contains a point @ of order n. Let

2={PeE(F,)|6,P)=P+Q)}.

The kernel of the isogeny ¢, — idg is E(F,), and 2 = (¢, — idg) ' (Q) is a translation of E(F,).

In particular, |2| = |E(F,)|. Let P € £ and i any positive integer. Since ¢,(P) = P + @ and
¢q1(P) = ¢qi*1<P + Q) = (bqi*l(P) +Q,

a simple induction yields ¢, (P) = P + Q. Also, since @ is of order n, the isogeny ¢qn is the

first Frobenius fixing P. The orbit of P under the action of ¢, is a place of degree n over Fy.

Therefore 2 consists of |E(F,)|/n irreducible components of degree n over F,. If .# is one of

these components, then F,[.#] = Fyn. Therefore, a (g, n)-elliptic curve model can be constructed
from an elliptic curve E containing an F,-rational point @ of order n.

Given a finite field of the form F,., for a prime number p and an integer n, there does not
necessarily exist an elliptic curve model for Fp», but we show in the following that one can find an
extension of that field of degree logarithmic in n which does admit an elliptic curve model. The
construction relies on the following theorem.

Theorem 2.2 ([Wat69, Theorem 4.1, condition (I)]). For any integer t coprime to q such that
|t| < 2¢%/2, there is an ordinary elliptic curve E defined over F,, such that |E(F,)| =q+ 1 —t.

We deduce the following proposition.

Proposition 2.3. Let n < v/2¢'/* be a non-negative integer. There exists an ordinary elliptic
curve defined over F, containing an Fg-rational point of order n.

Proof. We first prove that there is an elliptic curve E over F, such that n? divides |E(F,)|. Since
n? < 2¢'/2, there exists an integer m such that |g+1—mn?| < 2¢*/? and |g+1—(m+1)n?| < 2¢'/2.
Either ¢ + 1 —mn? or ¢+ 1 — (m + 1)n? is coprime to p, so by Theorem [2.2} there is an ordinary
elliptic curve over F, with either mn? or (m + 1)n? rational points.

We have shown that there is an elliptic curve E defined over F, such that n? divides |E(F,)|.
From [Sil86l Corollary 6.4], there are two integers a and b such that the group of rational points
E(F,) is isomorphic to Z/aZ @ Z/abZ. Then, n? divides a?b, so n divides ab. Therefore E(F,)
contains a point of order n. O

Theorem 2.4. For any prime number p and integer n, one can find in deterministic polynomial
time in p and n an integer r = O(log(n)) and a (p", n)-elliptic curve model of the finite field Fprn.

Proof. Let r be a positive integer and ¢ = p”. From Proposition [2.3] the existence of an elliptic
curve model is ensured whenever n < v/2¢'/4, ie., n < /2p"/%, which holds whenever r >
(41log(n) —log(4))/log(p). Therefore, the construction of the elliptic curve model is as follows: let

[410g(n) - 10g(4)—‘
r=|————=1
log(p)
and ¢ = p". Find an elliptic curve E defined over F; and a point @ € E(F,) of order n. As g
is polynomial in p and n, these can be found in deterministic polynomial time by an exhaustive

search. Finally, let .# be any irreducible component of 2 = {P € E(F,) : ¢,(P) =P+ Q}. O

In the rest of this article, we suppose that the elliptic curve E is in (generalised) Weierstrass
form, so that we naturally have coordinates x and y such that x is of degree 2 and y of degree 3,
and for any P € E, we have z(P) = z(—P).



3. OVERVIEW

The following theorem, summarising a series of refinements [EG02, [Dielll [GKZIS]|, shows that to
obtain an algorithm to compute discrete logarithms, it is sufficient to have a descent procedure.

Theorem 3.1 ([Wesl8 Theorem 1.4]). Consider a finite cyclic group G of order n. Assume
we are given a set § = {f1,...,fm} C G (called the factor base), for some integer m, and an
algorithm DESCENT that on input f € G outputs a sequence (e;)jL, such that f = H;":l fjf
Then, there is a probabilistic algorithm that computes discrete logarithms in G at the expected
cost of O(mloglogn) calls to the descent procedure DESCENT, and an additional O(m?loglogn)

operations in Z/nZ.

Therefore, to prove Theorem [L.1] it is sufficient to devise an efficient descent algorithm. Fix a
(g, n)-elliptic curve model (E,Q,.#) for the finite field Fgn.

3.1. Logarithms of divisors. The notion of logarithm can be extended from field elements to
divisors of the elliptic curve as follows. Let N = |E(F,)|, and let Div%q (E,.7) be the subset of
Div%q (E) of degree zero divisors which do not intersect .#. Given a point P € FE, the corresponding
divisor is written [P]. Thanks to the Pohlig-Hellman method, we fix a prime ¢ dividing ¢ — 1, and
focus on the problem of computing discrete logarithms modulo £. We denote by log the logarithm
function modulo ¢, with respect to an arbitrary generator of the multiplicative group of the finite
field. We can suppose that N and ¢ are coprime (indeed, since N = O(q), any prime divisor of
N can be handled by the baby-step giant-step method in polynomial time in ¢). We have the
following commutative diagram where each line is exact

1——=F) —=F,(E)S — % Divg (B, %) T E(F,) —>0
l logl Log
y v
0 0 Z/Z — 9 77— -,

where F,(E)’, is the multiplicative group of rational functions on E defined over F, whose divisors
do not intersect .#. The function Log sends any divisor D € DiVOFq (E, .7) to the element log(f)/N,
where f is any function with divisor N.D (which is principal). Given an effective divisor D of degree
n not intersecting .#, we also define Log(D) = Log(D — n[0g]).

Let 9; = E'/&; be the variety of degree i effective divisors on E, where &; is the i-th symmetric
group. Let &; C Z; be the subvariety of principal divisors. Given two subvarieties &/ C ¥, and
B C D, we write o + B={A+B|Ac o Bec B} C Dpin. Given a point P € E, we write
QQ(P):{[Po]-F[Pl]|P0+P1:P}C@2

3.2. Elimination and zigzag. Consider a field extension k/F, and a divisor D € Z,(k). A
degree n—to—m elimination is an algorithm that finds a list (D;)!_; of divisors over E of degrees
at most m and integers (c;)!_; such that
t
Log(Ny/r, (D)) = > a; - Log(Ny/r, (D:))-
i=1
The integer ¢ is called the expansion factor of the elimination. To build a descent algorithm,
we first construct degree 4-to—3 and 3—to—2 elimination algorithms (in Propositions and
respectively) with expansion factors at most some value C. Combining these two eliminations, we
obtain a degree 4-to-2 elimination algorithm with expansion factor at most C2. A descent can then
be constructed following the zigzag approach developed in [GKZ18], as done in Proposition
The idea is the following. The logarithm of the finite field element that we wish to descend is
first represented as the logarithm of an irreducible divisor D over F, of degree a power of two,
say 272, Over the field F ,2¢, the divisor D splits as 2¢ irreducible divisors of degree 4. If D’ is
any of these, then D = NFq26 ¥, (D'). Applying the degree 4-to-2 elimination to D', the value
Log(D) can be rewritten as a linear combination of logarithms Log(Nque /¥, (Di)) where each D;
3



has degree 2. Now, taking the norm of each D; to the subfield Fqge—l , we obtain divisors of degree
4 again, but over a smaller field. One can apply the degree 4—to—2 elimination recursively, until
all the divisors involved are of small degree, over a small field F zc (with ¢ = O(1)). These small
divisors form the set

§ = {Nr . /w,(D) | D € Div ,. (E, #),D > 0,deg(D) < 2}.
We can finally rewrite our logarithm as a combination of logarithms of elements of the factor base
§={f € F [E] | 3D € § such that div(f) = ND}.

One difficulty in this approach is that the elimination algorithms might fail for certain divisors,
which we call traps. We show that traps are rare, in the sense that they form a proper sub-variety
of 9, or Y3 of bounded degree. The descent must then carefully avoid traps. In particular, we
show that given a divisor that is not a trap, an elimination allows to rewrite it in terms of smaller
degree divisors that are themselves not traps — otherwise the descent could reach a dead end.

3.3. Degree 3—to—2 elimination. Consider an extension k/F, and a divisor D € Z5(k). Let
V = span(z?t!, 29, x,1). We define the morphisms pp for any P € E as

2 — (zoTgypw) - (o TP),
= x4 — o0
op V —Fy(E): TQ+p@,
x — xoTp,
1 — 1.

These linear morphisms are chosen so that for any vector f € V and point P € E, we have the
relation pp(f) = f o7p mod .#. Now, define the algebraic variety

Xo={(f,P)|op(f) =0 mod D} CP(V) X E.

We will see that it is a curve. Let (f, P) € Xo(k) be one of its k-rational points. We will prove that
there are many such rational points where the polynomial f splits into linear factors over k, i.e.,
f= Hf:ll L; with L; linear over k. Assuming this is the case, then we have a 3-to—2 elimination.
Indeed, on one hand,

q+1

log(vp(f)) =log(foTp) = Zlog(Li oTp).

On the other hand, from the definition of X, and the fact that ¢p(f) has degree 4, we have
div(ep(f)) = D + [P'] — 2[-P] — 2[-Q — P@], where P’ is a point of E(k). We deduce

Log(Ny/r, (D)) = log(Ny/r, (9p(f))) — Log(Nyr, ([P'] — 2[—P] = 2[-Q — P\9]))
q+1
= > loa(Nir, (Li o 7p)) — Log(Nie, ([P'])

+ 2 Log(Ny/w, (= P])) + 2 - Log(Nyr, ([-Q — P9))).

The right-hand side is a sum of logarithms of divisors of degree 1 or 2 over k. Therefore, the
3-to—2 elimination algorithm simply consists in constructing X, and pick uniformly at random
rational points (f, P) € Xo(k) until f splits as a product of linear terms. It remains to prove that
this happens with good probability. This is formalised in Proposition

3.4. On the action of PGL,, and splitting probabilities. For the 3-to-2 elimination sketched

above to work, we rely on the idea that for (f, P) € Xy(k), the polynomial f splits into linear

factors over k with good probability. This polynomial f has degree g+ 1, so at first glance it seems

it should split with very small probability 1/(¢ + 1)!. However, and this is the key of previous

(heuristic) quasi-polynomial algorithms, the polynomials in V have a very particular structure and

a fraction 1/0(q®) of them split over k. This high splitting probability can be understood from
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the action of PGLy on P(V). We denote by x the action of invertible 2 x 2 matrices on univariate
polynomials defined as follows:

(1 0) s = v aytety (1),

It induces an action of PGLy on P(V), also written . The space P(V') is the closure of the orbit
PGLy * (27 — x), and if m € PGLa(k), then m x (22 — x) splits as a product of linear polynomials
over k, which allows to deduce that a significant portion of the polynomials in P (V') (k) split over k.

This idea is sufficient for the previous heuristic algorithms and for our 3-to-2 elimination,
but to obtain a rigorous 4-to—-3 elimination algorithm, we need to work with higher dimensional
objects. Let V,, = span(zjx; | 4,7 € {0,1,...,n—1}). Then, n X n matrices naturally act on these
polynomials by substituting z; with the scalar product of the i-th row with (xg,21,...,2,_1)%.
This induces an action of PGL,, on P(V},), written x. Let d,, = zfz1 — z{zo € P(V,,). The orbit
PGL,, x0 is a subvariety of P(V},), but as soon as n > 2, this orbit is not dense anymore. However,
as illustrated in the following lemma, it remains the relevant subvariety to consider as we wish to
find polynomials that split into linear factors.

Lemma 3.2. The only polynomials in V,, with & distinct linear factors are in the orbit PGL,%0,,.
The only polynomials with a double linear divisor are in the orbits PGL,,x (z¢x1) and PGLn*xgH.

Proof. For the first part, suppose that the three factors are not collinear, and apply the action
of a matrix sending them to xg,x; and zs. The resulting polynomial is divisible by zgziz2, a
contradiction. So the three factors must be collinear, and send them to xzg, z1 and xg + x1. For
the second part, send the double divisor to z2. O

As in the PGLsy case, we have that for any m € PGL,(k), the polynomial m * d,, splits into
linear factors over k. Before sketching how to use these observations to build a 4-to—3 elimination
algorithm, we note that the closure of PGL,, x0,, is well understood: it consists of PGL,, x0,, itself
and the closure of PGL,, * (zdz1), described in the following lemma. Consider the vector space
A, = span(z; | i € {0,...,n — 1}) of linear polynomials.

Lemma 3.3. The closure of PGL,, x (zdx1) is the image of the morphism

E:PA,) xP(Ay) — P(V,) : (u,v) — viu,

[1

which is just the Segre embedding of P(A,) x P(A,) = P"=1 x Pn=1 into P(V,,) 2 P ~1,

The points in PGL,, * (zdz1) are called the ezceptional points of the closure of PGL,,  0,,, and
they play a crucial role in our analysis of the descents. In particular, a divisor being a trap or not
is closely related to the properties of the exceptional points that appear in Xj.

