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Abstract

In 2017, Tang et al. have introduced a generic construction for bent functions of the
form f(x) = g(x) + h(z), where g is a bent function satisfying some conditions and h is
a Boolean function. Recently, Zheng et al. [22] generalized this result to construct large
classes of bent vectorial Boolean function from known ones in the form F(x) = G(z)+h(X),
where G is a bent vectorial and h a Boolean function. In this paper we further generalize
this construction to obtain vectorial bent functions of the form F(z) = G(z)+H(X), where
H is also a vectorial Boolean function. This allows us to construct new infinite families of
vectorial bent functions, EA-inequivalent to GG, which was used in the construction. Most
notably, specifying H(z) = h(Tr?(u1z), ..., Tr?(usz)), the function h : FY — Fy: can be
chosen arbitrary which gives a relatively large class of different functions for a fixed function
G. We also propose a method of constructing vectorial (n,n)-functions having maximal
number of bent components.

Keywords: Bent functions, Vectorial bent functions, Algebraic degree, EA equivalence, CCZ
equivalence, Maximal number of bent components

1 Introduction

Throughout the paper, with Fon we denote the finite field with 2" elements, where n = 2m is
a positive integer. Any function F' : Fan — Fom is called an (n, m)-function. Specially, when
n = m we call F an S-box and when m = 1 we call ' a Boolean function. An important
class of Boolean functions was introduced by Rothaus [I7] in 1976, which are defined in even
number of variables with maximum Hamming distance to the set of all affine functions. These
functions are called bent functions, and we will denote the set of all bent functions in dimension
n with B,,. Bent functions have been exhaustively studied in the past four decades because of
their applications in cryptography, coding theory, graph theory, association schemes, etc. For
more details on bent functions we refer to [9] and [19].

The bentness property has been extended to general (n, m)-functions F'. We say that F'is a
vectorial bent (n, m)-function if the functions T'r*(AF(x)) are bent for all A € Fonx = Fam \{0}.
As shown by Nyberg [14], these functions exist only for m < n/2. The construction methods
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of vectorial bent functions can be divided into two classes: primary (building functions from
scratch) and secondary (building functions using known vectorial bent functions) constructions.
For some known constructions (primary and secondary), see [4, [6] 8, [1T], 12} 13} [15] 20].

Pott et al. [I6] have proved that (n,n)-functions, n = 2m, can have at most 2" — 2™ bent
components, and those that posses the maximum number of bent components can give rise
to new vectorial bent functions of maximal dimension. In the follow up work Mesnager et al.
[10] generalized this approach and identified a larger family of functions having 2™ — 2™ bent
components. In [21], the authors extend this to general (n, m)-functions, m > n/2, and prove
that they can have at most 2™ — 2% bent components which can be used to specify new
vectorial bent functions.

In 2017, Tang et al. [I8] proposed a secondary construction of bent functions of the form
f(z) = g(x) + h(Tri(uiz),...,Tr}(uwx)), where n = 2m, g is any known bent function in
B,, satisfying some conditions, h(Xj, ..., X;) is an arbitrary polynomial in Fo[ X7, ..., X¢], t is
a positive integer such that 1 < ¢t < m, and wuy,...,u; are t nonzero elements in Fon which
satisfy some conditions. Using this construction, several new infinite families of bent functions
from specific classes of bent functions (Kasami functions, Niho functions, Gold-like monomial
functions, Maiorana-McFarland class) were obtained.

This result has been extended in a recent paper by Zheng et. al [22] to construct vectorial
bent functions. Let n = 2m and let k£ be its positive divisor such that & < m. The authors
[22] proposed a method of constructing vectorial bent (n,k)-functions of the form F(z) =
G(z) + h(z), where G is a vectorial bent (n,k)-function satisfying certain properties and h
is a Boolean function. Using this approach the authors in [22] constructed three new infinite
families of vectorial bent (n, k)-functions, as well as new infinite families of vectorial plateaued
(n, k + t)-functions (¢ nonegative integer) having maximal number of bent components.

In this paper we extend the result of Zheng et al. [22] for the purpose of constructing new
vectorial bent (n, m)-functions, n = 2m and t|m, of the form

