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Abstract. Information-theoretical privacy relies on randomness. Representatively, Differential Privacy (DP) has
emerged as the gold standard to quantify the individual privacy preservation provided by given randomness. However,
almost all randomness in existing differentially private optimization and learning algorithms is restricted to noise
perturbation. In this paper, we set out to provide a privacy analysis framework to understand the privacy guarantee
produced by other randomness commonly used in optimization and learning algorithms (e.g., parameter randomness).
We take mixup: a random linear aggregation of inputs, as a concrete example. Our contributions are twofold. First, we
develop a rigorous analysis on the privacy amplification provided by mixup either on samples or updates, where we
find the hybrid structure of mixup and the Laplace Mechanism produces a new type of DP guarantee lying between
Pure DP and Approximate DP. Such an average-case privacy amplification can produce tighter composition bounds.
Second, both empirically and theoretically, we show that proper mixup comes almost free of utility compromise.

1 Introduction

Differential privacy (DP) has emerged as a standard measure of the individual-level privacy risk during an aggregate
analysis on a dataset. Informally, a differentially private algorithm maps any two close datasets to similar probability
distributions over outputs and thus, from outputs observed, it is hard to distinguish the participation of an individual. In
Dwork et al.’s pioneering work [DMNSO6]], such indistinguishability is parameterized by a positive real number € in a
multiplicative manner:

Definition 1 (Pure e-DP). A randomized algorithm A : X — O, achieves e¢-DP if for any adjacent datasets D and D'
in X, and any set S in the output domain O of A(-),

Pr[A(D) € S| < e‘Pr[A(D') € 9. (1)

Here, we call two datasets D and D’ adjacent if D and D’ only differ in one data point, denoted by D ~ D’ in
the following. Stemming from (TJ), there is a long line of works to relax the original metric to measure the difference
between the distributions of A(D) and A(D’) in Definition|1] for example, approximate (e, §)-DP [DKM¥06], where
under the same setup a failure probability of (1)) at most J is admitted:

Definition 2 (Approximate (¢, §)-DP). A randomized algorithm A : X — O, achieves (e, )-DP if for any adjacent
datasets D and D' in X, and any set S in the output domain O of A(-),

Pr[A(D) € S] < e‘Pr[A(D') € 5] + 6. )

Other variants include concentrated DP [DR16,BS16, [ BDRS18]], Renyi DP [Mirl7] and the recently proposed f-DP
[DRS19,BDLS19]. Those relaxations provide versatile frameworks to analyze a larger class of randomized algorithms
with tighter bounds when handling composition, i.e., the cumulative privacy risk under repetition of mechanisms on one
dataset. However, compared to sharpened composition control, another issue that usually gets overlooked is how to
introduce randomness for privacy preservation?

Randomness beyond Noise: The simplest way to randomize an algorithm is perturbation. For example, to make a
deterministic algorithm A satisfy e-DP, one can add Laplace noise in a scale of the sensitivity, i.e., maxp p: || A(D) —
A(D")]], to the output [DMNSO06]). In general, DP does not come for free: lower bounds on utility loss in many tasks
are known, for example, (strongly) convex optimization [BST14} TTZ15]] and Principal Components Analysis (PCA)
[CSS12| IDTTZ14], etc.




Though privacy is usually not free of utility loss, it does not mean randomness will always come with a performance
compromise. The purposes to introduce randomness in optimization and learning are far more than privacy preservation,
for example, stochastic gradient Langevin dynamics (SGLD) [MWZZ18| ILCLC19] for nonconvex optimization and
uniform noise perturbed gradient descent to escape saddle points [JIGN™17]. Randomness can even strengthen the
training performance, e.g., random dropout [SHK™ 14] and data augmentation [SK19]. Generally speaking, data aug-
mentation represents a large class of methods to improve robustness and reduce memorization (instead of generalization),
especially in computer version: Training is conducted on similar but different virtual examples compared to the raw data
through random cropping [KSHI2], erasing [ZZK™"20] and mixup [ZCDLP18], etc. However, compared to simple noise
perturbation, algorithm-oriented randomness has been rarely formally studied from a privacy-preservation viewpoint.
Restricted Randomness: Indeed, typically algorithm-oriented randomness does not produce reasonable DP guarantees,
or a controllable (high-probability) worst-case distinguishability, as described in Definition [T and 2] The reason is
twofold: the random operators are usually localized and data dependent. For example, consider random dropout
(pruning) [SHK™14], where a node in a neural network is ignored independently with some fixed rate, or random
erasing [ZZK 20|, where a rectangle region of an image is randomly erased and replaced with random values. In a
network or an image of privacy concern processed by the above mechanisms, the random transformation is multiplicative
over the private input while the output is restricted to a bounded domain determined by the specific input processed. As
a result, given proper sensitivity restriction, say two images differing in one pixel, when random cropping is applied,
one can still successfully distinguish the two images with a constant probability, if the distinct pixel is not erased. A
similar argument holds for the saddle point escaping algorithm [JGNT 17|, where the gradient is perturbed by a bounded
noise uniformly selected from a sphere.

Though practical randomness may not necessarily lead to DP, greater randomness potentially implies better privacy.

As a first step to formalize the privacy gain and utility of practical or heuristic randomness, we will use DP as the
primitive. To this end, we consider a natural hybrid structure of both kinds of randomness, for example, Laplace noise
and mixup.
Mixup: In this paper, we use mixup to denote a simple aggregation structure with random weights. Given N inputs
T1,T2, ..., TN, MIXup outputs Zfil w;x;, with random w; € (0, 1) and Zf\il w; = 1. One successful example of mixup
is [ZCDLP18]], where a surprisingly efficient data augmentation is described: Given the raw data (x;,y;),i = 1,2,..., N,
where x; is the feature and y; is the associated label, a virtual training sample (&, §) is constructed by:

T = )\:Bil + (1 — )\)aciz, Y= )‘yh + (1 — )‘)yiz- 3

Here, (x;,,v:,) and (z,,,y:,) are randomly drawn while A € (0, 1) is a random variable selected. Mixup based
data augmentation has been widely studied and shown to be very powerful empirically in thorough experiments and
subsequent works [BCG™19], [TCB™19], [PXZ19]. This raises two interesting questions: On privacy, what kind of
privacy amplification is provided by mixup? On utility, are there other applications of mixup but with theoretical
performance guarantees? In this work, we set out to answer the two questions.

Existing Privacy Preservation with Mixup: The shuffled and randomly composite samples in mixup seem to provide
some natural privacy protection. However, it is noted that the mixed samples generated using (3) are restricted within
the convex hull of original samples. Similarly, mixup itself is not sufficient to produce reasonable DP guarantees,
though its potential privacy preservation via some other measurements such as computational hardness is still an open
question. Based on mixup, there are several appealing proposals such as Instahide [HSLA20], for private training, and
Datamix [LWG™20], for private inference. The authors of Instahide conjecture that breaking sign-flipping equipped
mixup can be reduced to that of the subset sum problem. Unfortunately, as far as we know, existing heuristic mixup
related data privacy preservations have not been studied under any systematic privacy notions. Consequently, Carlini et
al. [CDG™20] and Chen et al. [CSZ20] point out several vulnerabilities and potential attacks on Instahide.

1.1 A High-level Picture of Methodology and Contribution

One of our main results is that the hybrid of mixup (or the other algorithmic randomizations listed above) and the regular
Laplace mechanism produces a similar worst-case guarantee compared to the pure Laplace mechanism, but generally
improves the average-case privacy loss, which leads to a tighter composition bound. We introduce the following
alternative definition of the e privacy loss defined in (I) to give a more refined, formal illustration.



Definition 3 ([LNR™17]). The ex-post privacy loss (o) for an algorithm A on an output o is defined as

B B P(A(D) = o)
S e = SR R =0

for arbitrary D ~ D'.

Definition [3| provides a point-wise measurement on the privacy loss where ep p(0) captures, for any specific
output o, the likelihood ratio between two adjacent datasets D and D’. By taking a supremum over all pairs (D, D’),
€(0) provides a worst-case ¢ loss at output o. It is not hard to observe that under the Laplace Mechanism, where a
pure e-DP is produced, €(0) = € uniformly. In contrast, under a Gaussian Mechanism with an approximate (¢, §)-DP,
sup, €(0) = oo is unbounded, and we have to resort to the failure probability & E]

In general, the output of the hybrid structure can be viewed as a mixture of some restricted randomness and noise.
We find that the corresponding privacy guarantee is between pure DP and approximate DP. To be specific, the hybrid
structure of mixup and the Laplace mechanism provides a bounded worst-case privacy guarantee sup,, €(0) < €q, for
some constant €y, whereas ¢(0) does not uniformly equal to €,, where there exists o such that €(0) < €.

Another way to characterize such average-case amplification is to view the privacy loss under a relaxed divergence
metric. For example, if we measure the privacy loss through K L-divergence,

P(A(D)(0)

DADIAD') = Eowaim) 08 [ 57000 03 )

the hybrid structure is strictly better than that of a pure Laplace, which implies a sharper (advanced) composition
bound when applying concentration inequalities [DRV10]. In the rest of the paper, we set out to quantify the privacy
amplification factor and understand the impact of algorithmic randomness on utility.

Contributions and Organization: In this paper, we have two main contributions. First, we systematically study the
privacy amplification from the convolution of random mixing and regular noise (Laplace) mechanisms. The privacy
framework presented here can be used to study the privacy gain from restricted and localized randomness which
captures many empirical training improvements such as the data augmentation techniques listed earlier. Second, we
propose a new application of mixup to mix the immediate updates during (decentralized) optimization. To understand
the utility and privacy tradeoff, we provide results regarding the effect of mixup on the convergence rate.

The remainder of the paper can be summarized as follows. In Section[2} we provide an analysis of sample mixing as
described by (3) and show that sample mixing produces a privacy amplification factor in a simple compositional setting
of iterative optimization. In Section |3| we describe another model of the hybrid mixup and noise architecture, namely,
update mixing during optimization. In Section[d] we show how to incorporate the proposed update mixing architecture
into more complicated decentralized algorithms. Two concrete examples, Modified private ADMM (Algorithm [T))
and (Decentralized) SGD (Algorithm [2)), are proposed, and we further study the local differential privacy (LDP)
amplification. On the utility side, in Section[5] we theoretically prove that proper mixup on immediate updates during
optimization comes almost free of utility compromise.

