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—— Abstract

We present probabilistic dynamic I/0 automata, a framework to model dynamic probabilistic
systems. Our work extends dynamic I/O Automata formalism [1] to probabilistic setting. The
original dynamic I/O Automata formalism included operators for parallel composition, action hid-
ing, action renaming, automaton creation, and behavioral sub-typing by means of trace inclusion.
They can model mobility by using signature modification. They are also hierarchical: a dynamic-
ally changing system of interacting automata is itself modeled as a single automaton. Our work
extends to probabilistic settings all these features. Furthermore, we prove necessary and suffi-
cient conditions to obtain the implementation monotonicity with respect to automata creation
and destruction. Our work lays down the premises for extending composable secure-emulation
[3] to dynamic settings, an important tool towards the formal verification of protocols combining
probabilistic distributed systems and cryptography in dynamic settings (e.g. blockchains, secure
distributed computation, cybersecure distributed protocols etc).
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1 Introduction

Distributed computing area faces today important challenges coming from modern applic-
ations such as cryptocurrencies and blockchains which have a tremendous impact in our
society. Blockchains are an evolved form of the distributed computing concept of replicated
state machine, in which multiple agents see the evolution of a state machine in a consistent
form. At the core of both mechanisms there are distributed computing fundamental elements
(e.g. communication primitives and semantics, consensus algorithms, and consistency models)
and also sophisticated cryptographic tools. Recently, [5] stated that despite the tremendous
interest about blockchains and distributed ledgers, no formal abstraction of these objects
has been proposed. In particular it was stated that there is a need for the formalization
of the distributed systems that are at the heart of most cryptocurrency implementations,
and leverage the decades of experience in the distributed computing community in formal
specification when designing and proving various properties of such systems. Therefore, an
extremely important aspect of blockchain foundations is a proper model for the entities
involved and their potential behavior. The formalisation of blockchain area has to combine
models of underlying distributed and cryptographic building blocks under the same hood.
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The formalisation of distributed systems has been pioneered by Lynch and Tuttle [6]. They
proposed the formalism of Input/Output Automata to model deterministic distributed system.
Later, this formalism is extended with Markov decision processes [7] to give Probabilistic
Input/Output Automata [9] in order to model randomized distributed systems. In this model
each process in the system is a automaton with probabilistic transitions. The probabilistic
protocol is the parallel composition of the automata modeling each participant. This
framework has been further extended in [2] to task-structured probabilistic Input/Output
automata specifically designed for the analysis of cryptographic protocols. Task-structured
probabilistic Input/Output automata are Probabilistic Input/Output automata extended
with tasks structures that are equivalence classes on the set of actions. They define the
parallel composition for this type of automata. Inspired by the literature in security area they
also define the notion of implementation. Informally, the implementation of a Task-structured
probabilistic Input/Output automata should look "similar" to the specification whatever the
external environment of execution. Furthermore, they provide compositional results for the
implementation relation. Even thought the formalism proposed in [2] has been already used
in the verification of various cryptographic protocols this formalism does not capture the
dynamicity in blockchains systems such as Bitcoin or Ethereum where the set of participants
dynamically changes. Moreover, this formalism does not cover blockchain systems where
subchains can be created or destroyed at run time [8].

Interestingly, the modelisation of dynamic behavior in distributed systems is an issue that
has been addressed even before the born of blockchain systems. The increase of dynamic
behavior in various distributed applications such as mobile agents and robots motivated the
Dynamic Input Output Automata formalism introduced in [1]. This formalisms extends the
Input/Output Automata formalism with the ability to change their signature dynamically
(i.e. the set of actions in which the automaton can participate) and to create other 1/0O
automata or destroy existing I/O automata. The formalism introduced in [1] does not cover
the case of probabilistic distributed systems and therefore cannot be used in the verification
of blockchains such as Algorand [4].

Our contribution. In order to cope with dynamicity and probabilistic nature of
blockchain systems we propose an extension of the formalisms introduced in [2] and [1]. Our
extension use a refined definition of probabilistic configuration automata in order to cope
with dynamic actions. The main result of our formalism is as follows: the implementation
of probabilistic configuration automata is monotonic to automata creation and destruction.
Our work is an intermediate step before defining composable secure-emulation [3] in dynamic
settings.

Paper organization. The paper is organized as follow. Section 2 is dedicated to
a brief introduction of the notion of probabilistic measure an recalls notations used in
defining Signature I/O automata of [1]. Section 3 builds on the frameworks proposed in
[1] and [2] in order to lay down the preliminaries of our formalism. More specifically, we
introduce the definitions of probabilistic signed I/O automata and define their composition
and implementation. In Section 4 we extend the definition of configuration automata proposed
in [1] to probabilistic configuration automata then we define the composition of probabilistic
configuration automata and prove its closeness. The key result of our formalisation, the
monotonicity of PSIOA implementations with respect to creation and destruction, is presented
in Section 5. The Appendix of the paper includes of the proofs and the intermediary results
needed to the proof of our key result.
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2 Preliminaries

Preliminaries on probability and measure. We assume our reader is comfortable with
basic notions of probability theory, such as o-fields and (discrete) probability measures. An
extended abstract is provided in Appendix. A measurable space is denoted by (S, Fs), where
S is a set and Fy is a o-algebra over S. A measure space is denoted by (S, Fs,n) where 7 is
a measure on (S, Fs). The product measure space (S1, Fs,,11) ® (S2, Fs,,72) is the measure
space (S1 X So, Fs; ® Fs,, M1 @ 12), where Fs, ® Fs, is the smallest o-algebra generated by
sets of the form {A x B|A € F;,, B € F,,} and 11 ® 12 is the unique measure s. t. for every
Cy € Fy,,Co € Fyyy m @12(C1 x Ca) = m1(C1)n2(C2).