F(x) = G(z) + H(z), (1)

where G is a suitable vectorial bent (n, m)-function and H is an (n, t)-function. More precisely,
the assumption on G is that the duals of its components G (x) = Tr]"(AF(z)) satisfy certain
forms of linearity so that G% (v + Y\, wsw;) = G5(2) + Yi_, wigi(z) for all € Fan and
(w1, ...,w) € Fh, where G% denotes the dual bent function of G. Most notably, specifying
H(z) = h(Tr}(uz),. .., Tr(wz)), the function h : F5 — Fy can be chosen arbitrarily which
gives a relatively large class of different functions for a fixed function G. It is also proved
that the vectorial bentness of F(z) = G(z) + H(z) requires that H is not bent. We identify
several suitable classes of vectorial bent functions G (satisfying the above mentioned property)
which then give rise to infinite families of vectorial bent functions for any fixed G. We also
consider the EA-equivalence between the newly constructed function F' and G (since in the
case of vectorial bent functions CCZ-equivalence coincides with EA-equivalence, see [1]). An
immediate consequence of the result that H cannot be bent, is that G and H must be EA-
inequivalent. Furthermore, one can easily conclude that assuming deg(H) > deg(G) implies
that F' and G are EA-inequivalent. Nevertheless, more general results related to the EA-
equivalence between F' and G are not easy to establish, see questions Q1 and Q2 in Section



Finally, we propose a method of constructing vectorial (n, n)-functions having maximal number
of bent components using a similar design rationale as above, thus representing F(z) = G(z)+
H'(z). This additionally enlarges the known families of such functions, already identified in
[16 10, 21]. Even in this case, representing H'(z) = yh(Tr} (u1z), ..., Tr(wx)), v € Fon\Faom,
there are no conditions on h : F4, — Fy: which can be taken arbitrary.

The rest of this article is organised as follows. In Section [2| we give some basic definitions
and notation used throughout the paper. Our main construction of vectorial bent functions,
along with an analysis on EA-equivalence, is presented in Section [3] Some new infinite families
of vectorial bent functions are derived in Section [d In Section [3, we propose a new method
of specifying infinite classes of vectorial (n,n) functions having maximum number of bent
components. Some concluding remarks are given in section [6

2 Preliminaries

With #S we denote the cardinality of a finite set S. The vector space F5 is the space of
all n-tuples (x1,...,x,), where z; € Fy. With Fan we denote the finite field of order 2™ and
with [Fy,.+ the multiplicative cyclic group consisting of 2" — 1 elements. For convenience, we
will sometimes identify the vector space F3 with Fan. A polynomial F(z) € Fan[z] is called a
permutation polynomial if the induced mapping = — F(x) is a permutation over Fon. Functions
mapping from Fon — Fam are called (n, m)-functions. Specially, we will refer to (n, n)-functions
as S-boxes and to (n, 1)-functions as Boolean functions.

Moreover, any S-box F' : Fon — Fon can be uniquely expressed by a univariate polynomial
of (univariate) degree at most 2" — 1:

an 1
F(z) = Z air’, a; € Fon. (2)
=0

For the 2-adic expansion i = g+ 12+ 222 +...i,_12"" !, the algebraic degree of F is defined
as

deg(F) = max{wt(i) : a; #0, 0 <i < 2"},
where wt () is the Hamming weight of i = (ig, i1, .. .,4,—1) (the number of nonzero coefficients

ij,j:O,...,n—l).
For x € Fon the trace Tr}(x) : Fon — For of « over Fyx, k is a divisor of n, is defined by

Tri(zx) =z+ 22 Y,

If K =1, then Tr} is called the absolute trace. The Walsh-Hadamard transform (respectively
inverse Walsh-Hadamard transform) of a Boolean function f on Fan at a point u € Fon is
defined by

Wil = 3 (-1)/ @i, )

z€Fon



respectively,

(=D =Y W) (-)Ti, (4)

Cﬂe]FQTL

n—+s

If Wp(u) = 427 for all u € Fon, we say that f is a bent function. In case Wy(u) € {0,422}
for all u € Fon, we say that f is s-plateaued. It is clear that bent Boolean functions exist only
in even dimension. When a Boolean function f is bent, the Boolean function f* such that
We(u) = 22 (—1)/*®) for any u € Fan is also bent and is called the dual of f.

If we identify Fon with F3, for the multivariate representation of f over F5, the Walsh-
Hadamard transform of f at a point w = (wy,...,w,) € F} is

Wf(wl, L. 7wn) = Z (_1)f($1,...,xn)+2?:1 Wiz (5)

(l'lvma-'fn)ngL

For an (n,m)-function F' = (f1,..., fm), where f1...,fm : Fon — Fy are the coordinate
functions of F, all the 2™ — 1 nonzero linear combinations of the coordinates f; are called
component functions of F, i.e. the functions Fy(z) = Tr]*(AF(z)), A € Fym+. The function
Wr : Fan X Fym+ — R defined by

WF()\,U) — WF/\ (u) _ Z (_]-)Tr?“”()\F(:E))JrTr’f(’uac)7 u€Fon, € FQn*7

IEG]FQTL

is called the Walsh-Hadamard transform of the function F. The function F' is said to be a bent
vectorial function of dimension m if all the components of F' are bent. These functions exist
only for m < n/2.