3.5. Degree 4-to—3 elimination algorithm. Consider an extension k/F, and a divisor D €
24(k). Consider the vector space V' = V3 as defined above, the element d = zlzy — zoz] € V,
and its orbit PGL3 x 0 C P(V). Define the morphism v : V — F,[E] which substitutes g,z
and 2 with 1, z, and y respectively. Now, define the morphism ¢ : V — F,[E] with p(z{z;) =
(Y(z;) omg) - Y(z;). Observe that o(f) = (f) mod & for any f € V. Define

Xo={f €PGL3*0 | ¢(f) =0 mod D}.

Let f € Xo(k). As briefly justified in the previous paragraph, when f is in the orbit PGL3 x 0,
we can expect it to split into linear factors over k with good probability, i.e., f = Hfill L; with
L; € A3 =span(z; | j € {0,1,2}). When this happens, we have a 4-to-3 elimination. Indeed, on
one hand,

g+1

log(p(f)) = log(¥(f)) = Y _log(th(Ls)).
=1

On the other hand,

div(e(f)) = D+ D' - 3[0g] — 3[-Q),



where D’ is an effective divisor of degree 2 defined over the field k. We deduce

Log(Ny/r, (D)) = log(Ny/r, (¢(f))) — Log(Ny/r, (D")) + 3 - Log(Ni/r, ([Q]))
g+1
=Y " log(Ni/r, ((Li))) — Log(Ny/r, (D') +3 - [k : Fy] - Log([Q)).-

i=1
The right-hand side is a sum of logarithms of divisors of degree 1, 2 of 3 over k. Therefore, the
4-to-3 elimination algorithm consists in constructing Xy and pick uniformly at random rational
points f € Xo(k) until f splits as a product of linear terms. We need to prove that this happens
with good probability. This is formalised in Proposition [6.14]

3.6. Traps. The two types of elimination sketched above work for ‘most’ degree 3 and degree 4
divisors. There are however certain divisors for which we cannot guarantee that the elimination
succeeds: these trap divisors form subvarieties .93 C %3 and 93 C %,. When D is not a trap
divisor, we can prove that the elimination succeeds, but another problem might arise: it could
be that all possible eliminations of this divisor involve traps, so the descent cannot be iteratively
applied. We deal with this issue in Section [6]

4. DEGREE 3—TO—2 ELIMINATION

In this section, we consider a degree 3 divisor D on E, defined over k. Note however that the
main ideas, and notably the roadmap presented in Section also apply to the degree 4-to-3
elimination. We suppose D does not belong to a set of exceptional divisors, the traps 73 C %3,
defined in Section Consider the vector space V' = span(z?*!, 2% x, 1) in the algebra F,[z]. As
explained in [3:3] we can associate to the divisor D a variety

Xo=A{(f,P) [ ¢p(f)=0 mod D} C P(V) x E,

and our goal in this section is to prove that for a significant proportion of the pairs (f, P) € Xo(k),
the polynomial f splits into linear terms over k. The general strategy is similar to that of [KW18]:
we define a curve C' and a morphism C' — X, such that the image of any k-rational point of
C' is a pair (f, P) such that f splits into linear terms over k. Such a curve C can be defined in
P(V)x ExPl x Pl x P! as

C ={(f,P,r1,7m2,73) | (f,P) € Xo, and the r;-values are three distinct roots of f}.

Similarly to [KW18, Proposition 4.1], Lemma implies that if (f, P,r1,r9,73) € C(k), then f
splits into linear factors over k (and therefore leads to an elimination, as explained in Section |3.3)).

4.1. Roadmap. We need to show that C' has a lot of k-rational points. It is sufficient to prove
that C has at least one absolutely irreducible component defined over k, then apply Hasse-Weil
bounds. There again, our strategy draws inspiration from [KW18]. Instead of considering directly
C, whose points encode triples of roots, we start with the following variety which considers a single
root at a time:

X1 ={(f,P.r) | (f,P) € Xo, and f(r) =0} CP(V) x E x P".

We can then increase the number of roots by considering fibre products over the projection
0 : X1 — Xp. Indeed, we have

X1 xxo X1 = {((f1, Pr,7m1), (fo, P2y 72)) | (f1, P1) = (f2, P2) € Xo, and fi(r1) = fa(re) = 0}
= {(faP?rl”rQ) | (f?P) € XUa and f(rl) = f(rQ) = O}

This product contains a diagonal component Ax, isomorphic to X5, which corresponds to quadru-

ples (f, P,r,r). The other components Xo = X; X x, X1\ Ax, encode pairs of distinct roots (points

of the form (f, P,r,r) can still appear in X5, but they imply that r is a double root of f). We can

iterate this construction, and consider the product X X x, X5 over the projection X; x x, X1 = X3

to the first factor. This product encodes triples of roots, and the curve C embeds into the non-

diagonal part X3 = X xx, X2\ Ax,. In the rest of this section, we prove sequentially that Xy,
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X1, Xo2, X3 and C contain absolutely irreducible components defined over k.

The following lemma allows us to prove irreducibility results through fibre products.

Lemma 4.1. Let Y and Z be two absolutely irreducible, complete curves over k, and consider
a covern : Z — Y. Suppose there is a point s € Y and two distinct points a,b € Z such that
n~1(s) = {a,b}. If s,a and b are analytically irreducible, and the normalisation of n is unramified
at a, then Z xy Z \ Az is absolutely irreducible, where Ay is the diagonal component.

Proof. The same proof as [KW18, Lemma 4.2] implies this result, where smoothness is replaced
by analytic irreducibility (both imply that a point belongs to a single irreducible component). O

Remark 1. The term analytically refers to properties of the completion of the local ring. A point
is analytically irreducible if the completion of the corresponding local ring has no zero divisors
(equivalently, a single branch passes through this point: it desingularises as a single point).

The following proposition defines our strategy: the rest of our analysis of the 3-to—2 elimina-
tion consists in showing that our cover 6 : X; — X satisfies the necessary conditions to apply

Proposition 1.2}

Proposition 4.2. Let Xy and X1 be complete curves over k, and suppose X is absolutely ir-
reducible. Let 0 : X1 — X be a cover of degree at least 3. Let Xo = (X1 Xx, X1) \ Ax,, and
X3 = (X2 xx, X2) \ Ax, (for the projection Xo — X to the first factor). Suppose that

(1) there is a point s € Xo and two distinct points a,b € X1 such that 071(s) = {a, b},
(2) the points a,b € X1 and (b,b) € Xo are analytically irreducible,
(3) the normalisation of the cover 0 is unramified at a.

Then, either

(1) the curve Xy is absolutely irreducible, and so is X3, or
(2) the curve X1 is the union of two absolutely irreducible components A and B, with a € A
and b € B, and

(B xx, A) xp (B xx, B) \ Ap)
1s an absolutely irreducible components of X3 defined over k.

Remark 2. Applied to the cover 6 : X; — Xy defined above, we choose s € X to be one of the
exceptional points in X NS, which have the form ((z — «)(z — 8)9, P). Then,

a=((z—a)x—p)%Pa), and b= ((x—a)(z—pB)",Pp).

We then prove that all the conditions of the proposition are satisfied, which imply that X3 contains
an absolutely irreducible component defined over k, which by Hasse-Weil bounds implies that X3
has a lot of rational points.

Proof. First, we prove that either the curve X; is absolutely irreducible, or it splits into two abso-
lutely irreducible components A and B defined over k. Since X7 is complete and X is absolutely
irreducible, each of the absolutely irreducible components of X; surjects to Xy through 6. The
points a and b are the only two preimages of s, and since they are analytically irreducible, each
belongs to exactly one absolutely irreducible component of X;. Therefore, X; has at most two
components. Assuming X; is not absolutely irreducible, let A be the component containing a,
and B the component containing b. Since the normalisation of # is not ramified at a, the cover 6
restricts to a birational morphism A — Xj. Yet, 6 is of degree at least 3, so it does not restrict
to a birational morphism B — Xj. Since 6 is defined over k, the components A and B are not
Gal(k/k)-conjugate, so they are each defined over k.

Next, we prove Point [1| If X; is absolutely irreducible, then X5 is absolutely irreducible from
Lemma and we deduce that X3 is absolutely irreducible from Lemma again. Note that
we need here that Xo — X; is unramified at (b,a) € X5, a consequence of the fact that 6 is
unramified at a.



We now prove Point Assume that X; decomposes as AU B. We first show that X5 is the
union of the absolutely irreducible components A xx, B, B xx, 4, and (B xx, B) \ Ap, each
defined over k. We have

(Xl X Xo Xl)\Axl = ((A X Xo A) U (A X Xo B) U (B X Xo A) U (B X Xo B))\AXl
=(Axx,B)U(Bxx, A)U((B xx, B)\ Ap).

Both A xx, B and B xx, A are birational to B, so they are absolutely irreducible. The point
(b,b) € (B xx, B)\ Ap is analytically irreducible (so it can only be in one component), and is the
only preimage of the point b € B through the projection to the first factor. Therefore B x x, B
is absolutely irreducible. Finally, we prove that X3 contains an absolutely irreducible component
defined over k. Consider the component of X3 of the form

Y = (B xx, A) x5 (B xx, B)\ Ap),

with respect to the projections to the first factor B x x, A — B and B x x, B — B. The projection
Y — (B xx, B) \ Ap is an isomorphism, so Y is absolutely irreducible. O

4.2. Traps. Recall that we need D not to be a trap: we now define what this means. Let
3 ={[D1] + [D1] + [Do] | D1, D2 € B} C s,
Tyt = {[D1] + [Da] + [Ds] | (D1 + D2)\ @ = (D + D;) + 2Q for some i # 1} C Ps,
T2 ={[D1] + [Da] + [Ds] | D\ = D; + Q for some i} C 5.

In addition, a fourth kind of traps .7 is defined in Proposition The set of traps is J3 =
U?:o T3¢, and we suppose that D ¢ Z3. The following lemma allows us to prove that traps can
always be avoided in the descent algorithm (in particular, not every divisor is a trap).

Lemma 4.3. Let Py € E. If P\ & {Py — Q, Py + 2Q}, then P5(Py) + [~Py) ¢ Ts.
Proof. This easily follows from the above definitions, and Proposition O

4.3. Exceptional points of X;. Let S be the image of the morphism = from Lemma[3.3] In this
section we give an explicit list of the 24 points in XoN (S x E) (or only 12 points in characteristic
2). Let f = (x — 8)%(x — «) € S, and suppose (f, P) € Xg. Then, D divides the positive part of

div(p(f)) = [Pa = P+ [~ Pa = P+ [Pss = Q = P9)+ [ Psu — Q — PV —2[-P] - 2[-Q - P'7)],

where P, is any of the two points such that 2(P,) = . There are three ways to split D = D’ +[Dj]
where D’ is of degree 2 and D3 is a point. Each such splitting induces two possible ways for D to
divide div(ep(f)): either D’ divides div(¢p(z — «)) and [D3] divides div(¢p((z — §)?)), or the
reverse. Let ¢ be the number of two-torsion points on Fj it is 2 in characteristic 2 (recall that E
is ordinary) and 4 otherwise. Each of these 6 configurations gives rise to ¢ possible values of f,
and we find that Xy NS x F contains a total of 6¢ points (we observe below that they project to
6¢ distinct points in E). Indeed, if D' = [Dq] + [D2], D’ divides div(pp(x — «)) and [D3] divides
div(pp((z — 8)9)), we get that P is any of the ¢ points such that 2P = —(D; + Ds). Then,
a = z(P + D) and B9 = z(PY 4 Q + D3). Similarly, if [D3] divides div(¢p(z — a)) and D’
divides div(¢p((z—£)?)), we get that P is any of the ¢ points such that 2P(9) = —(D; 4+ Dy +2Q).
Then, a = z(P 4 D3) and $? = (P9 + Q + Dy).

Assuming that D; # D, for ¢ # j and (D; + Dj)(‘Z) # (D; + D) 4 2Q for any 4,7, k (with ¢ # j
and i # k), then the 6¢ points are distinct. Therefore, since D is not in .70 U .Z3!, the intersection
Xo N (S x E) projects to 6¢ distinct points in E.

4.4. Irreducibility of X,. Let P € E. Since dim(V') = 4 and dim(F,(F)/D) = 3, we generically
expect the kernel of
?p:V—F(E)/D: f— ¢p(f) modD
to be a line, in which case there is exactly one f € P(V) such that (f, P) € Xy. If this is indeed
the case for all P € F, then the projection Xy — F is a bijection, so X is absolutely irreducible.
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By contradiction, suppose there is a point P € E such that L = P(ker pp) has dimension at
least 1. From Section the variety L intersects S only at one point, so it must be a line tangent
to S at that point. Write D = Z?Zl[Di], u; = x(D; + P) and v; = x(D; + Q + P). Without
loss of generality, the intersection point is (2% — vs)(z — u1). There are two cases to distinguish:
either u; = ug, or vz = vy (corresponding to the two cases exhibited in Section [4.3]). The points
ag+129 + aqx? + ayz + ag on the line L satisfy (by construction) the three equations

(g+1UiV; + aqV; + ar1u; +ag = 0,4 € {1,2,3}.
Also, since L is tangent to S at (9 — v3)(z — uy), it also satisfies the equation
Qg4+1U1V3 + agu3 + ajuy +ag = 0.
These linear equations can be represented in the matrix

ViU U1 U
VU2 V2 U2
v3uz V3 U3
Vsuy V3 U1

_ = = =

Since L has dimension at least 1, the rank of this matrix is at most 2. We now show that when
D is not a trap, M is of rank 3, a contradiction (implying that Xy — F is a bijection and Xy is
absolutely irreducible). In the case where u; = ug, we have u; # uz (because D ¢ 73°), so

viup vr 1 vy 1
rank(M) = 1+rank [ vou; vy 1| =1+4rank |ve 1
vzu; vy 1 vy 1

Since D ¢ 7, the values v; are not all equal, so the rank of M is 3. The case vs = vy is similar.