2 Hybrid Architecture of Mixup and Noise: Sample Mixing

Differentially private (Stochastic) Gradient Descent ((S)GD) and its variants have been extensively studied [BST14,
LNR™17,[CMST1lJT13, WGX18,WYX17,[WX19]. A common strategy is to perturb the gradient in each iteration
with well-scaled noise to keep track of the cumulative privacy loss. In this section, we provide an analysis of sample
mixing as described by (3] in the context of private optimization.

Imagine we run SGD to minimize the empirical loss over samples S = {s;,7 = 1,2, ..., n} with mixup, where we
use s; to denote (z;,y;) and the objective loss function of the parameter 6 is defined as >~ ; f(0, s;). Across each
iteration, we assume two samples s;, and s;, are randomly selected from S and mixed as § = As;, + (1 — \)s;, with

" It is not hard to verify that e(0) < € with probability at least 1 — §, also termed as probabilistic DP [GMW ™ 11]], is stronger than
the (e, d) approximate DP notion defined in .



some random weight A € (0, 1). Thus, in general, an SGD protocol to privately update 8 with mixed samples can be
described as follows:

0% =0 — V(O Nsiy, + (1= M) sy ,) + AR (4)

Here, iy, 1 and iy, o are two different random indexes independently sampled from [1 : n] and Ay, is randomly drawn
from (0, 1) in iteration k. AF is the noise added, of which each dimension is assumed to be a Laplace, Lap(0, 3),
with probability density P(z) = 3/2 - e # 1|, For quantification, we assume the I, sensitivity of the gradient, i.e.,
supg s & [V (0,8) =V f(8,5")||c < B, for two arbitrary sample candidates s and s'.

Example 1: Assume that the gradient V f(0, s) is linear to the sample s (for example f(-) is a ridge regression), and
samples vary between [0, 1]. Ignoring the constants 8%~1 and 7, in , two resultant mixture distributions of 8% can
be: Case 1, imagine two samples s;, , = 0 and s;, , = 1 are selected and mixed, where for simplicity we assume
V£(6%1,0) = 0and Vf(6*~1,1) = 1. Then, the distribution is equivalent to a mixture of a Laplace and a uniform
distribution between 0 and 1, written as Lap(0, 8) * U[0, 1], where * denotes convolution of distributions and U [p, ¢]
represents the uniform distribution between [p, g]; Case 2, if selected samples are identical, say s;, , = s;, , = 1, then
the mixed sample is still 1 and the corresponding distribution becomes a pure Laplace Lap(1, ). '

The above example captures the underlying key problem we study here: what is the additional privacy gain from
the convolution of a (sample-dependent) randomness, whose support set is bounded, and the Laplace Mechanism
compared to the pure Laplace? Intuitively, the worst-case privacy loss is still preserved by the Laplace Mechanism but
the additional randomness from mixing smoothens the divergence on average, which would be helpful especially when
handling the composition. Indeed, our following analysis matches this intuition, where we prove that sample mixing as
used in (4) produces an amplification factor determined by 7 = 85.

Without loss of generality, we assume the step size 7, = 1 and only consider the one-dimensional case; the
multi-dimensional analysis is a straightforward composition. To capture the privacy analysis of the updating procedure
@), for simplicity, we assume the gradient of randomly-mixed samples V f (0¥, Ays;, . + (1 — Ag)s;, ,) (underlined
in @)) is uniformly distributed between s;, , and simﬂ Thus, the [, sensitivity bound B on the gradient is equivalent
to that of the samples. With the above setup, the distribution of * is equivalent to Lap(0, 3) * U [Six 1> Siy. .|, Where
we ignore the constant @* 1, the earlier update from iteration (k — 1), behaving as a uniform shift on the distribution.

The following theorem states that the privacy loss of H satisfies a bounded supgr €(6%) = 2 - log( CBBB 7 1). In

comparison, without mixup, a pure Laplace mechanism will produce €(6*) = % [DMNS06] uniformly for any 6*.
Moreover, we apply (€, §) measurement, defined in Deﬁnition as a high probability bound on e, to quantify the privacy
amplification, shown below.

Theorem 1 Let 7 = B. With the above setup and assumption on the data mixing, sensitivity and noise, the hybrid
data mixing and Laplace Mechanism shown in (@) satisfies supgr €(0%) = % . log(eT—*l). In an approximate DP view,
if 0 > (1 —e~7)/(27), it produces an (¢, )-DP such that

2eT=BY(0) _ oT=28Y(6) _ 1 B _1/(25) eP/(20)(1 — ¢~ BEBE-1/(20)))
B TU1/(20) 01— e BB-1/(20)

(&)

2
= 71
€= og ( max{

where (0) = —B— - (6 — =),

l—e—7/2 2T

Proof. Without loss of generality (w.l.0.g.), we assume that samples are within [0, B]. For two adjacent datasets D and
D', each of n elements, we assume the differing elements are s and s’ in D and D', respectively. Recall the subsampling
of two samples defined in the SGD protocol . It is of probability % that one may select the s from D or s’ from D,
which determines the subsampling factor in the (") bound [BBGIS]. In the following, we only need to consider the
case where the differing sample is selected. Let 5o denote the other element selected from the intersection of D N D',
Therefore, to derive an upper bound of ¢(6*), we need to compare the two distributions U[s, so] * Lap(0, 3) and
Uls’, 0] * Lap(0, B). In the following, we use z to denote the output 6*.

2 Here, we indeed capture the form V f(#* !, AeSip (1= Ag)siy, o, + A¥) with perturbation directly on samples. Thus, the
gradient function V f(-) becomes a postprocessing and we only need to focus on the term Ax.s;, , + (1 — Ax)siy, , + AF.



First, we consider an extreme case, if so = s’ or s = s, where w.l.o.g. we assume s = s’ = 0. Thus,
Uls', so] * Lap(0, B) is reduced to Lap(0, 8) and U[s, s¢] * Lap( , B) becomes U0, so] * Lap(0, 3). The probability
density of U[0, sg] * Lap(0, B) can be described as

ePT(1—e™P20)

5 x <0
—Bx JZ« sg—x)
P(z) = % 0<zx< s 6)
£ L U=e ) 2> s.

280
When z < 0, it is straightforward to see that

o Lap0B)) g BB
= U0, s0] * Lap(0, B)(z) ~ & -e®B(1— e BB 1—e PB’

where the equality is achieved when sg = B. On the other hand, if = > 0, the maximal of ¢ is achieved when x > B
BB .. .
and s = B, where e < ETB_l' Moreover, it is easy to verify that:

ePB -1 BB
>
BB T 1—ePB’

which is equivalent to 2 + (BB) e~ PB 4 PB_ for arbitrary 3 and B. Thus, we have ¢ < log( 7).

Second, if s # sg and s’ # sg, we have to consider the following two scenarios: (a). s < sg < s where w.l.o.g. we
set s = 0. (b). sgp < s < &', where w.l.o.g. we set sg = 0.

In (a), for the upper bound of e, we have the following fact: for x < 0, the ratio e, which equals
1. (1 _ e—ﬂso)

So

S/iso 67,850(1 - 67,8(5’750)) 7

(7

is a non-decreasing function with respect to sg. Therefore, for sg € [0, ], the upper bound is achieved when sp = s’

()ocz

4 .. . Bs' _q .
= «. Furthermore, it is noted that the function £ 55 L increases

Here, we use the following fact that lim,_o &
with increasing s’. To conclude, the extreme case of e when = < 0 happens when sg = s’ = B. Similarly, for = € [0, s¢],
we have the following observation on the probability density ratio:

s'—sg 2—e P e Blso—z) s’ —so 1—e P
sp e Blo—a)(1 — e Bs'=s0)) = g5 e Pso(l — e Bs'=50))’

which is equivalent to (e=#* — 1)2 > 0. Due to the symmetry, therefore, the upper bound of e in (a) also happens
when sy = s’ = B, which is reduced to the first case. With a similar reasoning, we can show that the extreme case of
(b) also happens when so = s = 0 while s’ = B. Thus, we have proved that ¢ < log( 85551 ).

In the following, we turn to characterize such privacy amplification with (¢, §)-DP language, i.e., a high probability
bound of e.

We need to consider two scenarios (a). 0 = s < 59 < 8/ < B; (b). 0 = 59 < s < s’ < B. First, we still
consider the case when s = so. For # ~ Lap(0, 8), Pr(z < 0) = 1 and for z < 0, the probability density

ratio between Lap(0, 8) and U0, s'] * Lap(0, 8) is a constant equaling 1_/275‘53. Now, when s # s, back to (a),
for x ~ U0, s0] * Lap(0, B), it is easy to verify that Pr(z < %) = 1 and for z > 2, the density ratio of
U|0, so] * Lap(0, 8)(x) over Ulsg, s'] * Lap(0, B)(x) is decreasing as x gets larger. From the earlier analysis, we know

that when = < 0, where Pr(z < 0) = 2,8;

1 —BB T
Pr(z <t) = (2—e~ B —e—Bloo= 88 T 0 QﬁB(

the density ratio is a constant upper bounded by £ ﬂB L. Fort [0, % 2],

1 — e Pt 4 e Bls0-t) _ o= 580)

Therefore, provided a failure probability § > 1 ;ﬁs , since 2 — e % — ¢=BAl0=2) for x € (0, s0), is upper
bounded by 2(1 — e~#%0/2) and thus P(z) = 2=¢— B 250—ﬂ<e0 2 < 17655 °% for 0 < & < 59, we have
Prlos— 0 (-2 g
T :
T 1— e Pso/2 2850 -



Let (6) = — 24572 (0~ 1’2‘?8;[:0 ) and substitute the above into the expression of €€, then we have the relationship
of (e, ) that if 1(d) > 0,

1 _ =Bz _ —PB(so—=x
c(2—e e~ Blso—2))

€ _

< (2 - e—BY(©6) _ e—ﬁ(so—w(ls)))(g — 50) ePlso—(6— 1,;;555 )/s0) (8)
= 1 — e—B(B=s0) ' 50

(2 — e—BY() _ 6—5(5—¢(5)))65(B—¢(5))
<

— B b
where the third inequality is because the product term on the right hand side of the second row of (8) is non-decreasing
in s¢ and so we set s = B.

If 4)(0) < 0, we have that the extreme case happens when s is such that 1—5;55 < 5= 1—;;0‘“0  where 5o < 2
and
_e—Bs
¢ < : Sso - B—1/(25) . eﬁ/(%)(l _ e—ﬁ(B—l/(Q&)))
— e Ps0(1—e FB—s0)) — 1/(25) 1— 6_5(5—1/(25))
2(B—s0)

With similar reasoning, in (b), if 0 = 59 < s < s’ < B, for x ~ U|0, s] * Lap(0, 3), once § > 172%7;5
upper bounded by 175 5 . On the other hand, if 2 ~ U0, s’ * Lap(0, ), it is not hard to observe that for either z < 0
or x > 0, the bound of ¢ is strictly controlled by that derived in (a). Thus, the claim holds.