A discrete probability measure on a set S is a probability measure 1 on (5, 27), such that,
for each C' C S,n(S) = >_.ccn({c}). We define Disc(S) to be, the set of discrete probability
measures on S. In the sequel, we often omit the set notation when we denote the measure of
a singleton set. For a discrete probability measure 1 on a set S, supp(n) denotes the support
of n, that is, the set of elements s € X such that 7(s) # 0. Given set S and a subset C C S,
the Dirac measure d¢ is the discrete probability measure on S that assigns probability 1 to
C. For each element s € S, we note J, for d).

Signature I/O Automata (SIOA). Our framework builds on top of Signature I/O
Automata (SIOA) introduced in [1]. We assume the existence of a countable set Autids
of unique signature input/output automata identifiers, an underlying universal set Auts of
SIOA, and a mapping aut : Autids — Auts. aut(A) is the SIOA with identifier .A. We use
"the automaton A" to mean "the SIOA with identifier A". We use the letters A, B, possibly
subscripted or primed, for SIOA identifiers. The executable actions of a SIOA A are drawn
from a signature sig(A)(q) = (in(A)(q),out(A)(q),int(A)(q)), called the state signature,
which is a function of the current state g of A.

We node in(A)(q), out(A)(q), int(A)(q) pairwise disjoint sets of input, output, and internal
actions, respectively. We define ext(A)(g), the external signature of A in state ¢, to be
ext(A)(q) = (in(A)(q), out(A)(q)).

XX:3

We define local(.A)(q), the local signature of A in state g, to be local(A)(q) = (out(A)(q),in(A)(q)).

For any signature component, generally, the ~ operator yields the union of sets of actions
within the signature, e.g., sig(A) : ¢ € Q — sig(A)(q) = in(A)(q) U out(A)(q) Uint(A)(q).
Also define acts(A) = U, cq sig(A)(q), that is acts(A) is the "universal” set of all actions that
A could possibly execute, in any state. In the same way UI(A) = U, in(A)(q), UO(A) =

Uyeq 0ut(A)(@), UH(A) = U,eq int(A)(q), UL(A) = U,cq local(A)(q), UE(A) = U,cq cxt(A)().

3 Probabilistic Signature /0O Automata

In the following we extend the definition of Signature I/O Automata introduced in [1] to
probabilistic settings. We therefore, combine the formalisme in [1] with the Probabilistic I/O
Automata defined in [9]. We will define the composition of PSIOA, measures for executions
and traces and the notion of a environment for a PSIOA. Moreover, we extend the operators
hidden and renaming to a PSIOA.

» Definition 1 (probabilistic signature |/O automata). A probabilistic signature I/O automata
(PSIOA) A = (Q, q, sig(A), D), where:

(a) Q is a countable set of states, (Q,2%) is a measurable space called the state space,
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and ¢q is the start state.

(b) sig(A) : ¢ € Q — sig(A)(q) = (in(A)(q),out(A)(q),int(A)(q) is the signature
function that maps each state to a triplet of countable input, output and internal set of
actions.

(d) D C @ x acts(A) x Disc(Q) is the set of probabilistic discrete transitions where
Y(g,a,m) € D:a € s/z\g(.A)(q) If (¢,a,n) is an element of D, we write ¢ - 1 and action
a is said to be enabled at q. The set of states in which action a is enabled is denoted by
E,. For B C A, we define Ep to be |J,cp
by enabled(q). If a single action a € B is enabled at ¢ and ¢ % 7, then this 7 is denoted
by n(a,q,B)- If B is a singleton set {a} then we drop the set notation and write 1(4,q,q)-

E,. The set of actions enabled at ¢ is denoted

In addition .4 must satisfy the following conditions:

E; (Input action enabling) Vx € @ : Va € in(A)(q),3In € Disc(Q) : (¢,a,n) € D.
T Transition determinism: For every ¢ € @ and a € A there is at most one 7 € Disc(Q)
such that (q,a,n) € D.

For every PSIOA A = (Q, q, sig(A), D), we note states(A) = Q, start(A) = q, steps(A) =
D.

» Definition 2 (fragment, execution and trace of PSIOA). An execution fragment of a PSIOA
A=(Q,q,sig(A),D) is a finite or infinite sequence o = goayqyas... of alternating states and
actions, such that:

1. If « is finite, it ends with a state.
2. For every non-final state g;, there is € Disc(Q) and a transition (¢;,a;4+1,m) € D s. t.

Gi+1 € supp(n).

We write fstate(a) for go (the first state of a), and if « is finite, we write Istate(a) for
its last state. We use Frags(A) (resp., Frags™*(A)) to denote the set of all (resp., all finite)
execution fragments of A. An ezecution of A is an execution fragment « with fstate(a) = q.
Execs(A) (resp., Execs*(A)) denotes the set of all (resp., all finite) executions of A. The
trace of an execution fragment «, written trace(«), is the restriction of « to the external
actions of A. We say that § is a trace of A if there is a € Fxecs(P) with 8 = trace(a).
Traces(A) (resp., Traces*(A)) denotes the set of all (resp., all finite) traces of A.

» Definition 3 (reachable execution). Let A = (Q, ¢, sig(A), D) be a PSIOA. A state ¢ is
said reachable if it exists a finite execution that ends with q.

The aim of I/O formalism is to model distributed systems as composition of automata and
prove guarantees of the composed system by composition of the guarantees of the different
elements of the system. In the following we define the composition operation for PSIOA.

» Definition 4 (Compatible signatures). Let S be a set of signatures. Then S is compatible
iff, Vsig, sig’ € S, where sig = (in, out,int), sig’ = (in’, out’,int’) and sig # sig’, we have:
1. (inUout Uint) Nint’ =0, and 2. out Nout’ = (.

» Definition 5 (Composition of Signatures). Let ¥ = (in, out,int) and ¥’ = (in/, out’,int’)
be compatible signatures. Then we define their composition ¥ x ¥ = (in U in’ — (out U
out"), out U out’,int U int’).

Signature composition is clearly commutative and associative.