4.5. Local analysis of X;. Let us compute some equations for X;. We see it as a subvariety of
P3 x E x P!, parameterized by the (affine) variables aq,a1,00,TE,YE, T (Where the corresponding
polynomial is z9%? +aqx?+a1x + ag, the point is P = (zp,yp) € E, and the root is r). As above,
let D = Z?Zl[Di], u; = (P + D;) and v; = (P9 4 D; + Q). The defining polynomials of X;
are the equation e € Fy[zp,yp] of the elliptic curve E and the four polynomials

Fy = viug + agvr + a1ug + ag,

Fy = vaug + aqva + ajuz + ag,

I3 = v3uz + aqv3 + ajugz + ag,

G =rT 4 a,r? + ar + ag.
Recall that for any Py € E, we have P5(Py) ={[R]+[T| | R+ T = Py} C Zs.

Proposition 4.4. There is a point s € Xo N (S x E) of which both preimages through 6 in
X1 are smooth, unless D belongs to a strict subvariety F5° of P3. For any Py € E, we have
Pa(Po) + [-Po) ¢ T

Proof. The Jacobian matrix associated to the given defining polynomials of X7 is

0 0 0 638 838 0
ou P ouq ur
v w1 g (uitar) k(v +a1) 0
v up 1 F2(vp+ar) S2(vp+a)) 0
V3  Uus 1 g:}?; (1}3 + al) g;”}i (1}3 + al) 0
rd r 1 0 0 7+ aq

Since X is smooth, the top-left 5 x 4 submatrix has rank 4. Therefore the above matrix has

rank 5 at any point where 77 4+ a; # 0. Therefore, the only points that could be singular on X3

correspond to polynomials of the form (z — 8)9(z — a) = 29! — az? — B2 + B9, together with
9



the elliptic curve point (z¢,yo) and the root 5. In terms of the coordinates (aq, a1, a0, g, yE, ),
such a point is given by (—a, —f9, B9, xo, Yo, £). It is non-singular if and only if the matrix

0 0 de de

5 dzp P dyp
v — rd Uy —r %:}13 (’Ul =+ al) 2;1’}13 (’Ul + al)
Vg — rd U — T %’Zﬁ ('UQ + al) %:j}i ('UQ -+ (11)
vz —r? uz—r g (vs+a) gr2(vs+ar)

has rank 4 at this geometric point.

Let 7% be the subvariety of 25 of divisors D for which this matrix is singular at all the
corresponding 24 exceptional points (or 12 in characteristic 2). Fix Py € E, and let us show that
Py(Py) + [-Po] ¢ F53. Let P € E, and

D = [Dl] + [Dg] + [Dg] = [—Po] + [Po - ZP] + [ZP] S WQ(PQ) + [—P()].

The point ((z — B)%(x — «), P) is on the induced Xy for « = x(P + D;) = x(P + D2) and
B9 = (P9 + D3 + Q). At this exceptional point, the matrix simplifies to

de de
0 0 P Jzp 5 dyp
v =B u =B (v =B gt (v — B9
va =B up—fB 542 (vy — B9) S;jf; (v2 — B9)
0 us—B 0 0

It is easy to see that v; — v9 and ug — 8 are non-zero rational functions of P. Then, the matrix is
singular if and only if the following matrix is singular:

Oe Oe
oxp oyp
8“1 a’ug 8u1 B’UQ

(91'}3 - awp ayp - ayp

An explicit computation shows that for any D;, this determinant is a non-zero rational function
of P. Indeed, using the addition formula for the short Weierstrass equation 32 = 23 + Az + B
in characteristic larger than 3, we get that the numerator of this determinant divides a rational
function in which the two leading terms are

y(Dr)ap — (A+ 3x(D1)*)zPyp.

The explicit computations being cumbersome, we provide a Magma scriptﬂ This numerator is a
non-zero rational function of P if y(D;) # 0 or A # —3x(D;)?. If y(D;) =0 and A = —3x(D1)?,
then B = 2x(D;)3, and the discriminant of the short Weierstrass equation is zero, a contradiction.
The cases of characteristic 2 and 3 are similar (and the arguments are indeed simpler since the

exhibited leading coefficients are 227 and 2%y respectively). We deduce that for any D;, all but
finitely many points P correspond to a non-singular point. With D; = — P, we have shown that
P (Po) + [~Po) ¢ T5. O

In the rest of this section, we fix the point s from Proposition[l.4f With s = ((z—8)%(z—a), Fy),
let a = ((z—B8)1(z — @), Py,) and b = ((x — B)%(x — «), Py, ), the two preimages of s through 6.
These points s, a and b are the ones that will allow us to apply Proposition 22} Since these points
are smooth, they are analytically irreducible.

Lemma 4.5. The morphism X1 — X is unramified at a.

Proof. In terms of the coordinates (ay, a1, o, g, Y&, ), the point a = ((z—B)1(x—a), Py, o) € X3
is the tuple (—a, =89, 8%, x9, yo, ). With a linear change of variables, send this point to the
origin, and to avoid heavy notation, we still write (aq, a1, a0, 2, yE, ) for the translated variables.
Since X is non-singular, it admits a local parameterisation aq, a1, ao, z,y € k[[t]] at s. Then, the
curve X; is given analytically at a by the equation

G =1 4 ar? + (ag + a? — B)r + (a,0? + a1a + ag) € k[[r, t]].

1https ://github.com/Calodeon/dlp-proof/blob/master/3to2elimination.m
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The induced morphism between the completions of the local rings is then given by
fok[[t]] — K[[t, 7]/ (G)
t—t,
Since a? — 87 # 0, the variable ¢t does not divide the linear term of G, and the morphism is

therefore unramified at a. (]

4.6. Local analysis of Xs. In this section, we show that the point (b,b) € X» is analytically
irreducible.

Lemma 4.6. Consider a morphism of smooth curves n: Z — 'Y over some field k. Suppose that
at some point z € Z, the induced morphism between the completions of the local rings is given by

0 k(] — K[t r]]/(t = rB(t, 7))
t—t,

where B(0,0) # 0 and B(0,r) has a non-zero linear term. Then, the point (z,z) € (Z Xy Z)\ Az
is analytically irreducible.

Proof. Up to isomorphism, 1} can be written as
nz K[[E] = K[[r]) ¢ = U (r),
where U(0) # 0 and U(r) has a non-zero linear term. Then, the completion of the local ring at
(2,2) € (Z xy Z)\ Az is k[[r,7']]/C(r,r") where
riU(r) —r"1U(r")

r—r

C(r,r') =

Unsurprisingly, (z,z) is singular: this corresponds to the fact that n is ramified at z, with ram-
ification index ¢ > 2. Let us blow up the equation C(r,r') by introducing a variable s and the
equation 7’ = rs (the case r = r's is symmetric). Substituting in C, we obtain

ri(U(r) — stU(rs)) _ a1 U(r) — qu(rs)'

Clrrs) = r(l—s) 1—s

The equation of the blowup is H(r,s) = C(r,7s)/r?~1. The only solution of H(0,s) = 0 is at
s = 1, so there is only one point in the blowup, and it remains to see that it is smooth. Write
U(r) =ug +uir +r?U(r), and s’ = s — 1. We have

U(r)—stU(rs) =U(r) — U(rs) — s'U(rs)
= ug + urr + r2U(r) — ug — uyrs — r2s2U(rs) — s U (rs)
= —uyrs' + 120 (r) — 252U (rs) — s"1U (rs).

Therefore, u; # 0 is the coefficient of the monomial r in H(r,s), so H(r,s) has a non-zero linear
term, implying that the point at » = 0 and s = 1 is smooth. O

Proposition 4.7. The point (b,b) € X5 is analytically irreducible.

Proof. Recall that s € X; is the point from Proposition [£:4] and a,b € X; are its two preimages
through 6. We start as in the proof of Lemma In terms of the coordinates (aq, a1, @0, g, YE, ),
the point b = ((z — B)¥(z — «), Py, 8) € X3 is the tuple (—a, —89, 8%, 0, Yo, B), and we send
this point to the origin via a linear change of variables (again, to avoid heavy notation, we still
write (aq,a1,a0,2g,yE,r) for the translated variables). Let aq,a1,a0,2,y € k[[t]] be the local
parameterisation of Xy at s. The curve X; is given analytically at b by the equation

G=rit 4+ (ag + 8 —a)r?! +air + (a8 + a1 8 + ao) € k[[r, t]].
Since b is non-singular, a,87 4+ a1 5 + ap = tF(t) with F(0) # 0. Writing a; = tH(t), we get

G=tF@t)+H@)r)+rI(r+aq+ b — ) € E[[r, t]].
11



Since D ¢ 732, we have a # 3, so up to multiplication by a unit, G is of the form t — r?B(t,r)
for some B(t,r) such that B(0,0) # 0. We would like to show that B(0,r) has a non-zero linear
term. Write v3 = v} + 8. From equation F3 (defined on page @, we have

0 = vsug + (ag — &)vs + (a1 — fY)us + ap + Bl
= (v3 + BNus + (aq — ) (v5 + B7) + (a1 — BT)uz + ao + Bla
= aruz — v3(a — uz — ag) + agf? + ao

=ai(uz — B) —vi(a —uz — ag) +tF(t)

Since v3 is a g-th power, we get that H(0) = %L(0) = —%. We deduce that the linear term
of B(0,r) is —F(0)~1(1 — u;(‘o_)ﬁ_ﬁ). Since D ¢ 7, u3(0) # «, so B(0,r) has a non-zero linear
term. We conclude with Lemma [£.6] O

4.7. Irreducibility of X3. We are finally ready to prove the main result of this section.

Proposition 4.8. For any divisor D € (25 \ 93)(k), the curve X3 contains an absolutely irre-
ducible component defined over k.

Proof. We have shown that 6§ : X; — X satisfies all the conditions of Proposition so the
result follows. O

5. DEGREE 4-TO—3 ELIMINATION

As for the degree 3—to—2 elimination, we are going to apply Proposition Consider an extension
k/F, and a divisor D € Z4(k). Recall from Section that we work with the vector space
V = span(afz; | 4,5 € {0,1,2}), the morphism ¢ : V' — F,[E] which substitutes zo,z; and z2
with 1, z, and y respectively, and the morphism ¢ : V — F,[E] with p(zfz;) = (¢(z;)o1q) -1 (z;).
Let : V — F,[E]/D be the composition of ¢ with the projection to F,[E]/D. We then have
Xo={f€PGL3x0 | ¢(f) =0 mod D} = PGL3 %0 NP (kerp),

where 0 = zfzy — 2{xy € V. The space P(kerp) is a hyperplane in P(V'), which we denote by
H. We prove in Lemma that Xj is a curve. Let us represent the elements of V' (or P(V)) as
column vectors

t
2: q,.. _ _

az‘jxﬂ?j—(aoo ap1 Gp2 Gi1o0 ai1 Gi2 G20 A21 a22) = Qyec
ij

The hyperplane H is the kernel of the matrix
(Hoo Hot Hop Hyg Hy Hip Hy Hy Hi),

where each H;; is a column vector of dimension 4. With A = span(z; | ¢ € {0,1,2}), the curve X;
is defined as

X1 ={(f,u) | f € Xo and u is a factor of f} C P(V) x P(A).
and we set Xo = X Xx, X1\ Ax, and X3 = X5 xx, X2\ Ax, as in Section

5.1. Exceptional points of Xo. Let D = Y7, [D;] € Z4(k) be the divisor of E to be eliminated,
and let H be the induced hyperplane. Suppose that D is not divisible by a principal divisor of
degree 3 (being divisible by a principal divisor would correspond to the traps of type 7;* defined
in Section [5.2). Let uv? € S N H be an exceptional point of Xy. We have p(uv?) = u - (0@ o 70)
(where v(9) is v with coefficients raised to the power ¢), which is of degree 6 since u and v(%) o TO
are each of degree 3. Since D divides ¢(uv?) and D is not divisible by a principal divisor of degree
3, we have a permutation o € &4 such that

div(u) = [Dy)] + [Do(2)] + [~ Do1) — Do(2)] — 3[0k],

and

div(v'? 0 79) = [Dy3)) + [Do(w)] + [~Dos) — Doy — 3Q] — 3[-Q].
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The second equality implies
div(v'?) = [Dy(a) + Q) + [Do(a) + Q) + [~Do(z) — Doy — 2Q] — 3[0]-

Note that, as should be expected, the number of ways to split D into two parts of 2 points is
exactly the degree of S, the image of the Segre embedding = from Lemma [3.3] We found an
exhaustive description of the set of exceptional points S N H.

There are 6 exceptional points U*V*? in the intersection of Xy with S. Up to reindexing, we
necessarily have the following triples of aligned points:

(V1 V2, V3), (VY VA V), (V2,15 V), (V3, V4, Vo),

(U, U°,US), (U2, U3, US), (UL, U, U, (UL, U2, U%),
They arise as follows. Consider the 6 pairs of distinct points dividing D = Z?:l[Di],
{a1,...,a6} = {(Ds3, D4), (D2, D3), (D2, Ds),(D1, Ds), (D1, D3), (D1, Ds)}.