, €€ can be

In Theorem we characterize the privacy amplification in a (e, §) form. In the following, we propose another metric
to quantify the additional gain, i.e., in the worst case, how much privacy loss can be saved in expectation compared to
the pure Laplace Mechanism. Stemming from Definition 3] in (@), under a pure Laplace Mechanism without sample
mixing, for arbitrary D and output 8%, supp, ep p/(6*) uniformly equals B3/n. Thus, under the hybrid sample mixing
and Laplace structure, we define the ratio

= supp Ep supp, ep,p/ (6) ©)
BB/n ’

where Ep denotes that 8% is produced based on dataset D, to capture the expected ex-post loss savings in the worst
case. The following theorem upper bounds the ratio. We calculate the expected e-loss in the worst case.

Theorem 2 With the same setup, the expected privacy loss Egre(0%) in (E]) over the distribution of 8 in the worst
case satisfies that for any D ~ D',

ﬁB 30(1 — 6_5(50_5))
. max { log(m)’ sgglg[)éﬁ] [10g( (50 —5)(1 - 67550))
(B — 50)(TeP0=%) — (126(sg — 5) +3)) , P07 (B — 50)(1 — ePl50=2))?
68(1 — e=AB=s0))(s — )2 28(s0 — 5)2(1 — e—(B=s0)) /I’
(10)

2
sup Ep sup 6D7D'(9k) <=
D D n

+ log (

where Ep denotes that 0% is produced based on dataset D.

Proof. With a similar reasoning as shown in the proof of Theorem|[I] we only need to consider two adjacent datasets in
aform D = {s,s0} and D' = {s, 50}, where s, s, so € [0, B].

First, we consider an extreme case if s9 = s, which produces a pure Laplace distribution. To determine the
supp ep o (), when z < s, to maximize the ratio, s’ should equal B and

Be=Bls—o) ~ B(B-3s)
e A1 e BB)) 1—epB9

SUPD! €D D/ (z) _



—Bx
fe = P25 _ Thus, since when

Symmetrically, when > s, s’ should be set as 0 and e*"Pr’ “p.>' (%) — Te e ) — Te P

@ ~ Lap(s, B), Pr(z < s) =Pr(z > s) = 1,

1 B(B—s Bs
Ee~Lap(s,8) S?/p €s,s () = §(log(1 _(675(315)) + log(i — 8755))' (11)

With some calculation, since s(8 — s) achieves the maximal when s = B

2 b)
1og(%).

Now, we turn to the more generic case, where we assume s # sq. There are four cases regarding s’, s, sg, which can
be (a). s < 59 < s;(a). s <5< sp;(b).s<sg<s;(b).sg<s < s First, to simplify the study on the upper
bound of the ratio, we show there is no need to consider cases (a)’ and (b)’. To show this, we need the following trivial
fact: for two positive numbers z; and zo and an arbitrary weight w € [0, 1], if wzl + (1 — w)zz < 29, then clearly
zg > z1. Back to our cases, recall the convolutional densuy function U0, s] * Lap(0 fo 55 —Ble=tldt which

we have sup, E,« rqp(s,8) SUPy €55/ (T) =

can be viewed as an average of the Laplace den51ty Se —Blz=t gver the interval [0, s] Thus, we take (a)’ as an example.
Let I; and I be the integral of e*mmft' over the range [s’, s] and [s, so], respectively. Clearly, the distribution density
of  produced by D = {s, so} is 12—, while that of D’ = {5/, 50} is 220t — L2 . So=s . 5=5" Thus, if

so—s’ sop—s so—s’ s— s/ so s’

5 012 - > iff?, , then . 012 P Therefore in such a case, the ratio achieved by case (a) where s’ < s < sq should
be larger than that of case (a)’. We can make a similar argument for (b) and (b)’. Therefore, we have that the supremum
of ep p is achieved eitherin s’ = 0 or s’ = B.

With the above preparation, w.l.o.g., we assume s < so. We first have the following simple observation: when

x < §, s’ should be set to be B and

/3(93 _ _6(9 )) o e
Supeé-‘~3’(z) _ 2(so s)(l e 0—s _ B — sg e o=s5(1—e B(so )) 12
4 S (1 e BE))  sg—s  L—ePE0
S0

Similarly, when = > B0 ¢/ should be 0 and

S0 1 — e Plso=s)

sup € s (z) = :
s oo () so—s 1—ePso

s B+so

Now, we consider the other case when z € 3, ]. To derive an upper bound, we simply bound supp, €p pr <
€p /=0 + €p,sr=1. We first calculate the expectation Of €p,s'—1 When z is restricted to [s, sp]. Due to the concavity of
log(-), with Jensen’s inequality, this quantity can be upper bounded by

1 50 <2_C*B(Z*S)_G*B(SO*”~') 2
2(sp—s)
EIE[S,SO]GD,S’ZI < PY(Z’ € [8750])10g [Pr(x c [S 50]) / e*B(so—z)(i,e—ﬁ(B—so)) d.’E] (13)
’ s 2(B—s0)

The integral quantity in can be expressed as

e Blw—s) _—Blso—2)
s (2 2(50—5) - )de < B — so 7eB(50=9)) — (12B(sg — 5) + 3) (14)
e ﬂ(sofs)(lfe*ﬁ(ﬁfso)) — 2(1 _ 675(8780))(80 _ 8)2 3[_3 .
2(B—s0)
Similarly, for ep_s'=o(), it is not hard to find that
1—e—B(s0—s)
oses) so(1 — e—ﬁ(so—s))
€D s/ = < 10g T 10 = log 5
D,s'=0 ( 250[3 0 ) ((50 — S)(]. — 6*550)
where equality is achieved when x > s(. Thus, putting things together, we have
s0(1 — e~ Plso=s))
E (OF) < 1
sup DS;}) €D, D ( ) > sgglg[)éﬁ] [ og( (80 _ s)(l — 6_550)) s

(B — 50)(7eP(50=%) — (128(sg — 5) +3)) P07 (B — 50)(1 — ePls075))2

+ log( 6[3(1 — e*ﬁ(l’j’fso))(so _ 5)2 2[3(80 _ 8)2(1 — 67(8750))




Finally, multiplying by the subsampling factor %, we have the claim.

In Fig. [T} we present the simulation of the ratio -y defined in (9)). From Fig.[I} the privacy amplification ratio, within
[0.5,1], is determined by 7 = 1, where a smaller 7 produces a better privacy amplification. Now, we make two
remarks on further generalization.

Fig. 1: Privacy Amplification in the Hybrid of Sample Mixing and Laplace Mechanism
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Public Dataset and Subsampling: There is an interesting variant of the sample mixing model with the existence of a
public dataset. Recall the subsampling across n private samples in the SGD protocol , which contributes a factor 1/n
and 2/n to the e-loss in the case without and with sample mixing, respectively. Imagine if the entire dataset is formed
by a public set of m samples and a private set of n samples. Without mixup, the vanilla subsampling contributes a factor
1/(m + n) to the € privacy leakage. In comparison, if samples are randomly mixed between the private and public sets,
the factor becomes 1/n in contrast to 2/n when we only mix private samples. Thus, -y can be further improved by mJL”,
as large as an additional 50% reduction for m < n.

(Advanced) Composition: It is well known that relaxed to approximate DP, a K-fold composition of (e, d)-DP

mechanisms can produce a (€, K + S)-DP, with € = Ke2 + v/ —2K¢e? logS [KOV17], where J is a free parameter.
We consider the composition of €(6*) across multiple iterations. Following the idea in [KOV17], since €(6%) is also

bounded from Theorem by % -log( eBg 7 1), we may also apply Azuma’s Inequality to derive a high-probability bound.
However, compared to the pure Laplace Mechanism, as shown in Theorem [2| and Fig. |1} sample mixing enjoys better
average loss, which can produce a sharpened composition bound. It is noted that the metric supp Ep supp, ep o (6%)
proposed, which is defined on the point-wise worst-case ex-post e-loss, is stronger than the KL-divergence between the
two output distributions from D and D’. Thus, y presented above also provides a generic lower bound on the privacy
amplification, i.e., how much privacy loss is saved, over the composition of multiple dimensions and iterations. In this
paper we only consider the hybrid between mixup and the Laplace Mechanism, but it can be easily generalized to a
Gaussian Mechanism with a similar reasoning.

3 Hybrid Architecture of Mixup and Noise: Update Mixing

Besides sample aggregation, local update aggregation is also a building block of distributed optimization. In the
following, we shift our focus to a novel hybrid structure of update mixing and a Laplace Mechanism. Consider a more
complicated case, which is a distributed optimization amongst /N agents and the goal is to collaboratively minimize the
sum of their loss functions Zf;l £:(0;) under a consensus restriction ; = 65 = ... = Oy, where f;(-) denotes the



local loss function held by agent ¢. For the ¢-th agent at the k-th iteration, a generic updating protocol of a distributed
GD can be described as follows,

LY}

N
oF = wheb !t — v i(ek ) + AL (16)
j=1

Here, w}; € [0, 1] is the weight assigned to 6% at iteration & such that 3.7, wf; = 1. We still assume the noise follows
a Laplace distribution. Regular distributed GD fixes the weight wfj in to be the constant 1/N.. In this case, % is
in a pure Laplace distribution provided the earlier updates. Now, we imagine that wfj is randomly generated across
iterations but still with Zj\;l wfj = 1. Then, the underlined quantity in 1) is randomly distributed in a convex hull

of earlier immediate updates Of -1 Thus, the distribution of Hf is indeed a mixture of a Laplace noise and a bounded
random variable.

Still, w.l.o.g., we only consider the one-dimensional case in the following. The multi-dimensional case is a
straightforward composition. To capture the distribution of 8¥ in (16)), for simplicity we assume N = 2, i.e., the
underlying quantity in is a 2-mix, and the difference between 6y ~!and 0§ ~1is w. Thus, equivalently, we only
need to consider the following mixture distribution: the sum of Lap(0, ) and an independent uniform distribution
within interval [0, w] denoted by U0, w], whose probability density is a convolution Lap(0, 8) * U0, w]. We assume
the [, sensitivity of V f; to be B and n;, = 1.