Two (n, m)-functions F' and G are called extended affine equivalent (EA-equivalent) if there
exist some affine permutation Lq over Fon, some affine permutation Lo over Fom and some affine
function A : Fon — Fom such that F' = LyoG oL+ A. They are called Carlet-Charpin-Zinoviev
equivalent (CCZ-equivalent) (introduced in [3] and later named CCZ-equivalence in [2]) if there
exists some affine automorphism L = (Li, Ly) of Fan X Fam, where L; : Fon X Fam — Fon and
Ly : Fon X Fogm — Fom are affine functions, such that y = G(x) if and only if Ls(z,y) =
FoLi(z,y). It is well known that EA-equivalence is a special case of CCZ-equivalence [2].

3 Generic construction of vectorial bent functions

Motivated by the results in [18] and [22], we give the following construction of vectorial Boolean
functions.

Remark 1 Throughout the paper, with G we will denote the dual of the bent component G,
A € Fomr, of a bent (n,m)-function G, n = 2m.

Construction 1 Let uy,...,u; be t linearly independent elements in Fo.x, where n = 2m
and tim. Let G : Fon — Fom be any wvectorial bent function whose components Gy(x) =



Tri*(AF(z)), with X\ € Fom+, satisfy

A (90 + Uz'wi) = Gi(2) + ) wigi(x) (6)
=1 =1

for all € Fon and (wy,...,w;) € FS, where g;(z) is a Boolean function from Fon to Fo,
1 < i <t Let h(Xy,...,X;) be any vectorial Boolean Function from T to Foi. Define
F :Fon — Fom, using G and h, as

F(z) = G(z) + H(z), (7)

where H : Fon — Fot is defined by H(x) = h(Tr}(uix),...,Tri(uwwz)). Equivalently, if h is
defined using the finite field notation so that h : For — For, then define

F(z) = G(z) + H(z) = G(z) + h(Tr(uiz) + oTr (ugz) + ... + o 1T (wz)),  (8)
where « is a primitive element of For.

Example 1 Let us consider the Kasami function G : Fys — Foa defined with G(x) = 2 I
is well known that the components of G are bent whose duals G\ satisfy @ |7, [18]. We note
that (28 —1)/(2* —1) = 17 and thus Fy = (a'7), where a is a root of the primitive polynomial
p(z) =28 + 2 + 23 + 22 + 1 € Fosa].

As suggested in [29], let us define U = {x € Fos : - 22" =1} and assume that {r1,..., 74}
is a basis of Foa. The so-called defining set, introduced in [22] required in @, is § =
{mv,...,7qv}, where v € U v # 1.

For example, we can take

S={up,...,usy={"+a?+a,0" +a*'+a®+a’+1,a" +a®+ a2 a’+a° + 1}
Let h: Fyu — Fyu be defined with h(z) = 23. Then

F(z) = G(z) + H(z) = 27 + (Tr8(u1z) + BTr8(uszx) + ... 4+ B2Tri (usz) + B3Tr¢ (ugz))?,

where = al”.

Using the mathematical software Sage and MAGMA, we confirm that F is a bent (8,4)-
function and it is CCZ-inequivalent to G and H.

In connection to Construction 1 and Example 1, we state the following theorem.

Theorem 1 Let F' be a function generated by Construction 1. Then, F is a vectorial bent
(n, m)-function, and the dual of F is

F(z) = G*(2) + H(z),

where H(zx) = h(gi(x),...,g(x)).



Proof.  Let A € Fom+ be arbitrary. Let us consider the component G and let hy : F}, — Fy
be defined with hy = Tr]*(Ah). From the inverse Walsh-Hadamard transform we have that

(LX) =BT Wy () (<) E 9)

(wi,...,wt)EFY

For any x € Fon and 1 <1i <t <m, taking X; = Tr}(u;x) we obtain

(-1 ) Triwe) = N () (< 1) T (e ea)e) - (q0)

(wi,...,wt ) EFY
Multiplying both sides of equation by (—1)Gx@+Tr1(82) e have

(~)G@FI@HTEED) = N (. wy) (—1)CA@FTr (B+Eiy wivi)w)
(wi,...,wt)EFY

By summing the previous expression on both sides over all x € Fon and from the fact that G
is vectorial bent, we obtain that

t
WFA(B) = Z Wh/\(wla"'7wt)WG>\(6+Zini)
(wi,...,we ) EFY i=1
=2 N Wiy (wi, .. wp) (—1) GO ), (11)

(wl,...,wt)eF’é

It follows from @ and that

WF)\ (/8) = Qm(_l)G;‘(ﬁ) Z Wh/\ (wl, el wt)(_1)2’§:1 wi.‘]i(ﬁ)'

(wi,...,wt ) EF

The sum on the right corresponds to the inverse Walsh-Hadamard transform and thus we

have )
Wg, (B) = Qm(,1)G§(5)+hx(g1(B),gz(ﬂ)mgt(ﬂ)) _ 2m(71)(G*(ﬂ)+H(ﬁ))A.