» Definition 6 (partially compatible at a state). Let A = (Ay,..., A,,) be a set of PSIOA.
A state of A is an element ¢ = (q1,...,qn) € Q@ = Q1 X ... X Q,. We say Ay, ..., A, are
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partially-compatible at state g (or A is) if {sig(A1)(q1), .. szg( »)(qn)} is a set of compatible
signatures. In this case we note sig(A)(q) = sig(A1)(q1) x ... X sig(An)(¢n) and we note
N(A,q,a) € Disc(Q), s. t. for every action a € sig(A)(q), NAga) =M @ ... &N, € Disc(Q)
that verifies for every j € [1,n] :

It a € sig(A;)(a;), 15 = (A, .q5.0)-
Otherwise, 1; = d4;

while 1A q,a) = 9¢ if a ¢ S/Z\g(A)(q)

» Definition 7 (pseudo execution). Let A = (Ay,..., A,) be a set of PSIOA. A pseudo
execution fragment of A is a finite or infinite sequence o = ¢®a'q'a?... of alternating states

of A and actions, such that:

If « is finite, it ends with a n-uplet of state.

For every non final state ¢°, A is partially-compatible at ¢*.
For every action a’, a' € sig(A)(q"™1).

For every state ¢*, with i > 0, ¢* € supp(1(a,qi-1,ai))-

A pseudo ezecution of A is a pseudo execution fragment of A with ¢° = (ga,,---,q4, )-

» Definition 8 (reachable state). Let A = (A4, ..., A;,,) be a set of PSIOA. A state ¢ of A is
reachable if it exists a pseudo execution « of A ending on state q.

» Definition 9 (partially-compatible PSIOA). Let A = (A4,..., A,) be a set of PSIOA.

The automata Ay, ..., A, are f-partially-compatible with £ € N if no pseudo-execution «
of A with |a| < ¢ ends on non-partially-compatible state ¢q. The automata A, ..., A,
are partially-compatible if A is partially-compatible at each reachable state ¢, i. e. A is
{-partially-compatible for every ¢ € N.

» Definition 10 (Compatible PSIOA). Let A = (A4, ..., A,,) be a set of PSIOA with A; =
((Qi, Fq,), sig(A;), D;). We say A is compatible if it is partially-compatible for every state
q= (Qh ---aQn> € Q1 X ... X Qn.

Note that a set of compatible PSIOA is also a set of partially-compatible automata.

» Definition 11 (PSIOAs composition). If A = (A4, ..., A,) is a compatible set of PSIOAs,

with A; = (Qi, @, sig(A;), D;), then their composition A||...||A,, is defined to be A =
(Q7 q_v SZg(A)7 D), where:

Q=Q1x...XQy

7= (q1;-qn)

sig(A) : ¢ = (q1, -, qn) € Q = sig(A)(q) = sig(Ar)(q1) X ... x sig(An)(an). ,

D C Q x A x Disc(Q) is the set of triples (¢, a,n(a,q,q)) 50 that ¢ € Q and a € sig(A)(q)

To solve the non-determinism we use schedule that allows us to chose an action in a
signature. To do so, we adapt the definition of task of [2] to the dynamic setting. We assume
the existence of a subset Autidsqg C Autids that represents the "atomic ententies" that will
constitute the configuration automata introduced in the next section.

» Definition 12 (Constitution). For every A € Autids, we note

states(A) — P(Autidsg) = 241450

tituti :
constitution(A) { q — constitution(A)(q)

For every A € Autidsy, for every q € states(A), constitution(.A)(q) = {A}.

XX:5
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For every A = (A1,...,A,) € (Autidso)™, A = Aj|...||A, for every ¢ € states(A),
constitution(A)(q) = A.

» Definition 13 (Task). A task 7' is a pair (id, actions) where id € Autidsy and actions is
a set of action labels. Let T = (id, actions), we note id(T) = id and actions(T) = actions.

» Definition 14 (Enabled task). Let A € Autids. A task T is said enabled in state g €
states(A) if :
id(T) € constitution(A)(q)
It exists a unique local action a € loc(A)(q) N actions(T) (noted a € T to simplify)
enabled at state ¢ (that is it exists n € Disc(Q) s. t. (¢,a,n) € D.

In this case we say that a is triggered by T at state q.

We are not dealing with a schedule of a specific automaton anymore, which differs from
[2]. However the restriction of our definition to "static' setting matches their definition.

» Definition 15 (schedule). A schedule p is a (finite or infinite) sequence of tasks.

» Definition 16. Let A be a PSIOA. Given p € Disc(Frags(A)) a discrete probability
measure on the execution fragments and a task schedule p, apply(u,p) is a probability
measure on Frags(A). It is defined recursively as follows.

1. applya(p, \) := p. Here A denotes the empty sequence.

2. For every T and « € Frags*(A), apply(p, T)(a) := p1(a) + p2(a), where:
)0 (e) if a=d'aq,q = Istate(a’) and a is triggered by T

pi(e) = { otherwise

[ w(e) if T is not enabled after o

pa(e) = { 0 otherwise

3. 3. If p is finite and of the form p'T, then applya(u, p) := applya(applya(p, p'), T).

4. 4. If p is infinite, let p; denote the length-i prefix of p and let pm; be applya(p, p;). Then

applya(p, p) == lim pm;.

tdist a(p, p) : Tracesa — [0,1], is defined as tdist (. p)(E) = apply(dq, p)(trace ;' (E)),
for any measurable set I € Frraces4-

We write tdist 4(u, p) as shorthand for tdist 4 (applya(u, p)) and tdist 4(p) for tdist 4(apply4(3(Z), p)),
where 6(Z) denotes the measure that assigns probability 1 to z. A trace distribution of A is
any tdist a(p). We use T'dists 4 to denote the set {tdist4(p) : p is a task schedule }.

We removed the subscript A when this is clear in the context.

In the following we introduce the notion of a environment for a PSIOA.

» Definition 17 (Environment). A probabilistic environment for PSIOA A is a PSIOA &
such that A and £ are partially-compatible.