Example 2: Imagine that in (16), the two earlier updates are Olf_l = 0and 0’; —1 =1,1ie.,w = 1. Two extreme cases
can be: Case 1,7,V f1(87~1) = 0 and 8} produced follows Lap(0, 3) + U0, 1]; Case 2, with the sensitivity assumption,
76V f1(0¥71) can also be as large as B, and correspondingly the distribution of 8% is Lap(0, 8) * U[B, B 4 1].

Theorem 3 With the above setup and assumptions on the update mixing, sensitivity and noise, the hybrid structure

shown in (16)) satisfies

kY < < .
€(67") < max < BB

w ® t+w "
log [/ e=hle: _C|dc// =0l _Cdc}
B 0 ¢

In particular, let ' = wp, in an approximate (¢, 8)-DP view, if § > (1 — e~ 7')/(27"), then

9eBB-v(6) 9
1—e ™ ’1—6—7/})’

e <log (max{

where Y(6) =w/(1—e™ ™) - (6 — (1 —e™7)/(27)).

The proof of Theorem 3] can be found in Appendix B}

Theorem states that, without mixing in 1) i.e., weights wfj are fixed, if the pure Laplace mechanism produces
€o-DP, then with the same setup, the hybrid of update mixing and the Laplace mechanism satisfies the same worst case,
i.e., supgr €(0%) = €g. On the other hand, similar to the argument of sample mixup, update mixing also strengthens the
average-éase privacy loss, captured by the high-probability € bound given in Theorem 3] Analogous to Theorem 2] we
also quantify the expected privacy loss savings in the worst case for the update mixing model.

Theorem 4 Let O(t,z) = %efﬂltle, in the hybrid of update mixing and the Laplace model, when w > B,

w—B w-B
/ B(t,2)dtdz + P [1—2/ ’ / @(t,z)dtdz}},
B 0 0

which is O(1/w + 1/(wp)) if we take B as a constant.

w—B

2
sup Ep sup ep p (8F) < log {2/
D Y 0

The proof of Theorem[]is given in Appendix
In Fig. 2| we present the simulation results on the ratio

_ supp Ep supp E'D’D/(ef)
BB ’




which quantifies the privacy gain compared to pure Laplace in the update mixing model. We show the effect of 5 and B
on +y in Fig.[2(a) and (b), respectively. Clearly, larger w (larger update difference) and (8 (smaller noise) with a smaller
sensitivity B produce stronger privacy amplification (smaller ), which coincides with our analysis.

Fig. 2: Privacy Amplification in the Hybrid of Update Mixing and Laplace Mechanism
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4 Decentralized Locally Private Optimization with Update Mixing

We now proceed to consider a stronger privacy guarantee, Local Differential Privacy (LDP), and construct concrete
decentralized (distributed) algorithms that incorporate such update mixing structure.

In practice, data is usually stored across multiple agents and they have to collaborate on a distributed optimization.
Without loss of generality, consider a decentralized optimization problem across N agents in a connected network. The
network is modeled by an undirected graph G(N, E'). Nodes are indexed as N = {1, ..., N} and when two nodes ¢ and
Jj are neighbors that can communicate, (7, j) € E. Each node i has a function f(s;, 6;) that we regard as a loss function
determined by the sample s; held locally with the parameter 6; to be optimized. In this paper, we always assume that
f(si,-) is a differentiable convex function C — R and 8; € C C R?. C can be viewed as the constraint, assumed to be a
closed convex set. We express the objective function to be minimized as

N
min Zf(si,ai), s.t.ZAiHi:c. 17)
=1

In many learning problems, 6[;. y stands for one parameter to be collaboratively optimized. Here, [1 : V] is the compact
form of {1,2,..., N}. We term the problem as consensus optimization if the constraint requires that all 8; be equal,
which can still be enforced by a linear constraint Zfil A;0; = 0 [MO17]. In such a scenario, agents may not trust
each other. To this end, a stronger notion is Local Differential Privacy (LDP) [BLR13| [DJW13| KOV 14]], where each
agent runs a local randomization procedure to privatize its local dataset before release. If each local randomization
procedure satisfies e-DP with respect to (w.r.t.) its own local dataset, we then say the whole protocol achieves ¢-LDP.
Formally, in the context of decentralized optimization,

Definition 4 (ex-post local privacy loss). The local privacy loss €;(0) for agent i in a decentralized optimization
algorithm A on an output o is defined as

Pr(A(D;) = 0) < €59 Pr(A(D}) = o). (18)
Here, D; = (81,...,8i,...,8n) and D} = (81, ..., 8}, ..., 8N) are two arbitrary candidate sets of samples, where §;

denotes the sample agent i holds, i.e., D; and D; differ at the samples agent i holds.

10



Algorithm 1 Modified Private ADMM with First-order Approximation

Input: Local functions f{;.n7, step penalty ¢.
Initialize 9?1: ) randomly, )\?1: ~] = 0. Each agent selects a private constant H;.
fork=0,1,2,..K — 1do

Agents i = 1 to N do in parallel:

Randomly pick two positive diagonal matrices p* ' and I such that (N — 1)pF** + "' = H; - I, and update 8" in

parallel, where AP ~ Lap(0, fr11):

gL+t ;:Fi]ﬁlqﬁ)lC G DA X5 65
¢ H, ' H; N -1

+ H; AP 4+ AR

— H'Vfi(0F
T V£i(6:), 1)

Exchange %" and then update A¥** := ¥ — gzl#i(efﬂ —gFthy,
end for

LDP described in Definition [] states that even all other nodes are colluding against node 7, from the output, it is
still hard to distinguish agent ¢’s private data. Similarly, the above point-wise privacy loss easily produces the classic
e-LDP by setting € = max; sup,, €;(0) [LN R 17, [WCHRP17]. For an iterative optimization, o in Deﬁnition@]includes
all (immediate) outputs across iterations. For simplicity, we use f;(8;) to denote f(s;,8;) in the following.
Algorithm Construction: Generally speaking, there are two types of decentralized optimization. One is (sub)gradient
based, such as decentralized (stochastic) gradient descent (D(S)GD) methods [NOQ9], [LZZ717], and EXTRA
[SLWY15]. The latter relies on solving a constrained problem with dual variables to minimize some Lagrangian
function, such as Alternating Direction Method of Multipliers (ADMM) [WO12|. However, the key idea is the same
where agents average out updates from neighbors and perform broadcasts, and collaboratively and iteratively approach
the global optimum. In the previous section, we briefly described how to incorporate mixup into GD. In the following,
we consider the more complicated case of ADMM.

The updating rule of ADMM with the dual method for relies on solving an optimization problem:

N 2
. r 2 P X
k1, k k 3k k k ft1
;7" = argnél_nﬁ(el,...,ai, ey ORy A®) + 3 |6; — 67| + ZHAiai + g Aj07 —c|| +A7, (19

! J#i

where the Lagrangian function is defined as £(61, ...,0n, ) = ZZI\; fi(6;)— )\T(Ziil A;0,—c). Here, ||-||; denotes
the I, norm. For brevity, ||-|| denotes the standard I norm in the following. The Lagrangian multiplier A**! is updated
through A* 1 := \F — ¢ (Zfil Aﬂf“ — ¢). If we allow each agent to independently select random penalties p and
I across iterations, the 05“ produced similarly follows a mixture Laplace distribution with a random mean.
However, we have to stress that closed-form optima of (I9) may not exist. To reduce the computational complexity,
in contrast to previous ADMM protocols [WO12,[ZZ17,[ZKL18]], we consider a first-order approximation for each f;:

fi(6:) ~ £:(0F) + V £:(6F)(0; — 0F). (20)

Through randomizing p and " in accompanied with the approximation (20), a modified private ADMM with mixup
is accordingly derived as Algorithm[I] Meanwhile, stemming from (I6), we formally describe a Distributed SGD with
mixup as Algorithm 2Jf}

It is clear that Algorithmsandshare a very similar structure except for the dual variable A¥ in ADMM. Intuitively,
Term A in either or behaves as mixup to merge the updates from the previous iteration and Term B corresponds
to the effect from the function f; on updating 0?"’1 followed by a Laplace noise. Thus, with fixed updates from the
last iteration, in each dimension, the produced distribution of (21)) and (22)) is equivalent to the update mixing model

3 Here, we omit the projection step if C g R since we are interested in arbitrary constraints. For simplicity, in this section, we
assume G is fully connected and only consider the consensus problem temporarily, while we provide a convergence proof for the
general case in Theoremﬁ}
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Algorithm 2 Modified Private Decentralized Stochastic Gradient Descent

Input: Local functions f; and a diminishing sequence {7y }.

Randomly divide NV agents into 2K groups, S[1:2k]-

Initialize y$ and y3.

fork=0,1,2,...., K — 1do
Agents i in Sa;41 and Sa2 do in parallel :
Randomly pick a positive diagonal matrix w; of which the non-zero elements are within (0, 1). Then, with Af’“ ~
Lap(0, Bi+1), update 6; as:

k k yi +y5
0; == wiyr + (I —wi)ys , — Mm+1NV fi( 5 ) + A, (22)
B
Broadcast 6; to agents in Saj+3 and Soi+4 wWhere yf“ = m Zi652k+1 6; and yé“ = m Zies%+2 0.

end for

described in Section 3] We can still use 3 to denote the I, sensitivity where max; supg ||V f(5;,0) =V f(8},0)]|oc < B
for two arbitrary candidates §; and &, of the sample from agent ¢. What remains to complete the privacy analysis on
Algorithms|[T]and 2] is simply a composition of the privacy loss on each dimension of immediate update @; across each
iteration and is omitted.

5 Analysis of LDP-Utility Tradeoff

Based on fundamental analysis of non-private ADMM and decentralized (stochastic) GD [MO17,[OHTG13lISLY 14,
CHW 13|, a systematic study of decentralized optimization with composite incorporation of random aggregation and
noise perturbation is developed throughout this section. It is worth mentioning that, with properly selected parameters,
the theorems and framework of proofs provided are invariant to whether update mixing is incorporated or not. In other
words, upper bounds shown in Theorems [5}{6] also match the best-known existing privacy-utility tradeoff without mixup.
We focus on the €(, 0) privacy guarantee of LDP in the following.

For notational simplicity, let 8, = (0%,0%,...,0%) and F(6;) = Zf\;l fi(0F), and accordingly VF(6;,) =
(V£1(0%), ...,V fn(0%)). We first recall some commonly used notions in convex optimization analysis:

A function f(0) : C — Ris L-Lipschitz continuous if for any 8,y € C, | f(0) — f(y)| < L||6 — y|[;

A function f(0) : C — R is M-smooth if V f(-) is M-Lipschitz continuous: for any 6,y € C, |V f:(0) —
Vi)l < M6 —y].