Since A € Fym+ and B € Fon are arbitrary, we have that F' is vectorial bent and F*(z) =
G*(x) + H(x). 0

Remark 2 If we have a function f : X — Y, then the number of possible functions f equals to
#Y#X Thus, since h is a (t,t)-function, there are ot2' possible choices for h. Hence, we can
construct at most 212" bent (n,m)-functions F' from a fized bent function G and an arbitrary
function h. For example, in case n =8 and m =t = 4, we have 25* possibilities.

The following lemma is a straightforward consequence of linearity of mapping L : Fon — F,
where x — (Tr}(uix),...,Tr(uz)) and uq,...,u; € Fo are linearly independent over Fo.



Lemma 1 Let uy,...,us be t linearly independent elements in Fox, n = 2m,t|m. Then the
multiset

V ={(Tr(wx),...,Tri(uz)): x € Fon} (12)
contains exactly 2"t copies of every element of F.

It is interesting to notice that H in Construction 1 cannot be bent as shown below.

Proposition 1 Let uy,...,u, be m linearly independent elements in Fynx, where n = 2m.
The function H : Fon — Fom defined by

H(z) = h(Tri(wmz),...,Tr! (unx)),
where h : F5* — Fom s arbitrary, cannot be bent.

Proof.  Let X\ € Fym+ be arbitrary. Let us consider the value of W, (0).

WHA<0) — Z (_1)H)\(:v) _ Z (_1)h,\(Tr?(um:),...,TT{“(umx))

IEFQTL ZZ'EIF‘Q'I’L
[12) .-
Dy S Com Z om0
XeFy

Since Wh, (0) # =£1, it follows that W, (0) # £2™. Hence, H) cannot be bent. Thus, no
components of H are bent Boolean functions. 0

Remark 3 From [I8, Lemma 2.1] we know that if uy,...,us € Fons are linearly independent
and f € Fo[X1,..., Xy] is a reduced polynmial of algebraic degree d, then f(Tr}(uix),...,Tri(um))
1s also of algebraic degree d. Hence, the algebraic degree of H is

deg(H) = max deg(H))

AEF 4%

Remark 4 (CCZ-equivalence) From [1l, Theorem 1], CCZ-equivalence between bent (n,m)-
functions coincides with EA-equivalence. Therefore, since H is not bent it follows that the
functions G and H used in Construction 1 are always FA-inequivalent. Moreover, it is inter-
esting to note that the bent function F is obtained by adding a nonlinear non-bent function H
to a bent function G.

Example 2 Let us consider the bent (8,4)-function G(z) = Yo7 1@ " +DRT =D+ it
m = 4,7 = 3. The function G satisfies property @ with the defining set U = {uq,...,uq},
where U forms a basis of Foa over F. We note that deg(G) = 4. Let us consider the functions
hy, hs, hy : Fos — Fou defined with

hy(X) = X3,
h3(X) = X° + X%,



hy(X) = X3+ X134 X135,

We note that deg(h;) = i, for i = 2,3,4. Let F; be the bent (8,4)-function obtained from
Construction 1 via G and h;. Using Sage and MAGMA we confirm that deg(F;) = 4. Fur-
thermore, when considering the EA-equivalence between the functions we observe that F; and
G are EA-inequivalent, for i = 2,3,4. Moreover, the functions Fy and Fy, F3 and Fy are
EA-inequivalent, whereas Fy and Fs are EA-equivalent.

The following result is a direct consequence of the fact that the algebraic degree is an
EA-invariant.

Proposition 2 With the same notation as in Construction 1, let F' be a bent (n, m)-function
constructed from G and H. If deg(H) > deg(G), then F' and G are EA-inequivalent.

Proof.  Follows directly from
deg(F) = max{deg(H),deg(G)} = deg(H) > deg(G)
and the fact that the algebraic degree is invariant under EA-equivalence.

Another interesting question can be formulated as follows. Suppose that F' and G were
EA-inequivalent, then there would exist affine permutations L1, Lo on Fon, Fom, respectively,
and an affine mapping A : Fon — Fam such that G(z) = Lao(F (L1 (z))+A(z). Since F = G+H,

we can rewrite the previous equation as
G(x) + La(G(La(x)) = E2(H(L1(z)) + A(x), (13)

where Fjs is the linear part of the affine permutation Ls. The right-hand expression is obviously
in the EA-class of H and since by Proposition [I] the function H cannot be bent, we deduce that
the function on the left-hand side is not bent either. We notice that G(x) + L2(G(Li(x)) is
the sum of two vectorial bent functions lying in the same EA-class. Generally, it is not known
if a set S of bent functions is closed under addition, and thus we cannot say anything about
the bentness of G(z) + Lo(G(L1(x)), where S represents the EA-equivalence class of G. If the
sum is bent, then obviously F' and G cannot be EA-equivalent, because of and the fact
that H is not bent. On the other hand, if the sum is not bent we cannot say anything certain
on the EA-equivalence. Thus we leave this question as an open problem.