For each i, if a; = (Dj, Dy), then U' defines the line passing through D; and Dy, while Vi(Q)
defines the line passing through D,, + Q and D,, + Q, where {j, k,m,n} = {1,2,3,4}. With this
indexing, we can see that U4, U®, and U are aligned because they all have a root at D (i.e., the
corresponding lines intersect at the point D;). All the alignments listed above arise in this way.

As in the 3-to-2 case, we follow the strategy outlined in Section [£.I} so we fix a point s € Xo,
say s = (V1)4U!, and its two preimages a = ((V1)4UY,Uy) and b= (V1)UL V1) in X;.

5.2. Summary of the traps. As long as D is not a trap, there should be no other alignement
between the points U? and V* than the ones listed above. Hence we define the following varieties
of traps, where ¢(R,S) denotes the line passing through R and S :

! U(D;, D;) N {(Dyn, Dy) N £(Dy, Dy) # 0,

TP = { ];[Dk} {07}, {m,n}, {r s} all distinct, and {i, j} A {m,n} N {r, s} = 0

1 _ - Dy | UDi+Q,Dj+ Q) NU(Dy +Q, Dy + Q) NUD; +Q, Dy + Q) # 0,
4 = Z[ k] {i,7},{m,n}, {r, s} all distinct, and {3,j} N {m,n} N{r,s} =0

! UDy, D;) D N Dy, D)@ N UD, +Q, Dy + Q) # 0,
O {Z[D’“] and {i, 7} # {m,n}

4
5 _ {Z[Dk] U(D; + Q. Dj + Q) N Dy, + Q, Dy + Q) N (D, D) £ 1),

=
Il
=
N Y—~— Y—— ——~

and {i,j} # {m,n}
Tt ={F+[Dy]| Fe€ P3,D,€E}.

The conditional statements are to be understood as “there ewist indices i,j,m,n,r,s such that
1#£j, m#n, r#£s, and... 7. Let I = U?:o 7. Note that the full variety of traps .7; (rather
than 7)) requires an additional component, studied in Section

Lemma 5.1. For any points Py, Py € E such that either Py # Py or Po(q) # Py + 2Q, we have
P (Po) + P2(P1) & T

Proof. Let R,T € E, and D = Y;_,[D;] € P5(Py) + Ps(P,), where
(DlaD27D37D4) = (R7P0 - RaTaPI _T)

We simply need to show that D ¢ J; except for certain pairs (R,T') that belong to some strict
subvariety of E2. There are many conditions to check in order to verify whether or not D € Z;
we use symmetries (exchanging R and T, replacing R with Py — R, or some permutations of the
three sets {i,5}, {m,n}, {r, s}) to significantly reduce this number.
First, let us characterise the cases where D ¢ .7,°. Up to symmetry, we can assume that 1
belongs to two of the pairs of indices, and even that (i,j) = (1,3), m = 1 and n € {2,4}. As
13



long as Dy = Py — R and Dy = P, — T are not on the line (R, T) (which corresponds to a strict
subvariety of E?), we have ¢(D;, D;) N (D, D,,) = {R}. The condition for D € .7 is then

R e {(D,,Dy),

and for each allowable (7, s), it corresponds to (R,T') belonging to a strict subvariety of E?. This
implies that P5(Py) + Po(P1) ¢ 7. The fact that Po(Py) + P2(P1) ¢ T follows from the
observation that 7! is a translation by —Q of .7,°, and that %5(Py + 2Q) + P2(Py +2Q) ¢ .

The condition D ¢ 7,2 enjoys fewer symmetries and is therefore more cumbersome. First
assume that {i,5} N {m,n} # (. Then, up to symmetry, we can assume i = m = 1, and apart
from a strict subvariety of E2, we have £(D;, D;)\@ N ¢(D,,, D,)@ = {R@}. The conditions for
D € 72 become

R € ¢(D, +Q,D; + Q),

for any allowable r # s. None of them is satisfied as long as
R(q) ¢{DT+Q | r= 17273’4}U{_(DT+Q) - (Dé+Q) ‘ T#S},

which for any fixed T' corresponds to finitely many values of R to be avoided.
It remains to consider the cases where {i,j} N {m,n} = 0. To continue the proof, let us work
in E* instead of 2,. More precisely, write

T3, j,m,n.7,8) = {(D)izy | 4Di D) N 6Dy, D)W 16D, + Q. Dy + Q) £ 0},

such that 72 is the union of the varieties m(T%(i,j,m,n,r,s)) for all allowable indices, where
7 : E* — 9 is the natural projetion. It is then sufficient to show that for each allowable
(i,4,m,n,7,s), we have 71 (Po(Py) + Po(P1)) ¢ n~ Y (w(TE(i,5,m,n,r,s))). This is equivalent
to showing that 7= 1(22(Py)) x 71 (Pa(Py)) ¢ T2(i,j, m,n,r,s) for any allowable indices; this
follows from the facts that 7= (P2(FPy)) x 7~ 1(P2(P1)) is absolutely irreducible, and that for any
permutation o € &4, we have

(Di)i= € TE (i, j,myn, 1, 5) <= (Doiy k=1 € Ti(0(i),0(j),0(m), o(n), o(r), o(s)).

Up to symmetry, it is sufficient to consider (4, j,m,n) = (1,2,3,4) or (i,4,m,n) = (1,3,2,4).
First, suppose that (i,7,m,n) = (1,2,3,4). Again up to symmetries, it is sufficient to consider
(r,s) =(2,3) or (3,4). Suppose (r,s) = (3,4), and let
(D1,D2,D3,D4) = (R,Py — R, T, P, — T) € 7 H(P2(P)) x 7~ (P2(P)).

First, if Py = Py, then ((Dy,D5)@ N (D3, D)@ = —P® and ¢(Ds + Q, Dy + Q) N E =
{T+Q,Py—T+Q,—PFPy—2Q} does not contain fPéQ) for almost all points R and T (as long as
P\ % Py +2Q). If Py # Py, let R =T. Then, {(Dy, D5)@ N (D3, D)@ = R@. The condition
becomes R9 € £(Ds 4+ Q, Dy + Q). But R is on E, and

For all but finitely many points R, we have that R(?) does not belong to this intersection.

The case (r,s) = (2, 3) is similar. The same reasoning allows to conclude for the remaining cases
(i,7,m,mn,r,s) € {(1,3,2,4,1,2),(1,3,2,4,1,3)}, at least for Py # Py; for Py = Py, one should
choose T to be one of the points such that 27" = Py and T # —Py — 2@, then observe that for
almost all R, the condition for .72 is not satisfied. The proof for .Z;? is similar, and the proof for
Tt is easy. O

Lemma 5.2. Suppose D is not a trap. Pick a matriz in PGL3 sending U to xg, V' to z1, and
V2 to xo, and let it act on P(V). In the matriz defining the transformation of H, the submatrices

(Hoo Hoit Ho2 Hs),(Hoo Hor Hyi Hiz), and (Hoo Hox Hin Hia) .

each have full rank 4.
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Proof. Using a matrix of PGLj3 as described, we can suppose that U! = zg, V! = 21, and V2 = x,.
Since (V1)U = zixq € H, we have that Hig is the zero vector. Suppose by contradiction that
rank (Hoo Hyyz Hyp H 20) < 3. Then, a non-trivial linear-combination of the rows has the form

(00 0 0 Dy Dz 0 Day Ds)

Applied to U? and V2 = 25, we get that U? is on the line (0 : Dg; : Day). But Ul = ¢ also lies
on this line, therefore so does U®. The relation applied to (U®, V?) implies that U® lies on the line
(0 : Dy1 : Di2) (unless V° is on the line u; = 0, which already contains U = x¢ and V2 = 24, a
contradiction). But U! also does, so (0 : Day : Do) = (0 : Dy; : D13). The relation becomes

(] + Bvg)(D11ur + Disusy),

where (a, 8) # (0,0) are coefficient such that a(Dsg1, Dag) = 8D21(D11, D12). We conclude that
(0 : a: B) is the line passing through (V3)@ (V)@ and (V6)(@) and it also contains g = (U")(@),
a contradiction.

Now, suppose by contradiction that rank (Hoo Hop1 Hiq ng) < 3. We get a non-trivial
linear combination of the rows of the form

(000 Coo 0 0 0 Co Co Ci)

First, we cannot have Cpa = 0, otherwise the above line gives the relation v(Caoug + Coruy +
Coousz): since no more that three of the Ut-points can be on the line (Cag : Ca1 : Cag), at least three
of the V*-points must be on the line (0 : 0 : 1), which also contains U, a contradiction. We can
therefore assume that Cps = 1. We deduce that the line through U? and U? is (Cog : Oy : Cao).
This line contains US. We get that

0= (V)3 + (V) (CaoUg + Con Uy + C22U3) = (Vi) 1Us .

We get that either V¢ = 0, implying that V° is aligned with V1, V2 V3 or U$ = 0, implying
that US is aligned with U! and V'. Both cases are a contradiction. The same proof leads to
rank (Hoo H02 H11 ng) =4. O

5.3. Irreducibility of X,. In this section, we prove that Xy has an absolutely irreducible com-
ponent defined over k. To do so, we first find an equation for Xy in the plane. Recall that
P(A) has coordinates ug,u; and us, and each point (ug : u1 : ug) represents the linear polyno-
mial ugzg + u1T1 + ugxe. Its dual space P(A)Y has coordinates to,t; and t2, and any element
(to : t1 : t2) € P(A)Y represents the line in P(A) with equation wugty + u1t1 + usts = 0. Define a
subvariety & of P(V) x P(A)Y by the six polynomials e = Z?:o ag;t; and fr = Z?:o a;it] for
k =0,1,2, where a;; are the coordinates of P(V).

Lemma 5.3. The variety O is the closure of the orbit PGL3 x 0. Furthermore, for any point
(f,0) € O, any linear factor of f is on the line £ CP(A).

Proof. Notice that PGL3 acts on both ¢ and P(A)Y, and the projection & — P(A)Y is PGLs-
equivariant. The group PGL3 acts faithfully on P(A)Y, and the fibre of (0 : 0 : 1) through
0 — P(A)Y is the subvariety P(V2) C P(V) where Vo = span(zix; | i,j € {0,1}). Any f € P(V3)
is a polynomial in zy and x1, so its linear factors necessarily lie on the line in P(A) defined by
¢=1(0:0:1) (ie., by the equation uy = 0), proving the second part of the lemma. The group
PGLy acts on this fibre through the embedding into PGL3 as the 2 x 2 upper-left minor. We
conclude from [KW18, Lemma 2.2], which implies that the fibre P(V2) is the closure of the action
of PGLs, proving the first part of the lemma. O

Let hq, ..., hq be the linearly independent linear polynomials in the a;;-coordinates which define
the hyperplane H C P(V) of codimension 4, and let C = & N (H x P(A)Y), so that Xy is a
subvariety of C. Let C" C P(A)Y be the projection of C' to the second factor of P(V) x P(A)Y. In
the remainder of this section, we prove that all the absolutely irreducible components of C’ (and
therefore also of Xj) are defined over k.

Lemma 5.4. The projection C — C' is an injective map on the geometric points.
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Lemma 5.5. The plane curve C' is defined by the polynomial (in projective coordinates to,t1,t2)

t q g q t q
to t1 ta
1 to tq to
ty " - det to t £ ,
to t1 to
Hoo Hor Hoz Hio Hu Hiz Hzo Ho Hy
where H;; denotes the 4-dimensional vector whose entries are the coefficients of a;; in hi, ..., hy.

The curve C' has degree 2q + 2.

Proof. The six polynomials e, fi, kK = 0,1,2, as well as hq,...,hy are linear polynomials in the
aj;-coordinates, thus they can be written as May.. where M is the 10 x 9-matrix of coefficients
and
Ayec = (aoo apr Qo2 G100 G11 @12 Az Aa21 022)t-

Pick a row of M corresponding to one of the six polynomials e, fi, £k = 0,1,2, add a column
to M containing zeros except at the chosen row where the entry is ¢, ? if e, was chosen and t,:l
if fi was chosen, denote the resulting 10 x 10-matrix by M’ and let f = det(M’). If two rows
(of the six above) are chosen and the corresponding entries are set in the adjoined column (with
a possible sign change of one of them), it follows from the relation S i_,tlex — Sr_otrfx = 0
that the determinant of the matrix is zero. Then Laplace expansion with respect to the adjoined
column shows that the definition of f is independent (up to sign) of the choice of one of the six
rows. By choosing fo, deleting the adjoined column as well as the row corresponding to fs and
setting to = 0 it follows from 2116:0 they — Zi:o tr fr = 0 that the determinant of the resulting
matrix is zero which implies that f is a polynomial. Therefore f defines the variety C".

It remains to show that f has degree 2q + 2. Choose an arbitrary point P € C'N (S x P(A)Y).
There is an element g € PGL3 which maps P to (27zg,(0 : 0 : 1)). Since this element is a
linear transformation of P(A)Y, it does not change the degree of the curve, and we can simply
assume that (2{zo,(0 : 0 : 1)) € C. This implies that in each equation h;, the coefficient of
a1p is zero. Now, an simple computation shows that the coefficient of the monomial t%qtotg is
det (Hoo Hyi Hi ng). From Lemma it is not zero, so the degree of the equation is
29 + 2. O

Lemma 5.6. Let N be the matriz from Lemma such that f = t;ldet(N) 18 an equation
defining C'. We have
of
dty

where my;; is the (i, §)-minor of N.