I is the d x d identity matrix. We use ||z||% to denote 27 Gz in the following.
Analysis of Algorithm [1} Let G, = diag{H,,..., Hy,1/(} denote a diagonal matrix, where H; = H, - I =
Fik'H + AT pf“Ai is positive definite.

Theorem 5 If f;(-),i = 1,2, .., N, are convex and M-smooth, and for any i,j € [1 : N]

H;—M ¢ 2 92
{ J]\[i’z(ﬁi - 5) Z{ O’maxljpi ) (23)
2

where p; - I = pf“ = pi - I for some constants 0 < p; < p; and owax,; is the largest singular value of A;, then for
Algorithml[l]

_ 0y — 0.2 + LA KON (M + H; + HE[| A2
|E[F(0K)]7F(0*)|§ ” 0 H;‘IT( CH H +E:k_lz:z_l( - 4) [” ” ]7 (24)

where 6K = 25:1 0y and X* is the state of A* when 0y, reaches the optimum 0., = (05,63, ...,0%) of. Under
(€,8)-LDP, the utility loss is O(%).
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Here, B still stands for the [, sensitivity. Theorem [5|characterizes the convergence rate of the decentralized optimization
in an arbitrary communication graph. The takeaway from the above theorem is that, with or without update mixing,
regular ADMM and the proposed Algorithm [I{ enjoy the same convergence rate and privacy-utility tradeoff in an
asymptotic view.

The high-level idea of the proof (see Appendix [D)) can be summarized as two steps: First, we derive the convergence
rate of regular ADMM with the mixup structure (Lemma [[]and [2); Second, we study the first-order approximation error
(Lemma [3), and then combine both to complete the proof.

Analysis of Algorithm 2} In comparison to ADMM, D(S)GD only captures consensus optimization. When ||V f;|| is
bounded, the following theorem shows the privacy-utility tradeoff of Algorithm Here, we assume 6, = (6*,0*, ..., 0%)
is the optimum solution to (17).

Theorem 6 Assume that f;(0) is convex and |V f;(0)||? is bounded by G? for each i. Moreover, assume that

E[(A} < V2
o max [(A¥/ni)?) <

When we select the step size n, = ﬁ for some constant ¢, then %E[Zl L fi (w) — F(0,)] is upper
bounded by

c(lly? = 6*11” + llyg — 6*1I*) N (log K +2)VK + 1(G* +V?) 25)
AIVK 2Kc '

In e-LDP, Algorithm I has utility loss O(v/Nd*/2B/¢). With (e,8) relaxation, this bound can be sharpened to
(\ﬁ NdB/e). O is big O notation that ignores logarithmic factors.

The proof of Theorem [6]can be found in Appendix [E] (23) matches the lower bound of [KOV14] and is essentially a
more generalized form of the utility guarantees derived in [STU17]. In addition, we provide a non-asymptotic view of
the convergence rate through a study on the random stochastic matrix, included in Appendix [F}

In Appendix [A] we provide two sets of experiments to support all the theoretical results obtained so far. In Appendix
[A.2] we compare Algorithm 1 and 2 with existing private decentralized optimization algorithms [ZKLI8| [ZZ17,
DGPH19]|. In Appendix we move our focus to study the impact of update mixing in the hybrid structure on utility,
compared to the pure Laplace mechanism without mixing (by fixing all weights). We test both practical and synthetic
datasets.

As a conclusion, either from a theoretically asymptotic convergence rate view, shown in Theorem[5|and [6] which
matches the information-theoretically optimal lower bound, or from an empirical view, through experiments shown in
Appendix |Al random mixing does not hurt performance but produces a straightforward privacy amplification, captured
by the ratio -y described in Theorem [2and

6 Other Related Works and Conclusion

As a powerful paradigm, randomness can be used to strengthen various aspects of performance, such as learning
capacity and computational complexity, and meet different requirements. In this paper, we set out to bridge empirical
randomization commonly used in machine learning and the classic noise (Laplace/Gaussian) mechanism commonly
used in Differential Privacy with a hybrid structure. This provides a systematic framework to understand and make use
of optimization or learning-utility-oriented randomness to further strengthen privacy preservation.

In this work, we take mixup as an example and study privacy amplification in the convolution of input mixing and
the Laplace mechanism. Another well-known amplification technique in DP is the mixture of subsampling and regular
noise mechanisms. Balle et al. in [BBG18]] propose applying coupling and a-divergence to derive a tighter privacy loss
bound, which we believe can also be generalized to our case. Moreover, we observe that public dataset can further
strengthen the privacy amplification during sample mixing, which is discussed in Section 2} This is different from the
approach mentioned in [FMTT18].

Inspired by sample mixing, we propose a novel update mixing structure and show its applications in decentralized
optimization. As far as we know, the utility-LDP tradeoff presented here is the most generic result so far, where existing
private ADMM or DGD works [ZZ17,[ZKL18,[HMVT13, [HHG™ 19, [HTP17] either assume strong convexity or central
aggregators.
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A Simulation Results

A.1 Theoretical privacy amplification

First, in Fig. [3| (a), we show the relationship between ~, w and 3 in Theorem where B is fixed to 0.001. With w
ranging from 0.1 to 1 and S from 2 to 10, clearly larger w and (3, corresponding to a longer interval length and noise of
smaller variance, lead to better privacy amplification.

A.2 Comparison with existing works

We test the proposed schemes and state-of-art approaches on regularized empirical risk minimization (ERM) tasks.
We use the standard Adult dataset from the UCI Machine Learning Repository. For simplicity, we call the task as
UCT in the following. In UCI, the dataset consists of demographic records, including age, sex and income etc. in 15
total features. We try to predict whether the annual income of an individual is above 50k. After processing of the data,
we remove all individuals with missing values and normalize the features while converting labels {> 50k, < 50k} to
{—1,1}. The training samples are denoted by {z € R, L! € {-1,1}|i = 1,--- ,N,j = 1,--- ,n;}. Consistent
with [ZKL18], [ZZ17], we select the loss function L(z) = log(1l + exp(—=x)). Thus, N agents are collaboratively
solving the following logistic regression:

N n;
mjn Y~ £i6) = 3 (- tos(1 + exp(-L307a})) + 3 61°)
i=1

= i=1 j=1

Tests are run with different parameter settings. 100 independent runs of each algorithm for comparison are performed
and each agent is randomly assigned 100 samples from the dataset. In each run, the communication graph is randomly
generated using the given N and the number of edges E.

In Fig. [3|(b) and (c), we uniformly assume that H; = D = 10 and ¢ = 0.5 for Algorithm [T} In the case of private
ADMM, previous works all assume fixed parameters in the optimization protocol. In [ZZ17], the Lagrangian multiplier
at the beginning of each iteration is perturbed, while [DGPH19] considers the output perturbation at the end of each
iteration. Further, in [ZKL18]|, the authors introduce a sequence of increasing step penalty, which can bring better
utility-privacy tradeoff empirically. For [ZZ17], [DGPH19] with constant fixed penalty, we assume [; = 0.5D and
pi = %, corresponding to the expectation of the penalty terms in Algorithm|l} Here N; denotes the neighbors of
agent i. As for [ZKLI8]||, we follow their setting that I'* = 0.5 x 1.02¥|N;| and p¥ = 0.5 x 1.02k.

In the privacy part, with the same assumption in [ZKL18||, we assume f; and f; may only differ in one sample
and thus, due to the normalization, B = ni = 0.01, and J = %, the Jacobian constant required by [ZKLI18] in
their privacy analysis. It is noted that VL is within (—1,0], while the privacy analysis of [DGPH19] takes the globally
upper bound on VL as the sensitivity. This makes their bound too loose and we omit their privacy loss bound in our
simulation. The results are illustrated in Fig. E] (b) and (c), where N = 10, E = 20. The accuracy logarithm is defined
by log||(8F — 67)/d||, across 100 iterations averaged across 100 runs. The difference between the best and the worst

accuracy over 100 runs is also marked.

A.3 TImpact from Mixup on Performance

In this subsection, we provide more details on the impact of random aggregation on the utility.

In Fig4] we test Algorithm 1 and 2 with their corresponding variants without update mixing but a pure Laplace
Mechanism: the parameters in Algorithm 1 and 2 are all fixed to be constants. The task here is still the logistic regression
of the Adult dataset defined above. For simplicity, in the following, (F') denotes the latter case of fixed parameters
(without mixup). In the experiment, communication graphs are randomly generated across 100 trials, where N and FE
are the number of vertices and edges, respectively. In addition, we assume each agent holds a dataset of size 1000 and
200 in Algorithm 1 and 2, respectively. One of the key observations is, with the same setup, the hybrid randomization

* We do not optimize the increasing penalty here but we find that in some cases by proper selection, a privacy loss reduction can be
achieved empirically at a cost of relatively small utility compromise. Such techniques can also be applied in our algorithms.
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Fig. 4: Comparison between Algorithm 1 & 2 (with update mixing), Algorithm 1 & 2 (F) (without update mixing) and
their non-private versions on logistic regression over Adult.

achieves almost the same utility loss in optimization accuracy as that of the regular Laplace Mechanism. For the privacy
side, the same noise is applied in both cases where we fix the € privacy budget to be 1. Update mixing renders a
sharpened privacy amplification, where the privacy loss is reduced empirically ranging from 30% to 50%, and performs
even better with a sparser graph or a larger privacy budget. Also, earlier iterations enjoy better privacy amplification
since the divergence amongst Hﬁ: N] (or yf“m} in Algorithm 2) is larger. This is consistent with Theorem El where a
larger interval length w renders smaller .