Q1: What can we say about EA-equivalence between F' and G, if I' and G have the same
algebraic degree?

Q2: Let F; be bent (n,m)-functions obtained from Construction 1 via G; and H;, for
i = 1,2. Assuming that deg(F;) = deg(F»), what can we say about the EA-equivalence
between F; and Fy?

From Example 2, we have observed that among the functions F5, F3 and Fj, the functions
Fy and F3 were EA-equivalent, whilst the other pairings were EA-inequivalent. Thus, it is
natural to ask, what choice of G or H affects this EA-equivalence.



4 New infinite families of vectorial bent functions

In [22] the authors constructed several infinite families of vectorial bent functions using certain
vectorial bent functions G which satisfy property @ The very same functions can be used to
construct new families of vectorial bent functions via Construction 1. In addition, we consider
vectorial bent functions from the Maiorana-McFarland class which were not considered in [22],
but were considered by Tang et al. [I8] in the construction of bent Boolean functions.

We summarise some useful results from [22] in the following theorem.

Theorem 2 Let G be one of the following bent vectorial Boolean functions:
(i) G(x) = 22"+ n=2m
(i) G(z) = S27" a2 HDET DR~ 9 ged(r,m) = 1

(iii) G(x) = Tri(wz® 1), n = 4m, m > 2 and w is a generator of the cyclic group U =
{x € Foom : 22"+ = 1}.

Then G is a bent (n, m)-function which satisfies @ with the defining set

(1) {u1,...,um} C Fonx such that uiu?m € Foms foralll <i<j<m;

(ii) {ui,...,um} is a basis of Fom over Fy;
(11i) {u1,...,um} C Fonx such that u,-u?m € Fymx forall1 <i < j<m,
respectively.

Theorem 3 Let G(z) be one of the three bent (n,m)-functions in Theorem [3, {u1,...,us}
its corresponding defining set for property @ and let t be a positive divisor of m. Let
h(Xy,...,Xt) be any vectorial Boolean function from F% to Fy:. Then the function F(x) =
G(z) + H(z), generated by Construction 1, is a bent vectorial (n, m)-function.

Proof.  The result is an immediate consequence of Construction 1, Theorem [I] and Theorem
2 0

Let us define F' : Fom x Fom — Fom with F(z,y) = an(y) + g(y), where 7 : Fom — Fom
is a permutation and ¢ : Fom — Fom is an arbitrary function. A function defined in such a
way belongs to the class of vectorial bent Maiorana-McFarland functions. Let A € Fy.« be
arbitrary, we then have the component Fy(z,y) = Tr7"(Aaxn(y) + Ag(y)). Its corresponding
dual is defined with (see [5]):

F3(z,y) = Tri" (yn ' (x/A) + Ag(n (z/N)

where 77! is the inverse permutation of 7. Motivated by [I8, Section E], we will consider two
subclasses of the vectorial Maiorana-McFarland class which satisfy property @

Following the methodology in [18], we note that @ can be written in bivariate form as
follows:



t t t
G (55 + ) aiwiy+ Y /Biwz') = Gi(2,9) + > wigi(ei, Bi) (14)
i=1 i=1

=1

for all (z,y) € Fam X Fom and (wy, ..., w;) € Fy, where u; = (i, 3;) € Fam x Fam and g; is a
Boolean function from Fom x Fom to Fg, 1< <t

Since each linear function from Fom x Fom to Fy can be written as 7" (uz + vy), where
(u,v) € Fom x Fam, the vectorial Boolean function in by Construction 1 can be rewritten
as:

F(z,y) = G(z,y) + h (Tr{"(cviz + Biy), ..., Tr*(qwx + Bry)) - (15)

Lemma 2 Let uy,...,u; be any t linearly independent elements in Fon+, where 1 <t < m.
Write u; = (o, B;) € Fom X Fom. Let G(x,y) = yn(x), where 7 is a linear permutation over
Fom. If Tri® (ﬁl _1( )—l—ﬂj -1 (O/‘\Z)) =0 for each 1 <i < j <t and X\ € Fyur, then the
dual component G satzsﬁes @ with

gt = o () 0 (5) (5 o

Proof. It follows from @ and the fact that « is linear that

i=1

t t
G; <x+ZwLauy+szﬁz>—T"'{n<<y+zwbﬁb>ﬂ- < +sz ))
=1 =1
t
:G;(x,y)Jr;wiTr{"( yr— ( )+5z 1 <§