» Definition 18 (External behavior). The external behavior of a PSIOA A, written as
ExtBehy, is defined as a function that maps each environment £ for A to the set of trace
distributions T'dists 4|¢-

We introduce in the following the hiding and renaming operators for PSIOA.

» Definition 19 (hiding on signature). Let sig = (in, out,int) be a signature and acts a set
of actions. We note hide(sig, acts) the signature sig’ = (in’, out’, int’) s. t.
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in' =in
out’ = out \ acts
int’ = int U (out N acts)

» Definition 20 (hiding on PSIOA). Let A = (Q, g, sig(A), D) be a PSIOA. Let hiding-
actions a function mapping each state ¢ € @ to a set of actions. We note hide(A, hiding-
actions) the PSIOA (Q, q,sig’(A), D), where sig'(A) : ¢ € Q — hide(sig(.A)(q), hiding-
actions(q)).

It should be noted that hiding and composition are commutative. A formal proof can be
found in the Appendix.

» Definition 21. (State renaming for PSIOA) Let A be a PSIOA with @ 4 as set of states,
let @4 be another set of states and let ren : Q4 — Q4 be a bijective mapping. Then
ren(A) is the automaton given by:

start(ren(A)) = ren(start(Q.))

states(ren(A)) = ren(states(Q4))

Vgu € states(ren(A)), sig(ren(A))(qa) = sig(A)(ren=1(qa))

Vqu € states(ren(A)),Va € sig(ren(A))(qar),if (ren=(qas),a,n) € D4, then (qas,a,n’)
Dyenay where 17 € Disc(Quar, Fq,,) and for every qar € states(ren(A)), n'(qar) =
n(ren™(qa)).

» Definition 22. (State renaming for PSIOA execution) Let A and A’ be two PSIOA s.
t. A = ren(A"). Let a = ¢%a'q’... be an execution fragment of A. We note ren(a) the

sequence ren(q®)alren(qt)....

4 Probabilistic Configuration Automata

Towards the extension of the formalism to dynamic settings, in this section we introduce the
Probabilistic Configuration Automata (PCA) that combines the PSIOA framework defined
above and the notion of configuration of [1]. The main key result we prove here is the
closeness of PCA closeness under composition.

» Definition 23 (Configuration). A configuration is a pair (A, S) where

A = (A4, ..., A,) is a finite sequence of PSIOA identifiers (lexicographically ordered 1),
and
S maps each A € A to an sy € states(Ag).

In distributed computing, configuration usually refers to the union of states of all the
automata of the system. Here, the notion is different, it captures a set of some automata
(A) in their current state (S).

» Definition 24 (Compatible configuration). A configuration (A,S) is compatible iff, for
all A/B e A, A # B: 1. sig(A)(S(A)) Nint(B)(S(B)) = 0, and 2. out(A)(S(A)) N
out(B)(S(B)) =0

» Definition 25 (Intrinsic attributes of a configuration). Let C' = (A, S) be a compatible
task-configuration. Then we define

1 Jexicographic order will simplify projection on product of probabilistic measure for transition of compos-
ition of automata

XX:7
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auts(C') = A represents the automata of the configuration,

map(C) = S maps each automaton of the configuration with its current state,

out(C) = U 4ca 0ut(A)(S(A)) represents the output action of the configuration,

in(C) = (Uea in(A)(S(A))) — out(C) represents the input action of the configuration,
int(C) = U ca int(A)(S(A)) represents the internal action of the configuration,
ext(C) = in(C) U out(C') represents the external action of the configuration,

sig(C) = (in(C), out(C), int(C)) is called the intrinsinc signature of the configuration,
CA(C) = (aut(Ay)]|..-|Jaut(A;,)) represents the composition of all the automata of the
configuration,

US(C) = (S(A1),...,S(A,)) represents the states of the automaton corresponding to the
composition of all the automata of the configuration,

Here we define a reduced configuration as a configuration deprived of the automata
that are in the very particular state where their current signatures are the empty set. This
mechanism will allows us to capture the idea of destruction.

» Definition 26 (Reduced configuration). reduce(C) = (A’,S’), where A’ = {A|A €
A and sig(A)(S(A)) # 0} and S’ is the restriction of S to A’, noted S | A’ in the re-

maining.

A configuration C is a reduced configuration iff C' = reduce(C).

We recall that we assume the existence of a countable set Autids of unique PSIOA
identifiers, an underlying universal set Auts of PSIOA, and a mapping aut : Autids — Auts.
aut(A) is the PSTOA with identifier A. We will define a measurable space for configuration.
We note for every ¢ € P(Autids), Qp = Qp, X .. X Qp, and Fo, = Fq,, ®..® Fq,

We note Qqut = U@E'P(Autids) Q. the set of all possible state sets cartesian product for
each possible family of automata. Fo,,, = {U;eq1 4 cilo € P(P(Autids)),c; € Fq,, ¢ =
©15 s Piy 01 € P(Autids)} (Qaut, FQ..,) is & measurable space.

We note Qcony = {(A,S)|A € P(Autids),VA; € A,S(A;) € Q;}, the set of all possible

configurations.

_ Qconf — Qaut
bet = { (A,S) = Qcaqa,s) =S(A1) x...xS(A,)

We note Fq,,,., = {f 1 (P)|P € Fq,..}-
(Qconfs FQeony) 18 a measurable space

We will define some probabilistic transition from configurations to others where some
automata can be destroyed or created. To define it properly, we start by defining "preserving
transition" where no automaton is neither created nor destroyed and then we define above
this definition the notion of configuration transition.

» Definition 27 (Preserving distribution). A preserving distribution n, € Disc(Qcony) is a
distribution verifying V(A, S), (A’,S’) € supp(n,), A = A’. The unique family of automata
ids A of the configurations in the support of n, is called the family support of n,.