We further consider synthetic datasets where each data point (z;,y;) is i.i.d. generated by the model y; =
sign[ @ e — 3> Where z; € R and y; € {~1,1}. Here, in the first example shown in Fig. 5| we select
e; to be i.i.d. Gaussian noise N'(0, 0.52); in the second example shown in Fig. Iﬂ we consider heavy-tailed noise and
select e; to be i.i.d. Lognormal noise of parametZer p = 1,0 = 1. The probability density of a Lognormal noise of
parameter (p1,0) is P(e; = z) = — L — —5H I this case, we further normalize e; such that the average of them
equals 0. Accordingly, we implement Algorithm [T]and Algorithm 2] with corresponding fixed parameter and non-private
versions on the logistic regression over the two synthetic datasets generated. Here, we assume in Algorithm[T] each

agent holds 500 samples while in in Algorithm 2] each agent holds 200 samples.
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B Proof of Theorem 3

Proof. W.lo.g., we assume 0’1c ~! =0and 05 ~1 = w. We use z to denote 6% in the following and the upper bound of ¢
can be reformulated as follows. For z € R, we consider
Iy Be=Ple=<lde

ftHw Be—Blz—cldc

max
[t|I<B

log , (26)

for some positive numbers w, 3 and B, which correspond to the length of the interval, Laplace noise factor and sensitivity,
respectively.
For a fixed ¢, [¢t| < B, if x € [0,w] U [t,w + t], then

fo‘*’ Be—mw—c\dc
fter Be—Blz—cldc

t

Jy e Ple=elde
Bt f(;u e_ﬁlw_c‘dc

log

_ ‘ log ’ — |3t] < 8. @)
e

Thus, in the following, we only need to consider the rest cases. When z € [0, w], then fow ﬁe*ﬁlI*C\dc =92 ¢ Bz _

e=Bw=2) 1n addition, if z € [t,w + t], then ftwﬂ Be Blz=clge = 2 — ¢=Bla=t) _ c=Blwtt=2) Ty show

9 _ e Br _ o—Blw—a)

—Blt|
€ S ST B o Bt =

(Al

it is equivalent to showing
2eBItl — g=PrtBItl _ o=Blw—a)+BIt] > o _ o—Bla—t) _ o=Blwtt—a)

2
9 BT _ o=Bw—2) £ 9uBltl _ o—Bla—t)+Blt| _ o—Blwtt—a)+lt], 28)
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Due to the symmetry, we merely prove the case when ¢ > 0, where @ can be rewritten as,

2ePt — g7 Bla—t) _ g=Blw—a—t) 5 o o=Bla—t) _ o—Blwtt—z)
{2 _e BT _ Bl < QBﬁt e~ Bl@—2t) _ —B(w—z) 29)
Clearly, for the first inequality, it suffices to show
2(eft —1) > (2Pt — 1)e Plutt—o) (30)

and it can be further simplified to 2e#(“+=%) > ¢ft 4 1. Such a claim follows clearly as w — = > 0. For the second
inequality, with similar reasoning, it is equivalent to

2ePT > Pt 41, (31)

which holds since x > t.
At last, we consider = ¢ [t,t + w]|. Again, due to the symmetry, we can assume ¢ > 0 and 2 < ¢. Then, it is
equivalent to showing:
2eft — g=Bla—t) _ g=Blw—a)+ft 5 —f(t-2) _ —Flwtt—a)
(32)
9 BT _ g=Blw—2) < B _ —Blw—a)

As for the first inequality, assume that g(t) = 2/t — e=#@=t) _ =B(t=2) _ o=Blw—2)+pt 4 o=Blwtt=2) Tt is noted

that when ¢ = 0,  should be also be 0 since z < ¢t and = € [0, w] as assumed, and ¢g(0) = 0. On the other hand,
dg

dt

Since x < w, to show ¢(t) is non-decreasing with respect to ¢, it suffices to show that,

= B(268t — ¢~PE—t) 4 o=Bl=a) _ o=Blu—a) Bt _ o= Blutt-a), (33)

26615 _ e—B(J;—t) + e—,@(t—a:) _ e—ﬁ(t—w)-{-ﬁt _ e—ﬁ(t+t—w) > 0. (34)

It is clear that e/t > =A==t and e A(t=2) > ¢=B(2t=2) 45 both z and ¢ are non-negative. Furthermore, e®* >
e~ Plt=2)+6t — of7 gince t > x. Therefore, (33 is non-negative. The second inequality of is exactly the AM-GM
inequality that

2 < e P74 efr

In a nutshell, we have proven that is upper bounded by max ;< [t3| = SB. Moreover, when 2 belongs to the
intersection of the two intervals, (0, w) and (¢,w + t), the above inequalities are strict, i.e., is strictly smaller than
BB, which corresponds to the pure Laplace mechanism case where we fix all parameters to be constants.

Finally, we prove the approximate (¢, §)-DP argument. It is noted that the density function of U0, w] * Lap(0, 8)(z)
9_e BT _—Blw—x)
2w

¢, and decreasing when x > %. Therefore, when x € [0, w], since

, it is easy to verify that Pr(z < 1(4)) < 0, where

is increasing when z <
1—e Pw/2
w

5 — 1—e Pv
V() = =

w

Due to the symmetry, w.l.o.g., we consider the other extreme case where x is generated by U[B,w + B] * Lap(0, )
and compare the density ratio. When x € [0,w] N [B,w + B], the ratio becomes

2 — e BT _ o—Blw—a)
2 e—,@(w—B) _ e—,@(w—i—B—I) ’

which is upper bounded by 1—2. On the other hand, if = ¢ [B,w + B] but within [0, w], the ratio becomes

9 — e Bz _ p=Blw—2)
65@*5)(1 — e*ﬁw) ?

QPﬂ(

which is upper bounded by 5 Takmg the maximum of both, the claim holds.
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C Proof of Theoremd

Proof. Following the normalization in the proof of Theorem we still assume = = @ is a Laplace distribution whose
mean is uniformly distributed in [0, w], conditional on all prior intermediate outputs. As a corollary of Theorem

O(z) = max | log

Ow e*ﬂlwfy‘dy
[tI<B

T |

where the maximization is achieved when ¢ either equals to B3 or —B. To quantify supp Ep supp, ep p (0F), it suffices

to calculate
/ /9 e Plr=vl dydz, (35)

since the probability density function of x is fow %e’ﬁ l#=vldy. With the concavity of log(+), ii is upper bounded by

o pw Y e—Blz—zlg Wit —pla—zlg
log/ / ge*ﬁ%*yh max{ fo c : j; ¢ Z}dwdy. (36)
—00 JO w

t=%8 L“""te—ﬂ\w—ﬂdz’ [y e=Ble=2ldz

[ e —Blo—zl4, ftw+t e—Blz—zl g,
Now, we take a closer look into max;—45 { S g T e P } In the proof of Theorem (3} once

[@ e=Blo=zl g, fw+f 13\1. z|dz B
$¢[0 OJ] maxy— iB{fw+t —Ble—z1dy’ INP*B“‘ Zldz }:65 .

Since we assume w > BB, it is not hard to observe that

w ,—Blo—z| wtt —Ble—z| wtt —Ble—z|
B Iy dz [T e dz | _ [/"e dz .
T € [0, 5 ] maxi—4pn ffw-%—t e—Ble—zlqy’ f(;d e—Ble—zldy - fo e—Ble—zldy Bv
—Blz—z| wht —Bla—z| w g —Blo—z|
w=B w Jye dz [ e dz Jo dz .
S [ 5 ,5], maxX;—+pB { [‘tw+t “Ble—ldz’ [P e Plecldz fw+t hle—21qz By
w _—Ble—z| wtt —Ble—z| w —Blr—z|
w witB Jo e dz  [fTe dz Js dz .
x € [2, D) L maxi=+p5 { fqut e—Ble—zdy’ jo e—Ble—zldy j‘w+t e—Blz—zldy B’
t=

fw —Blz—zlg4, fw+tefﬂ\zfz\dz ftw+tefﬂ\zfz\dz
z € [%57, w], max;—15 [T e Blo—zldy JFePlo—=ldz [~ @ e Pla—=ldz

=5
Thus, fortunately, we can avoid the complicated integral at leastin = € [0, § — B], or x € [§ + B, w] where it is
simplified to O( [ e=#1#=vldy). Now, we can split R into three parts, (—o0, 0) U (w, 00), [0, 258] U [“££, w] and
(58 “’JQFB ). To avoid the tedious term when = € (5= =5 “’+B ), here, we simply substitute the global upper bound to

2
derive a closed-form expression but one may obtain the expressmn of v exactly with the same reasoning. Note the

symmetry on ¢t = £/, (36) is upper bounded by

(w=B)/2 (w 5 (w=B)/2 (pw—B /B
log {e“’B [1 — 2/ / 2wemmy'dyalac] +2/ / 2weﬁ":y'dydar:}. (37)
0 0 0 —B

D Proof of Theorem

We describe the construction of Algorithm|[I]in two steps to solve (I7). First, we recall the conventional ADMM (I9)
without first-order approximation but incorporating random penalties across iterations. The updating procedure of node
1 at the (k + 1)th iteration becomes,

éf+1 = arg mingi fz(91) - )\kT <A101 + Z]?&Z A gk — C)

2

+% AZOL + Z];ﬁz AJO;“ —C - +
P

k+1 __ k+1 k+1
Ot = g+l 1AM

(38)

510: — 85| s
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and the Lagrangian multiplier is updated accordingly as AF+1 := A\b — F+1 okt 1 (7N 4,95+ _ ). and AR+ .=
A — AL k—H(Zz L A0 o) ATkt — ¢ T is a global constant set up at the beginning. Let u**! =
[0’“1+]\1, ;A and w* = [0[1 .v]» Al where 6,y stand for the optimum to and X is an arbitrary point in R%. In
Algorlthmm we further apply first-order approx1mat10n in (38) as

0?-"—1 —H [AT k+1 ZA ak _ C _|_1-!ik+1011§ _ sz(af)] +A§+1- (39)
J#i

The utility analysis of Algorithm [T]is thus developed in two steps: first we derive the utility loss of (38) under mixup
structure; then we bound the loss from the approximation in Algorithm [I] Combine both, we then complete the proof.

Lemma 1. If f1.n) are all M-smooth convex functions, following (38)),

2E[F(Or11) — F(6.) — >\A(0k+1 6.)]

N
(40)
B + 3O + H + DEINAS ) + Bl — | — ut = w3,
i=1
where G = diag{H},..., Hy,1/C}. diag{...} denotes a diagonal matrix. Here, H; = H; - I = I'™* + AT pk+1 4,
is positive definite. h** is some remainder term which is non-negative if for any i,5 € [1 : N]

%(Bz - %) Z Ufnax,jﬁzz (41)
(Ni1)2 P, — %)(Bj - %) > (pi — P2)2

where p; - I = pf“ = pi - I for some constants 0 < p; < p; and owax; is the largest singular value of A;.

Proof. Since f; is convex,

(V07,077 = 07) > fi(6;) — £u()). (42)
Due to the optimality condition satisfied, we have
V(O07) = AT = p TN AG] T D A05 — o) + IO - ;7). (43)
J#i

Also from the KKT condition, for the optimal states OE‘L N] Z@Z\; A;0} = c. Substitute the above equations into 1i
we have

(AT (N — p (A" — ) + pf 1 A(6F — 6771)), 0771 — 07) + (67! — o))" (60F — 67 )
> [i(6FF) — £u(67).