+iw<wzm<%>>+ 5wt (ot (3) e (3)

1<i<j<t

1<i<j<t

:
T b (3 5 (3)
(

t
= G;(xhy) + Zwigz‘(fﬂ,y) + Z wiijr{”
=1 1<i<j<t

where g; is defined by . The conclusion follows from the assumption that

Trlnb(@”fl(A)JrﬁJ 71()\)) =0,

foreach 1 <i < j <tand X € Fyp=. 0

The following result is an immediate consequence of Lemma 2]

10



Corollary 1 Let aq,...,a; be any t linearly independent elements in Fonx, 1 <t < m. Write
u; = (04,0). Let G(z,y) = yn(z), where 7 is a linear permutation over Fam. Then the dual
component G satisfies @ with

gi(x.y) =10 (y= " (T)) - (17)
for any X € Fopmx.

The use of of non-quadratic vectorial bent functions in the Maiorana-McFarland class in
Construction 1 is given below.

Proposition 3 Let s be a positive divisor of m such that m/s is odd. Let u; = (g, ;) €
Fas X Fas be any t linearly independent elements, where 1 <t <m. Let G(x,y) = xn(y), where
7(y) = ay? for a positive integer d such that d(2° + 1) = 1 (mod 2™ — 1) and a € Fopr. If
a;fj + a;fB; =0 and Tri" (ﬂza + Bja2) =0 for any 1 <i < j <t and X\ € Fon=, then the dual
component G satisfies @ wzth

m y s 1 s

Proof.  Since 771 (z) = 2% 1, we have that G} (z,y) = Tr}" (y (%)zsﬂ). It follows from (6]
and the fact that a?s = qj, ,8123 = (;, that

. , : 2°4+1
x (673
G} (az—i—Zin&i,yﬂ—Zwiﬁi) =Try" ((HZ“’@) <)\ Zmi@i) )
i=1 =1

95
=Tr]" ((y-i—szﬁz) <a)\ 21 O;\) (Li\-i-gwi:;\))
— 1 <y (2) 42 zw (&) 4y (2)” Zm +y§m (g)”l
+iwiﬂi(%> +iw¢ﬁi%iw3‘ (%)2 +szﬁz( ) Z Ry

i=1 i=1 j=1 j=1
+iwiﬁi (%)2 +1> =Gi(2,y) +;wiTﬁ" ((‘IA)%H (a? +aix+o¢¢x25)) +

+ Z Z wiw; Tr (W (,Biozjx + ﬁiajx?'" + 51‘(1?))

i=1j=

s

=G (z,v) +ZwlTr{”( /\)25+1 o +aix+aix2s))+

t
+ ZwiTrl ( ]

+ Y (@ +2)(Bias + Biea) + Fia? + 802

OéZSC + Bzazxgg + Bza?))

(z,y) +Zwlgl z,y) + Z Tri® ( z28 +z)(Biaj + Bja) +,Bia? +B]~a?> ,

1<i<y<t

11



where g; is defined by . The conclusion follows immediately from the assumption that
a;fj + ajf; = 0 and Tr’ln(ﬁia? + Bja?) = 0. 0

Corollary 2 Let s be a positive divisor of m such that m/s is odd. Let ai,...,a; be any t
linearly independent elements in For, 1 <t < m. Write u; = (0;,0). Let G(z,y) = zn(y),
where 7(y) = ay? for a positive integer d such that d(2° +1) =1 (mod 2™ — 1) and a € Fyp-.
Then the dual component G satisfies @ with

m ) s

Theorem 4 Let oy, ..., be any t linearly independent elements in Fom~, tim. Let G(x,y) =
ym(x), where 7 is a linear permutation over Fom, and let h be any vectorial Boolean function
from FY to Fye. Then the function

F(z,y) = ym(x) + h(Tr*(aqx),..., Tr"(auz)),
generated by Construction 1, is a bent vectorial Boolean function.

Proof.  The result follows immediately from Theorem [T and Corollary 0

Example 3 Let G : Fyu x Fou — Fou be defined with G(z,y) = zy. Let U = {1, 3, 5%, 3%},
where 8 = o', « is a root of the primitive polynomial p(z) = 28 + z* + 23 + 22 + 1 € Fos[x].
Let h : Fou — Fou be defined with h(X) = X3. From Theorem the function

m m m m 3
F(z,y) = azy+ (Tr"(x) + BT (Bx) + B*Tri"(B%z) + B°Tr] (5337))
is a quadratic bent (8,4)-function EA-inequivalent to G.