We define a companion distribution as the natural distribution of the corresponding
family of automata at the corresponding current state. Since no creation or destruction
occurs, these definitions can seem redundant, but this is only an intermediate step to define
properly the "dynamic" distribution.
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» Definition 28 (Companion distribution). Let C' = (A, S) be a compatible configuration
with A = (Ay,...,4,) and S : A; € A — ¢; € Q4, (with A partially-compatible at state
q=(q1,-qn) € Qa = Qa, X ... X Qa,). Let 0, be a preserving distribution with A as
family support. The probabilistic distribution n(a 4,4y is a companion distribution of n, if for
every ¢ = (q},...,q},) € Qa, for every 8" : A, € A — ¢/ € Q4,,

Nag0)(@) = M((A,S")) <= Vi€ [L,n],q = q,

that is the distribution 7(a 4,q4) corresponds exactly to the distribution 7.

This is "a" and not "the" companion distribution since 71, does not explicit the start
configuration.

Now, we can naturally define a preserving transition (C,a,n,) from a configuration C
via an action a with a companion transition of 7,. It allows us to say what is the "static"
probabilistic transition from a configuration C' via an action a if no creation or destruction
occurs.

» Definition 29 (preserving transition). Let C' = (A,S) be a compatible configuration,
q=US(C) and 1, € P(Qconf, FQ.,n;) be a preserving transition with A, as family support.

Then say that (C,a,n,) is a preserving configuration transition, noted C & Mp if

A, =A
7(A,q,q) 1S @ companion distribution of 7,

For every preserving configuration transition (C, a,,), we note 1(C,a),p = Mp-

The preserving transition of a configuration corresponds to the transition of the composi-
tion of the corresponding automata at their corresponding current states.

Now we are ready to define our "dynamic" transition, that allows a configuration to create
or destroy some automata.

At first, we define reduced distribution that leads to reduced configurations only, where
all the automata that reach a state with an empty signature are destroyed.

» Definition 30 (reduced distribution). A reduced distribution 7, € Disc(Qconf,FQ.ons)
is a probabilistic distribution verifying that for every configuration C' € supp(n,), C =
reduced(C).

Now, we generate reduced distribution with a preserving distribution that describes what
happen to the automata that already exist and a family of new automata that are created.

» Definition 31 (Generation of reduced distribution). Let 1, € Disc(Qcony) be a preserving
distribution with A as family support. Let ¢ C Autids. We say the reduced distribution
Ny € Disc(Qcony) is generated by 7, and ¢ if it exists a non-reduced distribution 7,, €
Disc(Qcont), s. t.

(p is created with probability 1)

V(A",8") € Qeons, if A # A U, then n,,.((A”,8")) =0

(freshly created automata start at start state)

V(A”,S") € Qcony, if JA; € ¢ — A so that, S”(A;) # g, then n,,((A”,8”)) =0

(The non-reduced transition match the preserving transition)

V(A"”,S") € Qcons, s t. A” = AU and VA; € ¢,5"(A; = X;), - ((A”,8")) =
mp(A,S"[A))

XX:9
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369 (The reduced transition match the non-reduced transition )
370 Ve € Qeony, if ¢ = reduce(c),ny(¢') = B(er e =reduce(c)) ar (), if ¢ # reduce(c’), then
371 () =0

sz » Definition 32 (Intrinsic transition ). Let (A, S) be arbitrary reduced compatible config-
s uration, let 7 € Disc(Qeons), and let ¢ C Autids, ¢ N A = (. Then (A,S) ==, 7 if 7 is
7 generated by 7, and ¢ with (A,S) = 7,.

375 The assumption of deterministic creation is not restrictive, nothing prevents from flipping
s a coin at state sg to reach s; with probability p or so with probability 1 — p and only create
s a new automaton in state so with probability 1, while the action create is not enabled in
s state sq.

w9 B Definition 33 (Probabilistic Configuration Automaton). A probabilistic configuration auto-
s0 maton (PCA) K consists of the following components:

381 1. A probabilistic signature I/O automaton psioa(K). For brevity, we define states(K) =
382 states(psioa(K)), start(K) = start(psioa(K)), sig(K) = sig(psioa(K)), steps(K) =
383 steps(psioa(K)), and likewise for all other (sub)components and attributes of psioa(K).

384 2. A configuration mapping con fig(K) with domain states(K) and such that con fig(K)(z)
385 is a reduced compatible configuration for all ¢x € states(K).

386 3. For each gk € states(K), a mapping created(K)(x) with domain sig(K)(x) and such
387 that Va € sig(K)(q), created(K)(q)(a) C Autids

388 4. A hidden-actions mapping hidden-actions(K) with domain states(K) and such that
389 hidden-actions(K)(qx) C out(config(K)(qx)).

390 and satisfies the following constraints

301 1. If config(K)(qx) = (A,S), then VA; € A;S(A;) = ¢

392 2. If (qx,a,m) € steps(K) then config(K)(qx) ==, 1, where ¢ = created(K)(qr)(a)
393 and n(y) = n'(config(K)(y)) for every y € states(K)

394 3. If gx € states(K) and con fig(K)(qx) ==, 1’ for some action a, ¢ = created(K)(z)(a),
305 and reduced compatible probabilistic measure 17" € P(Qconfs FQ..n;), then (qx,a,n) €
396 steps(K) with n(y) = n'(config(K)(y)) for every y € states(K).

397 4. For all qx € states(K) , sig(K)(qx) = hide(sig(config(K)(¢k)), hidden-actions(qr)),
308 which implies that

300 (a) out(K)(qk) C out(config(K)(qk)),

00 (b) in(K)(gx) = in(config(K)(gk)),

a0 (c) int(K)(gx) 2 int(config(K)(qx)), and

a02 (d) out(K)(gr) Uint(X)(gx) = out(config(K)(qx)) U int(config(K)(qx))

403 4 (d) states that the signature of a state gx of K must be the same as the signature
aws  of its corresponding configuration config(K)(qx ), except for the possible effects of hiding
ws operators, so that some outputs of config(K)(¢x) may be internal actions of K in state qx.