Here, AQ* = Zl 14 0’C Let \* = A\* — X\ + )\, we can rewrite Ii as

(44)

(A" =X, A7 —07)) + (07T — 1) (I + AT pi ™ Ai) (07 — 0771) — (A0 — ¢, pi T A6 — 67)))
> [i(07 ) — fi(67) = AT A(6FH — 67).

(45)
Summing up the above formulas for: = 1,2, ..., N, we have
1 < < < < N ~
E(<)\k _ }\k—‘rl’)\k _ )\k+1> + <>\k+1 _ )\,Ak _ Ak+1>) + Z(ef-{-l _ aj)T(I—vik:-&-l + A?pf+1Az)(ef _ 95}-&-1)
i=1
~ N ~ ~ ~
— (AB* — ¢, kLA (08 — 0%)) > F(OFY) — F(0F) — AT A5 —0,).
( pi B ; i
i=1

(46)
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Let the matrix G = diag{H, ..., Hn, ¢ }, where H; = H; - I. With the identity: [|u* — u* ||, — [|[a*"" —u*|2 =
2(,&k+1 _ u*)TG(uk _ ,akJrl) + ”uk —

2
&> we have

* . " - 2 -
[ — w|[E = [[a" =t - [ - @t + ZIIA’“ — AR
47)
2(A0* — ¢, Zpk'HA (651 —07)) > 2[F(6%1) — F(07) — ATA(6*+! — 0.)).
Here, u* = (0f ), A"), @' = (0{“1433,],/\’““) and u* = (6,5 A). Let /" = [lu* — a2 — 2N~

Ne+1)12 4o Ak — ¢, TN | pktL A, (65+Y — 67))), which can be further rewritten as

N
pE+1 :ZHlHaf _ éll_c+1H2 HAk Ak+1||2 +2( ZA 0k 0k+1 + 0k+1 67) Zpk+1A (0k+1 6))

=1 =1 =1
N _ ~ N ~ N _
= H[|0F — ;7P — (A" — 0.7 + 20> Ai(0] — 6;71), > pi A0 - 67))
i=1 i=1 i=1
+200[| A0 — 0|7 + 20> A0 = 67), ) (P! — pol) A6 - 67)).
=1 =1

(43)
We assume p; - I = pf“ =< pi - I and o ax ; is the largest singular value of A;. To guarantee that Rk > 0, it suffices

to let
H; ¢

W(BZ - 5) > amax _]p12a
1 ¢ {yo s ) (49)
WoTE ) ) 2 (i)

In the following, we generalize the above with respect to 8¥7! = 851 + A¥*1 Tt is noted that
. M
[i(0+ AT < [i(0) + (A7, V £i(6)) + 7“Af+1||2-
In addition, E[[|@**! — uk*1||%] w.r.t. the randomness of AF 1 is [|[@*+! — w*||% + E[||u**! — u*||], since the
mean of noise added is zero. Putting things together, the claim follows.

With Lemmall] we can show the convergence and utility loss w.r.t. the norm |- .

Lemma 2. Under the same condition as in Lemmasuch that h* > 0, let 0K = % Zkl,(zl 0y, then

160 — 0.1, + ZIA*|I? N et iy (M + H + HE[| AF|?]

|E[F(6%)] — F(8,)| < 2;{ - (50)

VNAdB||8o—8.]lc, )

€

where X* is the state of \¥ when 0y, reaches the optimum. Under (e, d)-LDP, the utility loss is O(
Here, G, = diag{H, ..., Hx }.

Proof. Summing up @0) for &k = 0,1, ..., K — 1 and applying the Jensen inequality, we have

K K-1
E[K (F(6F) - TAY (O — E[F(Or+1) — F(8.) + AT A0y 1]
k=0 k=0
1 K—-1 N (51)
<3 > (M + H, + JE[ AT+ Efllu® — u|Z].
k=0 i=1

3 K-fold composition of (e, §)-(L)DP mechanisms can produce a (¢, K& 4 6)-DP, where ¢ = Ke? + 1/ —2K log é.
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Since A’ = 0 and X in u* is an arbitrary point in R?, by letting A\ = 0, we have

160 — 6.1%,  Shoy Zica (VM + H; + HE[[| AF|2]
< 5K + % .

E[F(6%) — F(6.)] (52)

On the other hand, with KKT condition, —\*T A(8% — 0,) = ~VF(0,)(6% — 0.). Applying convexity of F(-), we
have

F(0*) < F(6%) - VF(0,)T (6% —9.). (53)
Thus, by letting A = 2\* in and adding —\*T A(6% — .. on both sides of (53, we have
K K
—XNTAY (61— 0.) <F(0%) =~ F(0%) —2X"TAY (0441 — 6.)
k=0 k=0 (54)
< 180 - 6.3, + 2N Yiey L (M + H + LE[|A¥|?)

- 2K K

Following [BST14], E[|| A¥||? = O(ﬁjifi’) under (¢, 0)-LDP guarantee. Putting the upper and lower bounds of
F(65) — F(6*) together, let K = O(¥XY95)  the claim follows.

€

Finally, we can bridge the above utility analysis and the case where we further apply first-order approximation in
(38) as
k+1 . gr—1T7 AT (\k k+1 k k+1pk k k+1
OF ! = H AT (N — pf T (D A;08 —c)) + Il 0F — Vfi(6])] + AV (55)
J#
To quantify the loss from the approximation, we provide the following lemma.

Lemma 3. Under the modified updating procedure above, Lemmaholds with the same setup and h*T1 is non-negative
ifforanyi,j € [1: N]:

H;—M _

JN’A’ (Bz - %) > 0-12nax,jpi2

1 5 ¢ (56)
(N—1)2 (p, —3)p, — 3

Proof. With the smooth assumptions on V f;, i.e., for any 8 and vy,
IVfi(0) = Vfi(y)ll < M|[6 —yl|,

we have the following fact: for any z
T M 2
fi(0) — fily) < V[ (2)(0 —y) + 7”9 - z||".

Therefore, by replacing Gf“ with 8% in , all the deductions in Theorem || stay the same except that the term
SN Hy||65+! — 9F|12 in the expression of ¥t in becomes S | (H; — M)||6%+* — 6% ||. Therefore, by
replacing H; in (@) with H; — M, the claim follows.

Once h* is non-negative as guaranteed by the above lemma, Lemma still holds under the first-order approximation
based updating rule, which completes the proof.

E Proof of Theorem

Without loss of generality, we scale the original objective function by a factor of +: let F(0) = & Zf\il fi(0;) and
accordingly the updating rule of Algorithm [2]becomes,

yb +yh

5 ) + A, (57)

0; = wiyt + (I; — w;)yh — N1V i
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Foreachk € [0: K — 1],

k+1 )12 1 k k * Y+ Y5 e
lyr™ — 07" = > (wiyt + (T —w)ys — 0" — G VA(F2)|
|5§k+1|i652h+1 2
1 " "
> (wilyf - 0%) + (Ia — wi)(y5 — 07))|I°
|S2k+1] 5
K3 2k+1
Kook (58)
1 . vfz<y1+yg ) + C*l AZ
2Ck11( > (wiyt + (Ta—wi)yh) — 0%, > 2 BT
|Sorky1] ) | Sok+1]
1€S2k41 1€S2k 41
1 Yt +yb 2
+ R — V(=) + A,)|*
||ESX: |52k;+1| (Ck‘"rl f( 2 ) l)”
1E€ES2k+1

In the following, we will use the following inequality that, if for ¢ € [1 : N], w; > 0 and Zf\il w; = 1, then for
arbitrary N real numbers 71, y, the following holds,

O wir)? <Y wirl (59)

i=1 i=1

It is noted that in (58), the sum of weights of (y¥ — *) and (y§ — 0*) is always the identity. With (59), by taking

expectation on both sides of (58), we have

— 0" + [ly5 — 0"
2

k
* y A
Elllyy ™ - 0] < ]E[H : ]+ (1742 G* + E[| A1)

(60)

k k k k
+ +
B 277k+1<y1 . Yo ,VF(yl . Ys ),
Ak 1
where A7 = B >

thus for each 7,

i€San s, Qi Here, we use the fact that since we randomly divide the agents into 2/ subsets and

Bligy > VA©) = VF©)

ties;
for arbitrary 8. On the other hand, E[ﬁ > ies, w;] = %Id, where the selection of w; is independent to the agent
grouping scheme.

Similarly, we can derive the similar upper bound of E[||y5™! — 6*||?] that
. ”yk_o* 2+|yk_0*2 _ yk+yk yk_|_yk
By - o) < O 2Oy e e A - o (PR wR(LT )

(61)
— k k k k k k
where A% = ISTlJrz\ 2 icSanss IAlli- Applying the fact that (Bt _gr VE(WT¥2)) > p(BE%) - F(9*) and

k k
taking the average on both sides of and 1@) we can bound F(%) — F(x*) as,

k k -1
y +'y * n * * * *
F(FL22) = F(0%) < 2R (|lyb — 072 + [|lys — 07[1° — [lyf ™ — 071> — w5 ™! — 6°|)

2 4
_ _ (62)
Mt o ElIAT]?] + E[A5)]]
+ ( G* + ).
2 4ﬂk+1

Before we can derive a global convergence analysis, we need to give an upper bound on |yt — 6*| and ||y5 — 6*|| with
the initial divergence ||y{ — ||, |y9 — *| and the noise E[|| A¥||?] and E[|| A%||]. It is noted that, with rearrangement
on and the fact F(9) — F(0*) > 0,

Iyt — 0°11% + llys — 6"

Ellyy ™" - 6*)°] <E| 5

J+ 041 (G? + Ellmey, AT (63)
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When we select 1, = f’ PO b i = M pe1 o < logc# since k < K. The above renders an upper bound on

k+1_gx k+1_ g+ |2
[Hyl H +H'.'J I ]that

||yk+1 H*HQ + HykJrl B*HQ
Bl ! <
with the assumption maxy, je (1,23 E[(A%Y/nx)?] < V2. Thus, can be further formulated as

0_0* 2+ 0_0*2 lo K+1
E[”yl I+ llys — 6711, | log

: R A 0]

S EF W”z )~ F(6")]

=0
— * * — * * K-
< Zk:l(%+1 — e DIyl — 07112 + [lys — 0112 + 0 (ly) — 0% + |ly3 — 0%)1?) + 25y mer1 (G? +V?)
- 4K
B O(C\/E(Hy? — 0|12+ ||y — 0*?) + ¢ Y(log K + 2)VK + 1(G? + V2))
— = ,

(64)
and E[Zf\il fi( kK:_Ol Zf\il 0F/NK) — f;(0%)] < Z ZZN w. Here, we use the trick of SGD
proof of selecting such a sequence of decreasing step size. To finally disclose the utility-privacy tradeoff, we specify the
parameter of noise. In pure e-LDP setting, since the sensitivity is bounded by B in [, on each dimension we may add a
noise following Lap(0, 7--z) to produce a total € loss from d dimensions. Under the relaxed (e, §)-DP setting, with the

strong composition theorem [KOV17], the variance E[( A¥ /7;)?] can be reduced to O(%d(@)%. Substituting those
into (64), we complete the proof of the Theorem that

3/2

VI =Py = 072G+ YELE) g

puree — LDP : O =0(——=)
VK VNe 65)

dB

VNe

relaxed (e,8) — LDP : O( ).