Theorem 5 Let s be a positive divisor of m such that m/s is odd. Let ay,...,co4 be any t
linearly independent elements in Foer, tim. Let G(x,y) = x7(y), where n(y) = ay? for a
positive integer d such that d(2°+1) =1 (mod 2™ —1) and a € Fom+, and let h be any vectorial
Boolean function from T to For. Then the function

F(z,y) = azy® + W(Tr(a1z), ..., Tri(ar)),
generated by Construction 1, is a bent vectorial Boolean function.

Proof.  The result follows immediately from Theorem (1| and Corollary 0

12



5 New families of (n, n)-functions with maximal number of bent
components

In 2018 Pott et al. [16] proved that an (n,n)-function, n = 2m, can have at most 2" — 2™ bent
components.
A new infinite class of bent (n, m)-functions of the form

Fé(:n) = Trfn(aaczi(x + :L'Qk)),

where o € Fon \ Fon. Later, Mesnager et al. [I0] presented a class of (n,n)-functions with
maximal number of bent components CCZ-inequivalent to F and this topic was also treated
by Zheng et al. [22].

A generic method of generating new vectorial plateaued (n, m + t)-functions with maximal
number of bent components, where n = 2m and ¢ > 1, was given in [22]. More precisely,
given a bent (n,m)-function G, under certain conditions, the (n,m + t)-function Ti(z) =
(G(x), fi(x), ..., fi(z)) is vectorial plateaued if and only if the (n,t)-function (fi(z),..., fi(z))
is vectorial plateaued. For certain choices of the bent functions G, it was shown that 73} has
the maximal number of bent components. In the same article, they also show that the (n,n)-
functions o = (G(z), Tri(wiz), Tri(uiz)Try(usx), ..., [[;=; Tr}(ux)), under additional con-
ditions and certain choices of the bent (n,m)-function G, also have the maximal number of
bent components.

In the rest of this section, we present a new method to construct (n,n)-functions with max-
imal number of bent components. We note that the functions 77 and 75 above are constructed
by extending a bent (n, m)-function G through addition of suitably chosen coordinates, whereas
in our method we are summing a bent (n, m)-function G and some (n,n)-function H'.

Construction 2 Let uy,...,u; bet linearly independent elements in Fqonx, where n = 2m and
tim. Let G : Fan — Fam be any vectorial bent function whose components Gy, A € Fom+ , satisfy
property @ Let h(Xy,...,Xt) be any vectorial Boolean Function from F to Foi. Generate a
vectorial Boolean function F : Fon — Fon from G and h as follows

F(z) = G(z) + H (z), (20)

where H' : Fon — Fan is defined as H'(z) = vh(Tr} (uix), ..., Tri(uwx)), where v € Fan \ Fom.
Equivalently, if h is defined using finite field notation,

F(z) = G(z) + H (z) = G(z) + yh(Tr}(wiz) + oTri (ugz) + - - - + oM (wz)),  (21)
where « is a primitive element of For.

Theorem 6 Let F' be an (n,n)-function generated by Construction 2. Then F has 2" — 2™
bent components.

Proof.  Let G(z) = (fi(z),..., fm(x)), where f1,..., fm : Fan — [F5 are the coordinates of G.

Without loss of generality, we can extend G to an (n, n)-function with G(z) = (f1,..., fm,0,...,0).

13



For A € F,. we have that G is not bent if and only if 777 (AG(x)) = 0. This holds, if A\ & Fy,.«.
Hence, the number of bent components is 2" —1 — (2" — 1) = 2" —2™. Let A € Fan such that
() is bent. We have that

Fy(z) = Gy(z) + Tri (AH/(z))

is also bent, by the result of Tang et al. and the fact that Tr7(AH’) is a Boolean function.
The number of bent components of F' equals to the number of bent components of G, which
is 2" — 2™, Hence F' is an (n,n)-function with maximal number of bent components. 0

Theorem 7 Let G(x) be one of the bent (n,m)-functions in Theorem or [5 and let
{u, ..., u} (with tlm) be its corresponding defining set for the property (). Let h(Xy, ..., X¢)
be any vectorial Boolean function from F% to Foe. Then the function F(z) = G(x) + H'(z),
generated by Construction 2, is an (n,n)-function with mazimal number of bent components.

Proof.  The result follows immediately from Theorem [f] and Construction 2. 0

6 Concluding remarks

In this paper we have proposed a generic method to construct vectorial bent (n,m)-functions
and several infinite families of vectorial bent functions from the Kasami, Niho, Gold-like mono-
mials and bent vectorial Maiorana-McFarland functions were obtained. By modifying the
method, we were also able to give a generic construction for (n,n)-functions with maximal
number of bent components. An important question, which has not been answered in this ar-
ticle, is whether these vectorial bent functions are embedded in the known primary classes or
alternatively suitable choices of G and H may provide us with functions that are not included
in the known primary classes.