406 Additionally, we can define the current constitution of a PCA, which is the union of the

a7 current constitution of the element of its current corresponding configuration.

ws  » Definition 34 (Constitution of a PCA). Let K be a PCA. For every ¢ € states(K),

400 constitution(K)(q) = constitution(psioa(K))(q) = U acauts(con fig(rc)(q)) cOnstitution(A)(map(config(K)(q))

410 We note UA(K) = |J,,¢ i constitution(K)(q) the universal set of atomic components of
411 K
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In the following we lay down the formalism needed to prove that probabilistic configuration
automata are closed under composition.

» Definition 35 (Union of configurations). Let C; = (A41,S;) and Cy = (Ag2,S2) be con-
figurations such that A; N Ay = (). Then, the union of C; and C5, denoted Cy U Cs, is
the configuration C' = (A,S) where A = A; U A, (lexicographically ordered) and S agrees
with S; on Aq, and with So on A,. It is clear that configuration union is commutative
and associative. Hence, we will freely use the n-ary notation C; U...U C,, (for any n > 1)
whenever Vi, j € [1:nl,i # j,auts(C;) Nauts(C;) = 0.

» Definition 36 (PCA partially-compatible at a state). Let X = (Xq, ..., X;,) be a family of
PCA. We note psioa(X) = (psioa(X1), ..., psioa(X,)). The PCA X;, ..., X,, are partially-
compatible at state ¢gx = (¢x,,---,qx, ) € states(X1) X ... x states(X,,) iff:

1. Vi,je[l:n],i# j:auts(config(X;)(qx,)) Nauts(config(X;)(qx,)) = 0.

2. {sig(X1)(gx,), -, 5i9(Xn)(qx,)} is a set of compatible signatures.

3. Vi,j € [1 :nl,i #j: Va € sig(X;)(gx,) N sig(X;)(gx,) : created(X;)(gx,)(a) N
created(X;)(qx,)(a) = 0.

4. Vi, j € [1:n],i# j: constitution(X;)(qx,) N constitution(X;)(qx,) = 0

We can remark that if Vi, j € [1 : n],i # j : auts(con fig(X;)(qx,))Nauts(con fig(X;)(qx,)) =
) and {sig(X1)(gx,), ---» 5t9(Xn)(gx, )} is a set of compatible signatures, then con fig(X;)(gx, )U

..Uconfig(X,)(gx, ) is a reduced compatible configuration.

If X is partially-compatible at state gx, for every action a € sig(psioa(X))(gx), we
note 1(xX,qx,a) = Npsioa(X),ax.a) ad we extend this notation with 7x 4x.a) = dgx if a ¢

sig(psioa(X))(gx)-

» Definition 37 (pseudo execution). Let X = (X1,...,X,,) be a set of PCA. A pseudo
execution fragment of X is a pseudo execution fragment of psioa(A), s. t. for every non final
state ', X is partially-compatible at state ¢° (namely the conditions (1) and (3) need to be
satisfied)

A pseudo ezxecution o of X is a pseudo execution fragment of X with fstate(a) =
(le 3oy an)

» Definition 38 (reachable state). Let X = (X1, ..., X,,) be a set of PSIOA. A state ¢ of X
is reachable if it exists a pseudo execution « of X ending on state q.

» Definition 39 (partially-compatible PCA). Let X = (X,...,X,,) be a set of PCA. The
automata X, ..., X,, are {-partially-compatible with ¢ € N if no pseudo-execution a of
X with |a| < ¢ ends on non-partially-compatible state q. The automata Xi,..., X,, are
partially-compatible if X is partially-compatible at each reachable state ¢, i. e. X is
C-partially-compatible for every £ € N.

» Definition 40 (compatible PCA). Let X = (X7, ..., X,,) be a set of PCA. The automata
X1, ..., X, are compatible if the automata X1, ..., X, are partially-compatible for each state
of states(X1) X ... x states(Xy,).

» Definition 41 (Composition of configuration automata). Let Xy, ..., X,,, be compatible (resp.
partially-compatible) configuration automata. Then X = Xj||...]|X,, is the state machine
consisting of the following components:

1. psioa(X) = psioa(X1)||...||psioa(X,,) (where the composition can be the one dedicated
to only partially-compatible PCA).

XX:11
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w5 2. A configuration mapping config(X) given as follows. For each = = (z1,...,z,) €

456 states(X), config(X)(z) = config(X1)(z1) U ... Uconfig(X,)(xy).

s 3. For each z = (21, ..., z,) € states(X), a mapping created(X)(z) with domain sig(X)(z)

458 and given as follows. For each a € sig(X)(z), created(X)(z)(a) = Uaegi\g(Xi)(m)’ie[lm] created(X;)(x;)(a).
w0 4. A hidden-action mapping hidden-actions(X) with domain states(X) and given as follows.

460 For each = (21, ..., @) € states(X), hidden-actions(x) = ;e (1., hidden-actions(;)

461 We define states(X) = states(sioa(X)), start(X) = start(sioa(X)), sig(X) = sig(sioa(X)), steps(X) =
w2 steps(sioa(X)), and likewise for all other (sub)components and attributes of sioa(X).

w3 » Theorem 42 (PCA closeness under composition). Let X1, ..., X,,, be compatible or partially-
ws  compatible PCA. Then X = X1]|...|| X, is a PCA.

« 5  Monotonicity of implementations with respect to automata
466 creation and destruction

w7 This section lays down the formalism to prove the key notion of our framework: the
w8 monotonicity of implementations with respect to automata creation and destruction. We will
w0 introduce the equivalence classes of executions, the notion of schedule and implementation
a0 and finally our key result.

a1 » Definition 43 (Execution correspondence relation, Sype)). Let A, B be PSIOA, let £ be an
a2 environment for both A and B. Let a, m be executions of automata A||E and B||€ respectively.