_ 0 _
=1, 1(m31 + myq + TTL57)7 and a?f =t 1(m32 + mys + 777‘58)7
1

Proof. This is an elementary application of Jacobi’s formula ddet(N) = tr(adj(N)dN), where
adj(N) is the adjoint matrix, and dN is the differential of N. O

Corollary 5.7. The image in C' of any point in C NS is smooth.

Proof. Let P € C'NS. There is an element g € PGL3 which maps P to (z{zo,(0: 0 :1)). This
transformation will map the 4-codimensional hyperplane H C P(V') used in the definition of X
to a 4-codimensional hyperplane H with defining polynomials hq, ..., hs, for each of which the
coefficient of a1q is zero. From Lemma and the fact that ms1(0:0: 1) =m57(0:0:1) =0,
we get that

0

an(OO 1):m44(0:0: 1):idet (HOO H01 H11 ng).

0

From Lemma the latter determinant is non-zero, hence the image of P on C’ is smooth. [

Let us now study the singularities of ¢’ away from S. As above, up to a transformation by

a matrix g € PGLg, it is sufficient to study the point (z{zg — ez, (0:0: 1)) € 6 N H with

Hy = Hig. Note that with this transformation, the H;;-columns change, and they do not have,
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for instance, the properties of Lemma We now have that the minors mgs1, ms7, mys, mssg are
all zero at (0:0:1), and

ng(OIOIl)Zm44(OIOZ 1)::|:det (H()() H(]1 H11 ng), and
0

0
an(O(]l):m32(001):idet (HQ() HOQ H10 H11)~
1

The point is singular if and only if both determinants are zero, i.e.,
rank (Hoo Ho1 Hoz Hii Hiz) <3.

From now on, suppose that the point is indeed singular, so there is a linear combination of the
linear equations h; that has the form aasg + Sasy + yase, corresponding to the row vector

000000 a g 7).

One must have («, 8) # (0,0), otherwise all the points in Xy NS satisfy the equation vius = 0,

meaning that among all the linear functions U? and V', at least six of them are on the line (0 : 0 :
1) € P(V)V, a trap. Let us show that the singularity has multiplicity ¢. From the curve equation
given in Lemma we derive that the quadratic terms at our point (z{xg — zoxf,(0:0: 1)) are

+det (Hpn Hoe Hiw Hi)tg,
+det (Hoo Hoz Hi Hig)toty,
+det (Hoo Hoo Hio Hi2)t,
which are all zero since rank (Hoo Hyi Hope Hi ng) < 3. Now, the terms of degree ¢ are
+det (Ho Hio Hiu Ho)t,
+det (Hoo Ho1t Hi Ha)td,
which are not both zero, as that would imply (a, 8) = (0,0). So the multiplicity is g.
We now show that the blowup of this singularity is either a single smooth point or a node.
Without loss of generality, assume h; = aagg + Saz1 +yaz, and denote by H;; the 3-dimensional
vector whose entries are the coefficients of a;; in ho, hs and hy. Then, restricting to the affine

plane A2 C P(A)Y defined by t5 = 1, and considering one affine chart of the blowup at Py = (0, 0)
obtained by setting t; = st(y, one obtains the equation

ta sitd 1
td st 1
to Sto 1
det to st 1 = td det(Ms),
to Sto 1
) } ) ) ) ) a B
Hoo Ho1 Hoz Hip Hiun Hi2 Hy Hai Hao
where
1 59 1
1 51 1
to Sto 1
M2: to Sto 1
to Sto 1
a B Y

Hoo Hoy Hox Hy Hin Hi tgﬁm tggzl tgf{m
for the pre-image (the equality follows by multiplying the last three columns by tg as well as

multiplying the first, second, fifth and sixth row by ¢;?). At ¢, = 0, the determinant of M,
17



becomes, up to sign,

1 s 1

1 s 1

det = :l:(OtSq - 6) det (_IEIOO ﬁlO -Hll) .

I:IOO ﬁOl FIIO gll

So the preimage Py of Py in the blowup of C” is the single point at ty = 0 and s = (8/a)/?. Note
that if a = 0, then 8 # 0 and one can simply consider another affine patch of the blowup.

Let 6 = (8/a)'/4, and set v = s — § so that Py is given by ty = v = 0. We now show that
either P; is non-singular, or it is a singular point of multiplicity 2 with two branches with distinct
tangents. To do so, we compute the linear and quadratic terms of det(Msz). It is sufficient to
compute det(M) modulo the ideal (¢¢,v?) in k[to,v]. Up to sign, it is equal to the determinant
of M3 with

1 69 1
1 07 1
to Oty + vtg 1
M3 = to (5t0 + ’Uto 1 s

to (5t0 + Uto 1

) ) 3 3 ) o B Y

Hoo Hox Ho2  Hio Hy, Hio

and by subtracting the second column from the fourth one, subtracting 09 times the seventh

column from the fourth one as well as adding the eighth column to the fourth one, it follows that
det(M?,) = to det(M4) with

1 1
1 01 1
to Oty + vig 1 —0—v
My = 1 Sto+vtg 1
-0 —+ 1) + v t() 5t0 + ’Uto 1
. . . . .« B v
Hoo Ho: Hoz Hyy Hyy

From det(Ms) = to det(My), we deduce that the constant term of det(My) gives the linear term of
the equation, and the linear term in v for det(My) gives us the quadratic term in ¢yv in det(Ms).
In order to find these two terms, we can set to = 0 in My. Subtracting the eighth column from
the second, subtracting 69 times the eighth from the fifth one, and removing the second row as
well as the eighth one, one obtains that det(M,) = 4 det(M5) with

1 1
1 —d—v
1 1
—074+ 64w 1
—pB —01p3 a vy
Hoo Ho1 Hoz Hyy Hio

Ms =

By subtracting the seventh column from the first one and removing the first row as well as the
seventh column, one obtains det(Ms) = 4 det(M;g) with

1 —6—wv
1 1
—07+6+wv 1
—a —f —01p3 v
Hy Ho Hoo Hyy,  Hyp
18
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By subtracting the fourth column from the sixth one and removing the second row as well as the
fourth column, one obtains det(Mg) = £ det(M7) with

1 0+wv
01 —6—v 1
Mi=|_a —p —548 v
Hop Hoi Hpe Hn Hyo

and by subtracting § + v times the third column from the fifth one, subtracting §7 — § — v times
the sixth column from the fifth one and removing the first two rows as well as the third and sixth
column, one obtains det(M;) = £ det(Mg) with

M<P‘ BB 7(—5‘13L5+13)>
87 \Ho Hoy Hin (0+v)Hop— Hiz)’

Finally, we have det(Mg) = § det(Myg) — det(Mig) + v det(My) with

a B 8B vy > < a B 8B 5‘17)
My= (2 P2 0P ) andm= (2 P %P T
? <H00 Hyy Hyy Hop 10 Hoo Hor Hpp Hypo

Therefore the linear terms of the equation of the blowup of C’ consist only of +(d det(My) —
det(Mig))to, implying that P; is non-singular if 6 det(My) # det(Mig).

If § det(My) = det(Mp), then P; is singular, and the quadratic term of the equation is of the
form to(etp + det(Mg)v) for some coefficient e. As long as det(My) # 0, Py is a singularity of
multiplicity 2, with 2 distinct tangents.

Suppose that det(My) = det(M;o) = 0. We get that

q q q
rank<~ ﬁ N 5~oz 6~ﬂ q7)§3.
Hoo Ho1 Ho2 Hio Hin Hio
Therefore, there is a linear combination of the equations defining the hyperplane that has the form
(a B v da 6158 09y a b c).
Consider the points (vozg + v121 + vaxa)?(upzo + 11 + uswe) € H N S. First, they must satisfy
the equation
0 = avaug + Busug + yuoug = vo(aug + Buy + yuz),
so either vo = 0 or aug + Suy + yus = 0. Second, they must satisfy the equation
0 = avdug + Bvdur + yvdus + daviug + 67 Bviuy + 6%vius + avdug + bvduy + cvduy
= (vo + 0v1)?(ug + Buy + yuz) + vd(aug + buy + cus).

For the points such that aug + Suy + yus # 0, one must have vy = 0, and thereby vy + dv; = 0.
The only possibility is (v : v1 : va) = (=d : 1 : 0). Therefore, there can only be one point such
that aug+ Bur +yuz # 0 (two such points would share the factor —§9zf +z7, a contradiction). So
all the points of H NS satisfy aug + Buy + yus = 0, also a contradiction (among the exceptional
points, at most 3 can lead to (ug : u; : u2) being on a given line).

Corollary 5.8. The curve C' has four singularities. Each of them has multiplicity q, and is either
analytically irreducible, or one blowup results in a node (the intersection of two smooth branches
with distinct tangents).

Proof. We have just shown the last part of the statement: any singular point has multiplicity ¢,
and is either analytically irreducible, or one blowup results in a node. Let us show that there are
four singularities. A point is singular if and only if, after the transformation sending its preimage
in C to (zxo — z0z{,(0:0: 1)), we have a relation of the form

000000 a B 7).
Applied to the points viu = (voxg + vix1 + v2x2)?(uoxo + U1z + u2x2) € HN S, we get

va(aug + Buy + yusz) = 0.
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For each viu € HN S, either v(?) is on the line (0: 0: 1), or u is on the line (a : B : 7). There are
six such v?u, but no more than three values u or v can lie on any given line. Therefore, for three of
the viu € HN S, the v(?-values are aligned on (0:0: 1), and for the other three v?u € HN S, the
u-values are aligned. Therefore, a point on C’ C P(V)V is singular if and only if it corresponds
to one of the lines in P(V) that contain three v(9-values; since the divisor is not a trap, there are
exactly four such lines. O

Proposition 5.9. All the absolutely irreducible component of the curve Xo are defined over k.

Proof. Since it is a plane curve, any two components of C’ must intersect, and they can only do
so at the singular points T C C’. Also, a given singular point can be contained in at most 2 of the
components (at most one if it is analytically irreducible, and at most 2 if its blowup is a node).

First observe that the number of pairs of irreducible components is at most the number of
singularities, so there are at most 3 components. Second, observe that each component is defined
over an extension K/k of degree at most 2. Indeed, degree 4 or more would contradict the
previous observation. For the degree 3 case, since there are at most three components, there
must be exactly 3 Galois-conjugate components. None of the four singularities can be fixed by
the Galois action (such a singularity would appear in all three components). Yet, the number of
singularities is not divisible by 3, a contradiction.

If there is only one absolutely irreducible component, it is Xq itself, which is defined over k,
and we are done.

If there are two components, either they are both defined over k and we are done, or C' = AUB,
where A and B are two Galois-conjugate absolutely irreducible plane curves. We now deal with
the latter case. Since C’ has degree 2¢q + 2, the components each have degree ¢+ 1, so by Bézout’s
theorem,

(q+1)*=A-B= Y I(P,ANB)=4I(P),ANB),
PEANB
where P, is any of the 4 isomorphic singularities of C’. We get I(Py, AN B) = (¢ + 1)2/4. Recall
that the multiplicity of each singularity Py is ¢, and their blowups are nodes. Let f : Z — P(V)V
be the blowup at Py, let A, B and C’ be the corresponding blowups of A, B and C’ respectively,
let E be the exceptional divisor, and let P, the unique preimage of Py in C” (it is a node, at the
intersection of A and B) Applying the formula [Full3], Corollary 6.7.1], we get

I(Py, AN B) = I(Py, f*AN f*B)
= I(Py,(A+ep,(A)E)N (B + ep,(B)E))
= [(Py, AN B) + ep,(A)ep, (B),
where ep,(A) and ep,(B) are the multiplicities of Py on A and B. Since ep,(4) + ep,(B) =

q, we have ep,(A)ep,(B) < (¢/2)%. Since P, is a node at the intersection of A and B, we
have I(Py, AN B) = 1. Therefore, I(Py, AN B) < (g¢/2)? 4+ 1, which contradicts the fact that
I(Py,ANB) = (q+ 1)2/4.