Acknowledgment: Amar Bapi¢ is supported in part by the Slovenian Research Agency
(research program P1-0404 and Young Researchers Grant). Enes Pasalic is partly supported
by the Slovenian Research Agency (research program P1-0404 and research projects J1-9108,
J1-1694, N1-1059), and the European Commission for funding the InnoRenew CoE project
(Grant Agreement no. 739574) under the Horizon2020 Widespread-Teaming program and the
Republic of Slovenia (Investment funding of the Republic of Slovenia and the European Union
of the European regional Development Fund).

References

[1] L. Budaghyan and C. Carlet. CCZ-equivalence of bent vectorial functions and related
constructions. Designs, Codes and Cryptography, 59(1):69-87, 2011.

[2] L. Budaghyan, C. Carlet, A. Pott. New Classes of Almost Bent and Almost Perfect
Nonlinear Functions. IEEE Trans. on Inform. Theory, 52(3): 1141-1152, 2006.

14



3]

C. Carlet, P. Charpin, and V. Zinoviev. Codes, bent functions and permutations suitable
for DES-like cryptosystems. Designs, Codes and Cryptography, 15(2): 125-156, 1998.

C. Carlet and S. Mesnager. On Dillon’s class h of bent functions, Niho bent functions and
o-polynomials. Journal of Combinatorial Theory, Series A, 118(8): 2392 — 2410, 2011.

A. Cesmelioglu, W. Meidl, and A. Pott. Vectorial bent functions and their duals. Linear
Algebra and its Applications, 548(1): 305 — 320, 2018.

D. Dong, X. Zhang, L. Qu, and S. Fu. A note on vectorial bent functions. Information
Processing Letters, 113(22): 866 — 870, 2013.

S. Mesnager. Several New Infinite Families of Bent Functions and Their Duals. Information
Processing Letters, 60(7): 4397-4407, 2014.

S. Mesnager. Bent vectorial functions and linear codes from o-polynomials. Designs,
Codes and Cryptography, 77(1): 99-116, 2015.

S. Mesnager. Bent Functions - Fundamentals and Results. Springer, 2016.

S. Mesnager, F. Zhang, C. Tang and Y.Zhou. Further study on the maximum num-
ber of bent components of vectorial functions. Designs, Codes and Cryptography, 87(1):
2597-2610, 2019.

A. Muratovi¢-Ribi¢, E. Pasalic, and S. Bajri¢. Vectorial bent functions from multiple
terms trace functions. IEEE Trans. on Inform. Theory, 60(1): 1337-1347, 2014.

A. Muratovi¢-Ribié¢, E. Pasalic, and S. Bajri¢. Vectorial hyperbent trace functions from
the PS,p class—their exact number and specification. IEEE Trans. on Inform. Theory,
60(1):4408-4413, 2014.

K. Nyberg. Perfect nonlinear s-boxes. In EUROCRYPT, 1991.

K. Nyberg. S-boxes and round functions with controllable linearity and differential uni-
formity. In Fast Software Encryption: Second International Workshop. Leuven, Belgium,
14-16 December 1994, Proceedings, pages 111-130, 1994.

E. Pasalic and W. Zhang. On multiple output bent functions. Information Processing
Letters, 112(1): 811-815, 2012.

A. Pott, E. Pasalic, A. Muratovi¢-Ribi¢, and S. Bajri¢. On the maximum number of bent
components of vectorial functions. IEEE Trans. on Inform. Theory, 64(1): 403—411, 2018.

O. Rothaus. On “bent” functions. Journal of Combinatorial Theory, Series A, 20(3): 300
— 305, 1976.

C. Tang, Z. Zhou, Y. Qi, X. Zhang, C. Fan, and T. Helleseth. Generic construction of
bent functions and bent idempotents with any possible algebraic degrees. IEEE Trans.
on Inform. Theory, 63(10): 6149-6157, 2017.

15



[19]

[20]

[21]

[22]

N. Tokareva. Bent functions: Results and applications to cryptography. Academic Press,
2015.

Y. Xu, C. Carlet, S. Mesnager, and C. Wu. Classification of bent monomials, constructions
of bent multinomials and upper bounds on the nonlinearity of vectorial functions. IFEFE
Trans. on Inform. Theory, 64(1): 367-383, 2018.

L. Zheng, J. Peng, H. Kan, L. Jun, and J. Luo. On constructions and properties of (n, m)-
functions with maximal number of bent components. Designs, Codes and Cryptography,
88(1): 2171--2186, 2020.

L. Zheng, J. Peng, H. Kan, and Y. Li. Constructing vectorial bent functions via second-
order derivatives. CoRR, abs/1905.10508, 2019.

16



	Introduction
	Preliminaries
	Generic construction of vectorial bent functions
	New infinite families of vectorial bent functions
	New families of (n,n)-functions with maximal number of bent components
	Concluding remarks