473 Then aS(ABg)W if

aa 1. A is permanently off in @ <= B is permanently off in 7. A is permanently on in o <=
a7 B is permanently on in 7.
w 2. (*) Ais turned off in @ <= B is turned off in 7. If (*), we can note « = a7 ay and
arr a1 = o4 aqy, where sig(A)(Istate(ay) | A) = 0, sig(A)(Istate(c) | A) # 0 and we can
a78 note m = 7] my similarly.

w 3ol E=alE U*),mE=aqa;]&forie{l,2}.

w 4. traceg|g(m) = trace gy e (). If (*) tracep)e(m;) = trace 4y e (i) for i € {1,2}.

w B, ext(A)(fstate(a) | A) = ext(B)(fstate(r) | B) ; ext(A)(Istate(a) | A) = ext(B)(Istate(n) |
482 B).

483 S Ape is sometimes written S 45 hen the environment is clear in the context.

se  » Definition 44 (equivalence class). Let A be a PSIOA. Let £ be an environment of A. Let
w5« be an execution fragment of A||€. We note a4c = {&/|a/Saa}

486 When this is clear in the context, we note a4 or even « for a4 and & for & 4.

ag7 In the following we introduce the notion of schedule.

< » Definition 45 (simple schedule notation). Let p = T T**1 ... T" be a schedule, i. e. a
w0 sequence of tasks. For every q,q¢' € [¢,h],q < ¢, we note:

490 hi(p) = h the highest index in p
w1 li(p) = ¢ the lowest index in p
492 p|q = Tg...Tq

w o glp =TT

494 q|p|q’ = Tq...Tq/
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By doing so, we implicitly assume an indexation of p, ind(p) : ind € [li(p), hi(p)]
Timd € p. Hence if p = T, T?,..., Tk, TFL T T Th o' =4 |p, p"" =, |p', then
p"=qlp.

» Definition 46 (Schedule partition and index). Let p be a schedule. A partition p of p is a

m—+1

sequence of schedules (finite or infinite) p = (p™, p™ ", ..., p",...) so that p can be written

p=p", pm T L p", ... We note min(p) = m and max(p) = card(p) +m — 1.
A total ordered set (ind(p,p), <) C N? is defined as follows :

ind(p,p) = {(k,q) € (N*)’|k € [min(p),mazx(p)],q € [li(p"), hi(p*)]} For every ¢ =
(k,q),0' = (K',q') € ind(p,p):

If k <k then £ < ¢

Ifk=kK,g<q, then < ¢

Iftk=k and ¢ = ¢, then ¢ = ¢'. If either £ < ¢’ or £ = ¢, we note £ < {'.

» Definition 47 (Schedule notation). Let p be a schedule. Let p be a partition of p. For
every £ = (k,q),0' = (K',q) € ind(p,p)*,¢ < ¢, we note (when this is allowed):

p‘(p,é) = P17 ---’Pk|q
wole= ("),
€|p|(p,€’) = (q‘pk)v"'v (pk |q)

The symbol p of the partition is removed when it is clear in the context.

» Definition 48 (A-partition of a schedule). Let A be a PCA or a PSIOA. Let pac be a
schedule. Since each task of p4¢ is either a task of UA(A) or not. It is always possible
to build the unique partition of p4¢: (p}4, pE, pi‘, p...) where Pﬁ\ is a sequence of tasks of
UA(A) only and pZ* does not contain any task of UA(A). We call such a partition, the
A-partition of p¢.

» Definition 49 (Environment corresponding schedule). Let A and B be two PCA or
two P/SIOA. lLet pae and ppe be two schedules. Let (pYy,p2,p%, pt...) (vesp. ppe :
(pk, %, %, pe,...)) be the A-partition (resp. B-partition) of pac (resp. plgg). We say
that pae and ppe are AB-environment-corresponding if for every k, p?‘”‘ = p%k .

In the following we introduce the notions of implementation and tenacious implementation
and the conditions under which the monotonicity theorem holds.

» Definition 50 (5%;). Let A, B be PSIOA. Let £ be an environment of both A and B.
Let p and p’ be two schedule. We say that PSCa B_g)p’ if :

for every executions a, 7 of A||€ and B||€ respectively, s. t. aSapem, then
apply a|ie ((ga.qe)s P)(@) = applys|ie (3(g5.5¢ ), P') ().

» Definition 51 (Tenacious implementation). Let A, B be PSIOA. We say that A tena-
ciously implements B, noted A <*" B, iff for every schedule p, it exists a AB-environment-
corresponding schedule p’ s. t. for every environment £ of both A and B, for every ¢ = (2k, q),

¢ = (2K, q) € ind(p,p) Nind(p,p') . (elpler) S . (elo/]0r)

» Definition 52 (<1 4p5-corresponding configurations). (see figure ?77) Let ® C Autids, and
A, B be SIOA identifiers. Then we define ®[B/A] = (P\ A)U{B} if A € &, and P[B/A] =
if A¢ ®. Let C, D be configurations. We define C' <45 D iff (1) auts(D) = auts(C)[B/A],
(2) for every A’ ¢ auts(C)\ {A} : map(D)(A") = map(C)(A"), and (3) ext(A)(s) = ext(B)(t)
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s where s = map(C)(A),t = map(D)(B). That is, in < 4p-corresponding configurations, the
ss7. SIOA other than A, B must be the same, and must be in the same state. A and B must have
s the same external signature. In the sequel, when we write ¥ = ®[B/.A], we always assume
s0 that B¢ ® and A ¢ U.

s0 B Definition 53 (Creation corresponding configuration automata). Let X, Y be configuration
sa - automata and A, B be SIOA. We say that X,Y are creation-corresponding w.r.t. A, B iff

s2 1. X never creates B and Y never creates A.

ss 2. Let 8 € traces*(X) Ntraces*(Y), and let a € execs™(X),m € execs™(Y) be such that
544 traceq(a) = traceq(m) = B. Let z = last(a),y = last(n), i.e., x, y are the last
545 states along «, 7, respectively. Then Va € @(X)(x) N s/z;](Y)(y) : created(Y)(y)(a) =
546 created(X)(x)(a)[B/A].

s » Definition 54 (Hiding corresponding configuration automata). Let X, Y be configuration
ss  automata and A, B be PSIOA. We say that X,Y are hiding-corresponding w.r.t. A, B iff

s0 1. X never creates B and Y never creates A.

s0 2. Let 8 € traces*(X) Nitraces*(Y), and let o € execs*(X),m € execs*(Y) be such that
551 traces(a) = trace4(m) = 8. Let x = last(a),y = last(rw), i.e., x, y are the last states
552 along a, m, respectively. Then hidden-actions(Y)(y) = hidden-actions(X)(x).