Finally, it remains to deal with the case were there are 3 components. If they are all defined
over k, we are done, so let us suppose that ¢’ = AU A% U B, where A is defined over a quadratic
extension of k and o is the corresponding conjugation. Let a = deg(A) and b = deg(B). The only
possible configuration of the singular points T' = {Py,..., Py} is

ANA° ={P}={P{},ANB={R},A°NB={P;} ={Py}, and P, = P] € B.
Write e;(Z) = ep,(Z) for the multiplicity of P; on any component Z. We must have e;(A4) =
e1(A7), and since e1(A4) 4+ e1(A%) = ¢, we get e1(A) = ¢/2. This is a contradiction, unless the
characteristic is 2. We have e1(A) = ¢/2s0 a > q/2, and e4(B) = ¢, so b > q. Also, 2a+b = 2¢+2,
so either a = ¢/2 and b= ¢+ 2, or a = ¢/2 + 1 and b = ¢q. From Bézout’s theorem, we have
I(P,ANB) =ab=¢*/2 +q.
Also, applying the formula [Full3l Corollary 6.7.1] as in the previous case, we have
I(P,,ANB) =1+ ex(A)ea(B) < 1+ ¢*/4,
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a contradiction. O

5.4. Defining equations for X;. Consider the action of PGL3 on P(V) x P(A), and let W be
the closure of the orbit of (9, zg). Suppose u = ugxo+ui1x1 +usxe € P(A). We focus on the affine
patch ug = 1, since the rest of the proof is a study of local properties of points on this patch.
Consider the matrix

1 —U1 —U2
m=|0 1 0
0 O 1

We have mtu = z, so u divides f if and only if xo divides m * f, i.e., the coefficient of z{z; in

m* f is zero for any i,j # 0. Write f = Z cai;xiz;. Then,

u?)
mx* f = agoxfTo + E (a;j + agouiu; — aipuj — agjul)ziz;
i,j#0

+> (a0 — agou)wizo + Y (ag; — agou;)afz;.
140 70

We deduce that the equations corresponding to the condition that u divides f are
Eij N aij —+ aoougu]' — aiouj — CLOj’UJg = 0

for any indices i, j # 0. Assuming these hold, we have

— q E a\ .4 E q
m x f = apoTyTo + (aio — apoU; )I’Z o + (CLOj - aoouj)flfol'j.
i#0 j#0

Furthermore,

<Z b xz> — 20 <Z b; xz> bo — bf)xdzo + Z bladzg + Z bjzdz;.
J
So we obtain W by adding the equations

Fij : (aio — agouf)(ao; — aoous)? — (ajo — agouf)(aoi — agoui)? = 0.

So X7 is defined by these equations for W and the equations defining the hyperplane H C P(V),
in the affine patch ug = 1.

5.5. Blowing up a € X;. Recall that we have fixed an exceptional point s = (V1)?U! € Xy, and
its two preimages a = ((V1)U',U;) and b = ((V})2U', V') in X;. We need to prove that the
conditions of Proposition are satisfied, starting with the analytic irreducibility of a.

Lemma 5.10. The point a € X1 is analytically irreducible.

Proof. Take a matrix in PGLs sending U' to g, V! to z1, and V? to x (in particular, the line
passing through V1 V2 V3 is sent to the line ug = 0). With this transformation, a belongs to
the affine patch ug = 1 of P(V) x P(A)7 so we can study it locally through the equations of X
derived in Section From Lemma [5.2] after applying the action of this matrix, we can rewrite
the matrix defining H as

1 0 0 0 A11 Alg 0 Agl A22
01 00 B11 B12 0 Bgl BQQ
0 01 0 C11 C12 0 021 022
0 0 0 0 Dy Dia 1 Do Doy
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with C11D12 — C12D11 # 0 and C11B12 — C12B11 # 0. Blowing up via uz = uita, we get the
equations
FEi1=a11 + ul(a'OOU'(ll — @10 — aOlullI_l)’
Ers = a15 + ur(aouits — arots — agzui™"),
By = agy + ui(agoufts — azo — amutlrltg)’
Eas = ags + u1(agouftits — asots — aogu‘{_lt;’),
Fiy = (a10 — agouf)(aoz — agouita)? — (azo — agouity)(aor — agour)?.

For any Z € {A, B,C, D}, write Z.; = Z1; + Zaits, Zin = Zi1 + Ziata. We get the relations

L+ ul™ (A + Aoatd)  uldg ufAo Uy Agy uy Ay @00
wit (By. 4 Bautd) 1+ u{Bs ui By u1 Boy u1 By ZOl —0
wiTH (O + Coutd) uiCy  1+uiCi  uwiCh  uCiy agi e
uwIT (D1, + Dout?) uiDy ulDywo  1+4wuiDay uiDi. a1

Therefore we can eliminate agg, ao1, o2 and agg in k[[u1, t2]], as
aoo = u1 (A1« +urcoo) = u1bgo,
aor = u1(Bis + u1co2) = u1bo1,
ag2 = u1(Crx + uicio) = u1boz,
azo = u1 (D1« + uic20) = u1bao,
with b;; and c¢;; in k[[u1,t2]]. The equation Fio becomes
w1 — agoud)(boz — boouita)? — usui(bao — boouitd)(bor — boous )?.

Recall that CllDlg — ClQDll 7£ 0 and 011312 — ClgBll 7é 0. Since (011,012) # (0,0), the
equation bpz2(t2) = 0 has a single solution. It is not a zero of bog nor bg1, since neither By, nor Dy,
is collinear with C1,. O

5.6. Blowing up b € X;j. Recall we have the 6 points UV in the intersection with S, and
the 3 points U, U3, U* are aligned, as well as V2,V V6. Apply the action of a matrix in PGLs
sending U to x1, and V! to zy. With this transformation, b belongs to the affine patch uy = 1 of
P(V) x P(A), so we can study it locally through the equations of Xy derived in Section

Lemma 5.11. When D is not a trap, the matriz defining H can be written as

1 0 0 O * x* 0 * *
0 01 0 * * 0 * *
0 0 0 1 011 * 0 021 *
0 0 0 0 Dy = 1 Doy =
with CIIDZI - 021D11 7é 0.
Proof. The matrix can be written in the form
1 0 0 * * * * * *
0 0 1 * * * * * *

0 0 0 Cip Cii Cia Cy Co Oy
0 0 0 0 D Dz Dy Dy Dy

If Ch9Dog # 0, the matrix can then be written as in the lemma. By contradiction, suppose that
CloD29 = 0; we deduce that there is a relation of the form

(000 0 0 Eyy Eiz 0 Eyn Ex)
Applied to U* and V*, we get that (V*)(@ is on the line

L* = (1: B\ U + EaUy - ExyUL + ExUs).
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But (V1)@ = 2, also lies on this line, therefore so does (V¢)(@ (up to a reordering of V2, V>, V).
Similarly, the relation applied to U%, V6 implies that (V)@ lies on the line

LS = (1: B\ US + EoUS : By US + ExUS).

Since LS also contains (V1)@ we have L* = LS. Note that (U, Us) and (US,US) are linearly
independent (otherwise U4, US and V! would be aligned). Therefore, the equality L* = L° implies
that there are (a, 5) # (0,0) such that a(E12, Ea2) = B(E11, E21). The relation becomes

(auy + Bug)(Er1v] + Exyvd).

We conclude that (0 : «: 3) is the line passing through U2,U3 and U®, and it also contains V!, a
contradiction.

The matrix can be written as stated in the lemma, and it remains to prove that Ci; Doy —
Cy1 D11 # 0. A proof similar to the above shows that C1; Dy — Cy1 D1y = 0 implies that V1, V3,
and V* are aligned, another contradiction. O

Lemma 5.12. If D11 D}, # D{, Doy, the point b € X is analytically irreducible.
Remark 3. We deal with the case D11 D}, = D}, D2y in Section

Proof. From Lemma [5.11] we can rewrite the matrix defining H as

1 0 0 O A11 A12 0 Agl A22

0 01 0 Bix Biz2 0 B Ba
0 0 0 0 Din D2 1 D Do
After blowing up via us = uite, we get the equations

E1y = an + u(agouf — a0 — agruf ),

B2 = aia + ui(aoouits — aiota — a02u({71)’

FEs1 = ag1 + ui(agouity — ago — aOlu({_ltg)’

By = ags + u1(agoultty — asoty — agou?™'td),

Fig = (a10 — agout)(ao2 — agouitz)? — (a2 — agouits)(aor — agour)?.

As in the proof of Lemma for any Z € {A, B,C, D}, write Z.; = Z1; + Zo;td, and Z;. =
Zi1 + Ziata. We get the relations

1+ udt (AL, 4 Ag.td) ul Ao U Ars uy Aoy ud A 400
“§+1(Bl* + Ba,td) 1+ uiB.o u1 B« uy Ba, ul B 202 —0
u‘fH(CH + Caxtd) uiClo 14+ uChs u1Cax uiCiy aw o
WDy, + Daytd) wiD,s wDi,  1+u Dy uiDy ai?

Eliminating ago, ag2, @10 and asg in the ring of formal power series k[[u1, t2]] yields
aoo = ui (A + uicoo) = uiboo,
a2 = uj (B + uicoz) = uibo,
aro = ui(Ci1 + uicio) = uibio,
azo = ui(Ds1 + uica) = uibs,

for some b;; and ¢;; in k[[uq,t2]]. We get the equation

2
ufud (bro — booui)(boz — boourta)? — ui(Ds1 + urcao — boouitd)(1 — agour)?,

and removing the factor u{,

2
ud (b — boou?)(bo2 — boourte)? — (D1 + urcag — boouitd)(1 — agour ).
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Lemma implies that (D11, D21) # (0,0), therefore D, (t2) = 0 has a unique solution (possibly
at infinity), with multiplicity g. We have

ca0 = —Dy1 D2 — D1.Ciq +us (.. .).

Since D,; and C,; are not collinear (Lemma [5.11)), when D11 DY, # DY, Da, the power series cag
is a unit, and we are done. O

Remark 4. Note for later that the power series cop has both a non-zero constant and linear term.

5.7. Ramification indices. The completion of the local ring at the desingularisation of a de-
scribed above is of the form Ry = k[[u,t]]/(u — t2A(u,t)) for some unit A(u,t). Similarly, at b,
it is of the form Ry = kl[u,t]]/(u — t9B(u,t)) for some unit B(u,t). The projection X; — Xo,
analytically at a, is of the form

91 : k[[aw}]/l — Rl P Qi ubij(u,t),
and analytically at b, it is of the form
0o : kllai;]]/I — Ra: a;j —> uqb;j(u,t).

The point s is not smooth in this model of X, but we can factor the morphism through the
desingularization, leading to the commutative diagram

kllai;]]/1
01 l 02
/’f [[Tﬂ\
R1 RQ

Let a be a linear combination of a;;-values such that the corresponding combinations of b;; and
bj; are both units (that is possible since not all b;;-values nor all b;;-values are zeroes locally; see
the proofs of Lemmata[5.10]and [5.12)). The order of the image of a in k[[T]] is some integer z. For
i=1,2, in R;, we have

q" = ord(6;(a)) = z - ord(;(T)).
We deduce that ord(¢2(T)) = ¢q - ord(p1(T)), and since ord(¢1(T)) + ord(p2(T)) = ¢ + 1, we
deduce that the first has ramification index 1 and the second ramification index q.
5.8. Blowing up (b,b) € Xo.
Lemma 5.13. If D11 D}, # D}, D1, the point (b,b) is analytically irreducible.

Proof. Analytically at the point b, the desingularized equation is, up to multiplication by a unit
(in k[[u1, t1]], where ¢; is actually the translation to the origin of the previous ¢;),

Uy — t‘fB(ul,tl),

where B(uq,s1) is a unit (with a non-zero linear term, because cog above had a non-zero linear
term — see Remark . The fibre product at this point with respect to the projection to Xy is
given by the equations in k[[u, t, v, s]]

u—t1B(u,t) =0,

v—5?B(v,s) =0,

ulb;j(u,t) — vib;j(v,s) =0,
for all pairs ¢,j. There is an automorphism of k[[u,t]] sending v — t9B(u,t) to w while fixing ¢.
It sends u to some F(u,t) = u + t9G(u,t) where G is another unit. The same applied to k[[v, s]]
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sends v — s7B(v, s) to v, and v to F(v,s), and fixes s. Therefore the curve is isomorphic to the
curve given by the equations in k[[t, s]]

F(0,t)%b;;(F(0,t),t) — F(0,s)b;;(F(0,s),s) = 0.
For simplicity, we just write

F(t)qbij(F(t), t) — F(S)qbij<F(S), S) =0.

At least one of them must be non-zero of course, which means F(t) is not the zero polynomial
(there are more explicit ways to see this I guess). Write F(t) = t9G(t) where G(0) # 0. The
equations above are divisible by ¢ — s (which corresponds to the diagonal component of the fibre
product). Blow up with ¢ = st’. We get

" Gst') iy (F(st'), st') — G(5)%bi;(F(s), 5)

' —1) =0

Pick some indices i, j such that b;;(0,0) # 0 (they exist since not all b;;-values are zeroes locally;
see the proof of Lemma. The only solution at s = 0 is t' = 1, which is non-singular. Indeed,
the smallest degree (in terms of the variables s and ¢’ —1) term of the numerator is ab;; (0, 0)(¢t'—1)s
for some non-zero constant « (this comes from the facts that G has a non-zero linear term « and
b; ; has no linear term: its first term after the constant is at degree ¢ or larger), which is linear
once the denominator removes the factor ¢’ — 1. O

5.9. The case Dy;D{, = D}, D;. It only remains to show that the case D11 D}y = D], Doy can
be avoided: it corresponds to D being some kind of trap.

Lemma 5.14. One can choose s € Xo NS such that D11D(112 =+ fongl, unless D belongs to a
strict subvariety 7 of 9. For any Py, P1 € E, we have Po(Py) + P2(P1) ¢ T°.

Proof. Let 77 be the subvariety of 2, such that D11 D], = DY, Dy; for all the corresponding
exceptional points. We need to show that for any Py, P; € E, we have P(Py) + Po(P1) ¢ T.
Consider points R,T € E, and the divisor

D=[R|+[Py— R+ [T] + [P — T| € Po(Ry) + Pa(P,).