F Non-asymptotic Convergence Rate Analysis

Theorems [5]and [6] have provided a unified upper bound of privacy-utility tradeoff, which is also asymptotically tight
[KOV 14]. In the following, we aim to capture the gap between the performance of fixed parameters and update mixing
in a non-asymptotic view. For simplicity, we still consider the consensus case. In general, the framework of the proposed
private DGD can be expressed as

0111 = Wii10 — &1 VF(E[Wy11]0;) + AF T (66)

where, recalling w;; in . Wi41(i, j) = w;; - I is a random stochastic matrix determined by the weights selected by
each agent. Here, I is the d x d identity matrix and W (4, j) denotes the element of W at the crossing of the i* row and
4" column (in a block sense). We call a non-negative matrix W stochastic if the sum of entries in each row is 1. W is
doubly stochastic if W7 is stochastic as well. Let W (4, :) and W (:, j) denote the i*" row and j*" column, respectively.
When E[W},] is doubly stochastic, a similar upper bound of utility-privacy tradeoff for can be derived as follows,

Theorem 7 Selecting &, = O(ﬁ) when f1.n](-) are L-Lipschitz, and E[Wy] is doubly stochastic,
K-1g

pE 0 pe) < 241y R )

where Wy = I, R is a term invariant to the randomness of Wy, specified in the proof. and

y 0 2 E Wit (1] 3y EWie (i,)]76 Bl Kl(of—]E[WkH(i,:)]TOk)”
KN K K '
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Proof. Applying the convexity of F(-) that (VEF (E[Wjy41]0k), E[Wy+1]0k — 0.) > F(E[Wj41]6) — F(0.), we can
derive the following:
E[F (E[Wy1]6k) — F(6.)]
1 _
< S THE[I Wi 8k — 0.7 + [|€ VP (E[Wi41]05) — AP — 0111 — 6.]) (68)

< %(C’““)“(E[H@k = 0.7 = 1041 — Ou)® + €MV E(E[Wis1]61) 7] + E[ A*|1]).

Following the proof of Theorem 6] we may sum up and average out both sides of fork=0,1,..., K — 1, which
turns to be,

k—1
LN rEio) - Fo.) > r EWenlfy )

k=0

However, such a bound cannot be straightforwardly used for measuring utility since 6}, is not necessarily in consensus,
ie., 0f = 0% foranyi,j € [1: N], and thus F(E[W}41]6)) — F(6.) > 0 may not hold. However, when we assume
fi(+) is L-Lipschitz, such a gap can be fixed via (69):

a K-Us~N w1 (1,710
Zfl( k=0 ZlflK[]V k+1( ) ] k?) _ F(O*)
= 69
< P fzglE[WkH]ak) Fe )+L§N]| o S EWiga (1) T]0k szj)lE[WkH]ek” )
- K * KN K ’

K—1 <N - \T1gk
. wherg Wk+1(i., ) denotes the it row of Wk.+1. It is noted that Ei\;l J‘}(E’“:0 Ei:lf}[]‘;vk“(l") 16; )—F(0.) >0
since 6, is the optimum under consensus restrain. Therefore,

K-1 .
‘F( [Wk+1]0k ( | < + LZ || k 0 Zl 1 [Wk+1(la :)]Tak _ Zk:O ]E[WkJrl(lv :)]Tek ||
K KN K

_ (70)
where \/—7% corresponds to the average of the sum of the right hand of l@b following the proof of Theorem@ which is
invariant to the randomness of Wj,.. Moreover, applying L-Lipschitz continuity again,

K-1 K-1

=1

Putting things together, the claim follows.

Theorem indicates that, to study the utility loss, it suffices to consider the rate of 8y, towards the consensus, i.e.,
0k = 0;“ for i, j € [1 : N], where the deviation amongst @}, controls 7,% on the right hand of . This is consistent
with intuition. In the non-private case, where the convergence proofs in [MO17) ISLY " 14]] guarantee 8}, approaches
the unique consensus optima 8., the excess loss is then proportional to the divergence among 8}, in expectation. For
quantification, we introduce the following metric ¢ (), which denotes the largest deviation between any two elements
of @ in I, norm. For example, ¢(0)) = max; ; |0} — 6%]|. With the above understanding, we move our focus to

o( 2{;01 0;./K). To proceed, we rewrite Zi:ol 0)./ K in the following form,

K-—1
0,/ K = Z HW00+Z H W,R (72)

k=0 j=11=j+1

K—

=

where for simplicity we rewrite 01 = Wy 10y + Ry for some remainder term Ry 1 and Hf: y W, =1Iifj > k.
Now, we measure the impact of random aggregation, i.e., random stochastic W, applied in (66), on the consensus
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rate of Zi:ol 01/ K, compared to the fixed W, = W case. From 1i we consider the extreme scenario where
the communication graph is fully connected and W (i, j) = % - I. The justification of this choice is as follows.
Such fixed weight matrix W with identical rows has the property that for any 6, elements in W8 are identical,
ie, p(WO) = 0. Let W), = W in , then all the terms that are a multiple of W reach consensus and thus
o( kK:_Ol 0,/K)=¢((0 + Z Rk) / K ). In contrast, for randomized W, those terms of multiples of W, such
as [ [, Wi in (72] . do not necessanly reach consensus, which produces the gap between the random and fixed cases.
For simplicity, we assume N is even and con51der the following way to randomize Wy: Wy (i, j) = rkH % -Iif
§ <X otherwise W (i, ) = (1 — rF™) x 2 . I.r¥ areiid. random variables in (0, 1). Clearly, E[Wj,11] = W.

Lemma 4. For two matrices W1 and Wy, independently following the distribution described above,
1 .
E[6((WiW2)(:,5))] < SE[S(Wa(:, 1)) (73)

Proof. For simplicity, we omit the T in the elements of W. It is noted that W (i1, j) = ZlN 1 Wi(ia, )Wa(l, ) and
W (i, j) = Ez 1 Wh(i2, ))Wa (1, j). Without loss of generality, we assume W>(1, j) = min;{Ws(l, j)}. Thus,

N
(W (i1, §) = Wiz, )| = | D (Walix, 1) = Wa(ia, 1)) Wa(l, §)]|
=1
N N N
=11 =) Wi, 1) = 1+ > Wilia, ))Wa(L,5) + D _(Wi(in, 1) — Wi (i, 1) Wa(l, j)| (74)
=2 =2 =2
N
=Y (Wiin, 1) = Wilia, 1)) (Wa(l, j) = Wa(1,5))]-
=2

It is noted that WQ(L j) — Wa(1,7) > 0 for ! > 2 which is no bigger than ¢(W5(:, j)). Due to the distribution of W7,
eltherW1(21, ) (22, )>0,l€[1:%]andwl(il,l)—W1(i2,l)SO,ZE[%—i—l:N},OrWl(’L'hl)—Wl(’L'Q,Z)S
0,0 € [1: &]and Wi (i1,l) — Wi(ia,1) > 0,1 € [5 + 1 : N]. Therefore, by taking expectation on both sides of ,

E[[W (i1, 5) — W (i2, 5)[] < %E[mlaxwl(ihl) — min Wa(iz, DE[(Wa(:, 5)]
3

1 1

= (4 = PEBVa ()] = SEBOVaC, )

(75)

LemmaE]indicates that even with randomness in W}, where ¢(W;,0) = 0 does not necessarily hold, the product of
W), converges to a matrix of identical rows with an expected exponential rate. It is noted that for fixed 8, ¢(] [, W30) =
O(max; ¢(([ I, W)(:,7))- Then, the gap can be bounded theoretically as follows.

Theorem 8 Under (¢,0)-LDP and the setup claimed above for Wi, fixed to W, ¢( Ok/K) (LK +++
dB =) as for randomized W, generated as Lemmal ¢ Bk/K) (\/? +++ ( + ﬁ)dl&’ ).

€

Proof. First, we rewrite the expression of Rj,. Recalling , Ri = (= &V 1i(W6i_1) + A, =&V fo(WOj,_1) +
AL =&V fn(WO_1) + AX). It is noted that, though VF(8*) = Zf\il Vfi(0*) = 0, Vf;(6*) does not
necessarily equal to 0. On the other hand, when we select &, = O(1/V/k), the sensitivity of &,V f;(8*) is O(1/Vk),
where accordingly the noise || A¥|| is also scaled in O(ﬁ . @
terms. Thus, for fixed W, = W,

) for (e, 0) privacy guarantee when we ignore other

0o+ > Ri, 1 dBa,

o Ok, o 1
o( ) = ( I )= (7K+E+T

).
Here, we use the fact ZkK:l ﬁ = O(VK).
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In comparison, for randomized W}, applying Lemmad]on E[¢(W),+1 VF (E[W}]6))], we have

1
E[¢p(Wi1 VE(E[W,]0))] = E[p(Wi VF(W))] < 56(VE(W))).

Moreover, since AF are i.i.d. noise, due to the construction of Wy, in the setup, E[¢p(Wj 11 AF)] = O(ﬁE[HAﬂ D,

where A* = (A}, A%, ..., A%,). Similarly, applying Lemma 4} the sum E[>"%_, ¢(H§:1 Wi(:,7))], which is a

-1
geometric decaying sequence, is bounded by 2. Therefore, qS(%) = O(\/% +2+(1+ \/%) - 4B which

€

asymptotically enjoys O(dBTw) as N and K increase.
Theorem [8| shows that, with either fixed and randomized W}, the consensus distance in the average Zsz_ol 0./ K

measured with ¢ gradually approaches dB.. /¢ as N and k increase. This explains why update mixing comes almost
free of utility loss.
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