Let u' = ¢(Dy, D3), and (v1)@ = {(Dy + Q, D4 + Q). The following computation shows that
D11 D}y — DY, Dy is a non-zero rational function of R and 7', at the exceptional point (v!)9ul.
For simplicity of exposition, we allow exponents 1/¢ in rational functions for the rest of this proof,

so we can consider v! =/ (Délm) + @, DS/Q) + Q). Consider the matrix

vy v
m=|u} ul udl,
0 0 1

which sends the line u! to the line (0 : 1 : 0) and v* to the line (1 : 0 : 0). Observe that this

matrix is non singular away from a strict subvariety of pairs (R,T) € E2. Indeed, it is easy to

check that viu} — viu} is a non-zero rational function of R and T. Let m(D;) = (a} : @ : a),

and m(9(D; + Q) = (b}, : b} : bb). We have al = a$ = 0 and b2 = b} = 0. The matrix defining H
(after applying the action of m) is

bjay 0 blad blal 0 blal blal 0 blad

0 0 0 b2a3 bla3 bldd b%ao bla? b%a2

b3ad 0 b3a3 b3ad 0O bla3 B3ad O bdad

0 0 0 blaj biat blad biag bia] biaj

From Lemma [5.11] apart from a strict subvariety of (Py, P1) € E9, one must have
bl 1 bl
dec (898 %2 20,
bai biad
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We deduce
2 2 4 214/ 2 4 2
D1y = biag % b1a1 b1a0 b1a1 = b1b1(a0 — ayay),
_ 12 2,2 — p2p4(a2at 4 2
Dyp = blaO bla2 blao bya; = blbl(ao as — aoaz)

2
Doy = bla x bya] — biag x baa?.

Let us prove that Dj; and Dj2 both have a pole of order 6¢ + O(1) at R (for almost all T"), while
Doy only has a pole of order 3¢ + O(1) (this implies that Dq1 D}, — D}, D9 is a non-zero rational
function of R and T'). Only the b-values can contribute poles of order larger that O(1), and more
specifically, only the terms that have a (uz )?-factor (they have degree multiple of ¢, while other
terms have degree O(1)). We have

= ()@ + (W) Pa(D; + Q)+ () Vy(D, + Q)

- (453 ) -oe (25 1)

1 — ata? and a3a3 — aga2 are non-zero. We have

and

so it only remains to show that a2a
a = v +viw(D;) +v3y(D;),
ai = ug +ujz(Dy) + upy(D;),
ay = y(D;).

Therefore,

agay — aga3 = (vg +vix(D2) +v3y(Da))y(Da) — (vg + viz(Da) + vyy(Da))y(D2)
= vy (y(D4) — y(D2)) + vi(2(D2)y(D1) — 2(Da)y(D2))
Its terms with highest pole at D, are y(Dy)(v{ +viz(Ds)), since y(Dy) has a pole of degree 3 and
vg + viz(D2) is a zero of degree at most O(1/q) (unless vy + viz(Ds2) is itself the zero function,
but it is the case only for finitely many D5 since it has a pole of degree 2 + O(1/q) at Ds). So
ata3 — aja3 is non-zero. Also,
agay — agai = (vg +v12(D2) + vay(D2)) (ug + uia(Da) +uzy(Da))
— (vo + viz(Da) + v3y(Da)) (ug + uyz(Da) + uzy(Ds))
= vy (u1(Da) + ugy(D1)) + vix(D2)(ug + uzy(Da)) + vay(D2)(ug + uyz(Da))

— vy (uz(D2) + uyy(D2)) — viz(Da)(ug + uzy(D2)) — vay(Da)(ug + ujz(D2))

The latter expression has the following terms with highest pole at Dy:

y(Da)(vouz — v3ug + x(Ds) (viuz — v3uy)).

Again this proves that ala] — aga? is a non-zero function of R and T, unless vjui — viuf =

viud — vdu} = 0, which would imply that ! and v! are the same line, which happens for a strict

subvariety of (R, T) € E? (these correspond to traps 72 or 7). O

5.10. Irreducibility of X3. We can now prove the main result of this section.

Proposition 5.15. For any divisor D € (94 \ J4)(k), the curve X3 contains an absolutely irre-
ducible component defined over k.

Proof. We have shown that § : X; — Xy satisfies all the conditions of Proposition [£.2] so the
result follows. O
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6. AVOIDING TRAPS

Paradoxically, to avoid traps, we need to add more traps. Originally, a divisor is a trap if it
cannot be eliminated into smaller degree divisors. These are traps of level 0. Now, we want to call
a divisor a trap also if it can be eliminated, but only into divisors that are themselves traps. We
call these traps of level 1, and so on. For a rigorous definition, let xy = 1, 1 = x and x2 = y in
k[E], and for n = 2 or 3 let V,, = span(z;z§ | 4,j < n) and A,, = span(z; | i < n). Recall that the
4-t0-3 elimination arises from the relation ¢(f) =¥ (f) mod .# for any f € V4. Indeed, when f
splits as a product of linear factors f = Hf:ll L;, and applying the norm and the logarithm maps,
we deduce

q+1

> log(Nism, (L)) = Log(Nie, (D)) + Log(Nysm, (D) — 3+ [k : Fy] - Log([Q)),

i=1

for some divisor D’ of degree 2. The sum on the left is referred to as the left-hand side of the
elimination, and the terms on the right are the right-hand side of the elimination. Similarly, for
the 3—to—2 elimination, we get relations of the form

q+1
ZIOg(Nk/Fq (LioTp)) = Log(Nyr, (D)) + Log(Ni/r, ([P']))

— 2 Log(Nyr, ([~ P])) — 2 Log(Ny/r, ([-Q — P9))),

and the sum on the left is the left-hand side of the elimination, and the terms on the right are the
right-hand side of the elimination.

Consider the morphisms

& P(Vzg) X P(Ag) — 93 : (f7 u) — le(U) + 3[0]3],
0; : P(Vo) x P(Ag) X E — D4 : (f,u, P) — div(u o 7p) + div <(u o Tp)(q21_1)> + 4[0g].

The intuition behind these morphisms is the following. Given any degree 4 divisor D, the cor-
responding X7 is a curve in P(V3) x P(A3). Suppose f € Xy splits as a product of linear poly-
nomials f = f;rll L;. For any such f, the preimages of f in X; are the points (f, L;), and we
have ¢'(f, L;) = div(L;) 4+ 3[0g]. Therefore, ¢'(X7) contains all the degree 3 divisors susceptible
to appear on the left-hand side of the elimination, i.e., the Zfill log(Nyr,(L;)) part of the elim-
ination. In particular, we wish to show that §'(X;) does not consist only of traps. Similarly, d;
allows to capture the divisors susceptible to appear on the left-hand side of the 3-to—2 elimination.

Consider the natural morphisms 73 : E3 — %5 and 74 : E* — 9. For any i > 0, let
T3(i,0) = 7 Y(%) and Ty(i,0) = 7 1(J;). For any i > 0, let T3(i,1) be the set of pairs
(P1, P») € E? such that

q21—1 (qzi—l)
Py, P, P, , P, € Ty(i — 1,0) C E*,

and for any i > 0, let Ty (i, 1) be the set of pairs (P, P») € E? such that

(Pr, Py, —P1 — P) € Ty(i,0) C E,
For any 1 < j < 2i — 1 define T3(i,j) = Ty(i — 1,5 — 1) C E?, and for any 1 < j < 2i define
Ty(i,j) = T3(i,j — 1) C E?. Now, for every i, let

2i—1 2%
Ts(i) = | J Ts(i,4), and Tu(i) = | ] Tu(i, ).
j=1 j=1
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Finally, we can define traps at level 7 as

U {Z[Pk
k=1

Ta(i) = Ty U {Z[Pk}

k=1

Yk # 0, (P, Py) € Ts(i)} ;

Vk #(, (P, Py) € n(@)} .

The following proposition suggests this is the correct notion of traps: if a divisor is not a trap
at a certain level, then its eliminations do not all lead to traps at the level below (at least on the
left-hand side). Given a divisor D of degree 3 (respectively, of degree 4), we write X;(D) for the
corresponding curve X; as defined in Section (respectively, in Section .

Proposition 6.1. For any ¢ > 0,
(1) if D € D4 and D & F4(i), then §'(X1(D)) ¢ F5(i), and
(2) if D € 95 and D & F5(i), then 6;(X1(D)) ¢ T4(i —1).

Proof. Suppose D & Z4(i). So there is a pair (Py, P2) dividing D such that (P, P) € T4(3). In
particular, (P1, Po) € T4(i,1) so [P1] + [P2] + [P — P2] ¢ 5. Also, for any 1 < j < 2¢, we have
(P1, Py) & Ty(i,5) = T5(i,5 — 1) so (P1, Py) & T5(i). Therefore,

[P1] + [Po] + [ P1 — P2] € 8'(X1(D)) \ (i),
proving that §'(X; (D)) ¢ Z5(i). The second point is proved in the same way. O

6.1. Degree of trap subvarieties. Let n € {3,4}. Embedding E in P?, we can naturally see
E™ as a projective variety in (Pg)n. When referring to the degree of a subvariety of E™, we
refer to its degree through the Segre embedding. Alternatively, we could consider its degree in
the projectivization of the affine patch A?", and as long as the variety properly intersects the
hyperplane at infinity, these two notions of degree differ by a factor O(1).

The variety 2, can be seen as a subvariety of P (S"(A%)) = P(”;rz)_l7 where S™(A3) is the
affine n-th symmetric power of A®. Each morphism =, : E™ — &, is the restriction of the natural
morphism (P2)" — P (S"(A®)). We refer to the embedding 2, C P("2")~! when discussing
the degree of a subvariety of 2,,. An important observation is that for any variety &/ C E™, the
degree of o7 differs from the degree of m, (%) C %, by a factor O(1). It is easy to see that with
this notion of degree, we have deg(.73) = ¢°(") and deg(.7;) = ¢°M.

Lemma 6.2. Fori >0 and any j > 0,

Ts(i,2j) = Tu(i — j, 1),
Ts(i,2j +1) = Ts(i — j, 1),
Ty(i,27) = Ty(i — j +1,1),
Ta(i,2j + 1) = Tu(i — j, 1).
Proof. These identities easily follow from the recursive definitions of T5(4,j) and Ty(i, j). O

Lemma 6.3. Fori > O(1), we hav deg(Ty(i,1)) = ¢°V) and deg(Ts(i, 1)) = 2 TOM,

Proof. The fact that deg(Ty(i,1)) = ¢ follows from deg(.73) = ¢®*), which easily follows from
the definition of 3. For T3(i, 1), let f;( Py, P, Ps, Py) be the equations defining 7~1(.7;) C E*.
By construction of .7, each of them has degree ¢@M).
a non-trivial one), say f1, we have,

Ty(i,1) {(Pl,&) ’ fi <P1,P2,P1(q21 ) A )> = 0} c B2

2Here and in the rest of the article, when we write that some statement holds “for i« > O(1)”, we mean that
there exists a constant ¢ such that it holds for any 7 > c.
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There is a constant ¢ such that for all ¢ > ¢, the equation
pi—1 pi—1
f (Pl,Pg,Pfq ) B >> =0

is non-trivial. This equation has degree ¢* +O(1) and so does T5(7,1). ]
Corollary 6.4. For any i > O(1), we have deg(Z3(7)) = ¢2 W and deg(Z4(i)) = ¢* +OW.
Proof. From Lemmata [6.2] and [6.3] we deduce that for any ¢ > 0 and j > 0,
deg(T3(i,27)) = ¢,
deg(T4(i,27)) = ¢* " +O0,
deg(Ty(i,2j — 1) = ¢+,
deg(T4(i, 2 — 1)) = qom.
The result follows from the definitions of 3(i) and F,(i). O

6.2. Degree 3—to—2 elimination. The following proposition allows to avoid traps appearing on
the left-hand side during the 3—to—2 elimination.

Proposition 6.5. For any i >0, if D € 95 and D & F5(i), then
|(8:(X1 (D)) N Ta(i = 1))(F aim1)| < g3 +O0),

Proof. Since D ¢ Z5(i), 6;(X1(D)) ¢ Za(i—1). Also, deg(di(X1(D))) = ¢* +°U) and deg(Za(i—
1)) = ¢2 “+O0() Applying Bézout’s theorem,

[6:(X1(D)) N Ta(i = 1)] < deg(d(X1(D))) - deg(Zi(i — 1)) = ¢* +2+00),
which proves the proposition. O

Proposition 6.6 (Degree 3-to—2 elimination). Consider the field k = F e and a divisor D €

(23\ Z3(1))(k). Fori> O(1), there is a probabilistic algorithm that finds a lzst (D )qfl of effective
divisors of degree 2 over k, three divisors DY, D}, D} of degree 1 over k and, integers aq, g, as

such that
q+1

Log(Nyr, (D Zlog Nisr,(Dj)) + Z a; - log(V; F i1 /Fq (D;)),

in expected time polynomial in q and 2¢. Furthermore, it ensures that
(1) for any Dj, we have Nyy¢ ., (D;) & Za(i — 1), and
q
(2) for any D}, we have Nyw ,_, (D}) & Ta(i —2).

Proof. Consider an affine patch A of the ambient space (which intersects all the components of
X3), and the corresponding restriction X3 C A. We have deg(X3) = ¢°"). From Proposition
and [Bac96l Theorem 3.1], we have

‘j(tzg(]f)‘ > q2'i _ q2i71+0(1).

The algorithm simply consists in generating random points of )?3 (k), which can be done in poly-
nomial time since the degree of the curve is polynomial in ¢q. Each (f, P,uy,us,u3) € 5(:3(]{3)
gives a possible elimination, as described in Section It only remains to prove that with high
probability, no trap appears in the elimination.

Fix a linear factor u, and consider the subvariety H, of A parameterising polynomials of which
u is a factor. One cannot have X3 C H, (or D would be in ZP), so X3 N H, contains at
most (¢ — 1) deg(Xs) points (let H/, be the (degree 1) subspace of A where u = uy; each point
(f, P,u,uz,u3) in X5 N H/, gives ¢ — 1 points in X5 N H], simply by choosing u; to be any of
the linear factors of f other than us and wgz). Similarly, any divisor coprime to D appears in
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at most ¢°() of the functions ¢p(f), for (f, P,u,v,w) € X3, by looking at the hyperplanes
Hp =P(V) x {P} x (P!)3 for P € E.

Each element on X3(k) gives a relation where the right-hand side is a divisor of the form
D + [Py] — 2[Py] — 2[P,] for some points P, € E(qu ). Let £ € {0,1,2}. Ranging over all rational
points X3(k), the point P, takes ¢> 7@ distinct values. Any such point can be descended to
Nisr o5 ([Pe]) € Pa(F pi-2). Applying [Bac96, Theorem 3.1], there are only Fr T ro
such divisors that are traps.

Now, let us look at traps that could appear on the left-hand side. The degree 4 divisors that
can appear on the left-hand side are 0;(X;(D)). Since D ¢ (i), Proposition implies that
[(6:(X1(D)) N Fa(i — 1)) (F oi-1)| < ¢ O Therefore, at most ¢32" " +OM) points of X (k)
give rise to a trap on the left-hand side.

Finally, if G C )Z'g(k) is the subset of points giving an elimination that does not involve traps
on either side, we get

‘)?3(]{) \G‘ < P20 | 3270 00) _ (F2'+0()

Therefore, for ¢ > O(1), more than half the points of X3(k) are in G, so choosing uniformly random
points in X3(k), the elimination succeeds in expected polynomial time in ¢ and 2°. O

6.3. Degree 4—to—3 elimination. The following proposition allows to avoid traps appearing on
the left-hand side during the 4-to—3 elimination.
< q2i*1+0(1)

Proposition 6.7. For any i > O(1), if D ¢ F4(i), then |(6'(X1(D)) N T3(i))(F i) <
Proof. Since D & (i), §'(X1(D)) ¢ F5(i), so dim(¢8'(X1(D))NF5(i)) = 0. Now, deg(d'(X1(D))) =

¢°® and deg(Z3(i)) = ¢* TOM). Applying Bézout’s theorem,
(8" (X1 (D)) N F3(i))(F 1) < deg(8(X1(D))) deg( 3 (i) = ¢* +O0.

O
The following results allow to avoid traps on the right-hand side during the 4—to—3 elimination.

Lemma 6.8. For any S, R € E such that SO ¢ {S —Q, S +2Q}, we have P5(S)+ P2(R) ¢ Ty
and P2(S) + -S| ¢ T5.

Proof. This is simply a summary of Lemmata and O

Lemma 6.9. As long as the order of Q is not a power of two (which can be enforced), there is no
S € E(F i) such that S@ e {S—Q,S+2Q}.

Proof. Suppose S@ = S 4+ jQ for j € {—1,2}. Then, for any integer r, S¢) = § 4+ 7jQ. The
smallest r such that S = S is the order of jQ, which not a power of two. So S cannot be
defined over a power-of-two degree extension of Fy, i.e., it cannot be defined over a field Fqu. O

For any positive integer ¢ and any P € E, let %,;(S) = {F + F(q2 ) ‘ Fe @2(5)}.
Lemma 6.10. Let S € E(F 1), For any i > O(1), we have that #;(S) ¢ Fi.

Proof. We show that for any i > O(1), there exists D € &5(S5) such that D + D(q2 ) & ;. Let
of = (92(8) + Py (S(qzr)) N J. Since P5(S) + Py (S(qzr)) is an absolutely irreducible
surface and is not contained in .7, the intersection &7 is a curve. We have
k3 i—1 i
| (F )] < () (@® +1+deg()?¢” ) < g* 00,
where ¢(7) is the number of absolutely irreducible components of /. On the other hand, observe
that through the morphism 25(S) — %;(S), each point has at most 4 preimages, so
|Z:(S)(F o0)| > | 25(S)(F poisr )| /4 = ¢* +OW).
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Therefore %,;(S) ¢ <. Since %,;(S) N T, C o, we deduce %,(S) ¢ . O

Lemma 6.11. Let S € E(F ). For any i > O(1), and j > 0, we have &5(S) ¢ T5(i, j).
Proof. From Lemma [6.2] it suffices to prove that #5(S) ¢ Ty(i,1) and P5(S) ¢ T3(i, 1) for any
i > 0. Since P5(S) + [-S] ¢ T3, there is a divisor D € Z5(S) such that D + [—S] € F5 which

by definition implies that D ¢ Ty(i, 1) Also7 from Lemma [6.10] we have %;_1(S) ¢ J4 so there
exists D € P5(S) such that D + D( ) ¢ 4, which implies that D & T5(i, 1). O

Lemma 6.12. Let S € E(F 1), For any i > O(1), we have that %;(S) ¢ 4(i).

Proof. Recall that 7,(i) = U?io T4(i, 7). From Lemma Bi(S) ¢ T4(i,0). From Lemma ,
PBi(S) ¢ Fu(i,j). We conclude from the absolutely irreducible of %;(.S) (it is an image of P(S
U

Proposition 6.13. Let S € E(F 2i+1). For any i > O(1), [%;(S) N Za(i)| < g2 +oW),
Proof. From Lemmal6.12] we have %;(S) ¢ Z4(i), therefore dim(2%;(S) N J4(i)) < dim(%;(S)) =

1. Therefore, from Bézout’s theorem,
|:(S) N Ta(i)] < deg(B,(S)) deg(Ta(i)) = ¢* T2 FOW = g3 +OW,
O

Proposition 6.14 (Degree 4-to—3 elimination). Consider the field k = qzi and a divisor D €
(Pu\ Tu(1))(k). Fori> O(1), there is a probabilistic algorithm that finds a list (D; )qil of effective
divisors of degree 3 over k, and one effective divisor D' of degree 2 over k such that

q+1

Log(Ni/w, (D)) = 3 Log(Ni/w, (D;)) — Log(Nuy, (D)) +3-2* - Log([Q)).

j=1
and runs in expected time polynomial in q and 2°. Furthermore, it ensures that D; ¢ 3(i) for
each index i, and Ny /g it (DY & T4(i —1).

Proof. This proof is similar to the proof of Proposition [6.6] We consider an affine patch A of the
ambient space, and the corresponding X3, and we have deg(X3) = ¢°®). From Proposition
and [Bac96l Theorem 3.1], we have

‘)Z’g(k)‘ > q2i _ q2i*1+o(1).

As in the 3-to-2 case, the algorithm consists in generating random points of )~(3(k‘) Each
(f,u1,us,u3) € Xg(k) gives a possible elimination, as described in Section and it remains
to prove that with high probability, no trap appears in the elimination.

Fix a linear factor u, and consider the subvariety H,, of A parameterising polynomials of which
it is a factor. Either X3 C H,, a trap, or X3 N H,, contains at most (¢ — 1) deg(Xs) points (let
H! be the (degree 1) subspace of A where u = uy; each point (f, u, us,usz) in X530 H gives ¢ —1
points in X3 N H!, simply by choosing u; to be any of the linear factors of f other than uy and
usz). Similarly, any divisor coprime to D appears in at most deg()~(3) of the functions ¢(f), for
(f,u,v,w) € X,

Each element on X3 gives a relation where the right-hand side is a divisor of the form

D+ D' —3[0g] — 3[-Q]

for D' € @2( oD — 3Q), where oD is the sum of the points of D. Proposition implies that

at most q2 '+0(1) guch divisors D’ give rise to a trap at level ¢ — 1. So at most dq’2 o) =

qu '+o() points of X3 give rise to a trap on the right-hand side.

Now, let us look at traps that could appear on the left-hand side. The degree 3 divisors that

21
can appear on the left-hand side are ¢'(X;(D)) Since D = F + F(q ) for some F' € %, and
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D ¢ F,(i), Propositionimplies that [(6'(X1(D)) N F5(0))(F z20)| < ¢? ') Therefore, at

most g2 +OM) points of X5 give rise to a trap on the left-hand side.
Finally, if G C X3(k) is the subset of points giving an elimination that does not involve traps
on either side, we get

‘X?’(k) \ G‘ < q3'2i72+o(1) + q2H+0(1) = q%2i+0(1).

Therefore, for ¢ > O(1), more than half the points of X3(k) are in G, so choosing uniformly random
points in X3(k), the elimination succeeds in expected polynomial time in ¢ and 2°.
O

7. PROOF OF THE MAIN THEOREM

Lemma 7.1. Given a polynomial F' € F4[E], there is a probabilistic polynomial-time algorithm
that finds an irreducible polynomial G € Fy[E] of degree 2°72 such that G = F mod .¥, for
some integer e = logy(n) + O(1). Furthermore, G = NF e /F, (D) for some irreducible divisor

D € (2:\ Zi(©))(F ).

Proof. This is an application of the Chebotarev density theorem for function fields. Let H(.%)
be the ray class field modulo .# of F,(E), and ¢ : Cly — Gal(H(.¥)/F,(F)) the Artin map
from the ray class group. Recall that Cl, = D(.#)/P(.#) where D(.¥) is the group of fractional
ideals of F,[E] coprime to .# and P(.¥) is the subgroup of principal ideals generated by elements
f € Fy[E] such that .# | div(f — 1). From [Sal06} p. 520], ¢ is an isomorphism.

Let e > logy(n) — 1 be an integer, and pick a uniformly random function f € F,[E] of degree
2¢2 such that .# | div(f). Let G = F+ f. Then, G = F mod .#, and G is uniformly distributed
among the functions of degree 2°*t2? in the .#-ray class of F. Recall that n = deg(.#) and
N = #E(F,). Let Sp (£,.#) be the set of irreducible divisors of £ other than ., defined over
F,. Applying the Chebotarev density theorem [Rosl3, Theorem 9.13B] to H(.¥)/F,(E), we get
that for any d > 0,

1 4° g2
#{P € e, (B,.9) | des(P) = [Pl = [Fl) = T+ 0 (T ).

Let d = 2¢*2. Since # Cl, = N(¢" — 1)/(q — 1), we get
q26+2—n+0(1)
#{P € Sp,(E, )| deg(P) =d,[Pls = [F]s} = 572
On the other hand, applying [Bac96, Theorem 3.1], we have | Z4(e)(F ¢ )| = ¢>2" M. So for
e = log,(n) + O(1), the random prime divisor G is not a trap with overwhelming probability. O

Let ¢ = O(1) be the smallest integer such that both degree 4-to—-3 and 3-to—2 eliminations
from Propositions [6.14] and Propositions [6.0] are guaranteed to work for ¢ > c. Let

§ = {Nr .. /v, (D) | D € Divi(E,.#), D > 0,deg(D) < 2}.
The factor base for the descent algorithm is defined as
3= {f € F,[E] | 3D € § such that div(f) = ND}.

Proposition 7.2 (Zigzag descent). Given a polynomial F € Fy[E], there is a probabilistic algo-
rithm that finds integers (af) peg such that

log(F) = ) ay - log(f),
fes
and that runs in expected time ¢21°82(M+01)
Proof. First apply Lemma to find an irreducible polynomial G in Fy[E] of degree 2°*2 such
that G = F mod .#, and such that log(G) = Log(Nque /¥, (D)) for some irreducible divisor

D € (24\ Tu(e))(F 2¢). Applying the degree 4-to-3 elimination (Proposition |6.14), there is a list
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(Dz)f;l of effective divisors of degree 3 over F 2 and an effective divisor D’ of degree 2 over F -
such that

q+1
LOg(NFqge 7, (D)) = Z LOg(NFqge /¥, (Di)) — Log(Nque /r, (D)) +3-2° Log([Q)).

i=1

Since D; € 25\ J5(e), one can apply the degree 3—to—2 elimination (Proposition [6.6]), rewrit-
ing each of them as combinations of smaller degree polynomials. At this stage, the quantity
Log(Nque /F, (D)) is expressed as a product of O(¢?) terms involving divisors of degree 1 or 2 over
F 2. They give irreducible divisors of degree 4 by considering the norm to Fquq or Fq2672 (and
these divisors do not belong to J4(e — 1) or J4(e — 2) respectively), hence one can recursively
apply the degree 4-to—3 and 3-to—2 eliminations, until all the resulting divisors are in the set § .
We obtain a linear combination of logarithms of factor base elements via the fact that for any
D € §, we have Log(D) = log(f)/N, where f is any function such that div(f) = ND. O

7.1. Proof of the main theorem. Theorem [I.1] follows immediately from Theorem [3.I] Theo-
rem and Proposition
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