3 » Definition 55 (A-fair PCA). Let A € Autids. Let X be a PCA. We say that X is
s A-fair if for every states gx, ¢, s. t. config(X)(gx) \ A = config(X)(dx) \ A, then
s created(X)(qx) = created(X) (¢ ) and hidden-actions(X)(qx) = hidden-actions(X)(¢y)-

sss B Definition 56 (A-conservative PCA). Let X be a PCA, A € Autids. We say that X is
ss1 A-conservative if it is A-fair and for every state ¢x, Cy = config(X)(gx) s. t. A € aut(Cx)
s and map(Cx)(A) £ qa, hidden-actions(X)(qx) = hidden-actions(X)(qx) \ ext(A)(ga)-

0 Definition 57 (corresponding w. r. t. A, B). Let A, B € Autids, X4 and Xz be PCA we
so  say that X4 and Xp are corresponding w. r. t. A, B, if they verify:

s61 config(Xa)(Gx,) <ap config(Xp)(dx,)-

s62 X, Y are creation-corresponding w.r.t. A, B

563 X,Y are hiding-corresponding w.r.t. A, B

564 X4 (resp. Xp) is a A-conservative (resp. B-conservative) PCA.

565 (No creation from A and B)

566 Vgx ,, € states(X 1), Vact verifying act ¢ sig(config(X a)(qx ) \{A}Aact € sig(config(Xa)(gx.)),
567 created(X 4)(gx ,)(act) = 0 and similarly

568 Vxg, € states(Xg), Vact’ verifying act’ ¢ sig(config(Xp)(qx,)\{B})Aact’ € sig(config(Xp)(ax,)),
560 created(Xp)(gx,)(act’) =0

so B Theorem 58 (Implementation monotonicity wrt creation/destruction). Let A, B be PSIOA.
sn Let X 4, Xg be PCA corresponding w.r.t. A, B.

572 If A tenaciously implements B (A <'**™ B) then X 4 tenaciously implements Xp (X 4 <'"
573 XB)-
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—— Abstract

We present probabilistic dynamic I/0 automata, a framework to model dynamic probabilistic
systems. Our work extends dynamic I/O Automata formalism [1] to probabilistic setting. The
original dynamic I/O Automata formalism included operators for parallel composition, action hid-
ing, action renaming, automaton creation, and behavioral sub-typing by means of trace inclusion.
They can model mobility by using signature modification. They are also hierarchical: a dynamic-
ally changing system of interacting automata is itself modeled as a single automaton. Our work
extends to probabilistic settings all these features. Furthermore, we prove necessary and suffi-
cient conditions to obtain the implementation monotonicity with respect to automata creation
and destruction. Our work lays down the premises for extending composable secure-emulation
[3] to dynamic settings, an important tool towards the formal verification of protocols combining
probabilistic distributed systems and cryptography in dynamic settings (e.g. blockchains, secure
distributed computation, cybersecure distributed protocols etc).

2012 ACM Subject Classification C.2.4 Distributed Systems
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1 Introduction

Distributed computing area faces today important challenges coming from modern applic-
ations such as cryptocurrencies and blockchains which have a tremendous impact in our
society. Blockchains are an evolved form of the distributed computing concept of replicated
state machine, in which multiple agents see the evolution of a state machine in a consistent
form. At the core of both mechanisms there are distributed computing fundamental elements
(e.g. communication primitives and semantics, consensus algorithms, and consistency models)
and also sophisticated cryptographic tools. Recently, [5] stated that despite the tremendous
interest about blockchains and distributed ledgers, no formal abstraction of these objects
has been proposed. In particular it was stated that there is a need for the formalization
of the distributed systems that are at the heart of most cryptocurrency implementations,
and leverage the decades of experience in the distributed computing community in formal
specification when designing and proving various properties of such systems. Therefore, an
extremely important aspect of blockchain foundations is a proper model for the entities
involved and their potential behavior. The formalisation of blockchain area has to combine
models of underlying distributed and cryptographic building blocks under the same hood.
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Probabilistic Dynamic Input Output Automata

The formalisation of distributed systems has been pioneered by Lynch and Tuttle [6]. They
proposed the formalism of Input/Output Automata to model deterministic distributed system.
Later, this formalism is extended with Markov decision processes [7] to give Probabilistic
Input/Output Automata [9] in order to model randomized distributed systems. In this model
each process in the system is a automaton with probabilistic transitions. The probabilistic
protocol is the parallel composition of the automata modeling each participant. This
framework has been further extended in [2] to task-structured probabilistic Input/Output
automata specifically designed for the analysis of cryptographic protocols. Task-structured
probabilistic Input/Output automata are Probabilistic Input/Output automata extended
with tasks structures that are equivalence classes on the set of actions. They define the
parallel composition for this type of automata. Inspired by the literature in security area they
also define the notion of implementation. Informally, the implementation of a Task-structured
probabilistic Input/Output automata should look "similar" to the specification whatever the
external environment of execution. Furthermore, they provide compositional results for the
implementation relation. Even thought the formalism proposed in [2] has been already used
in the verification of various cryptographic protocols this formalism does not capture the
dynamicity in blockchains systems such as Bitcoin or Ethereum where the set of participants
dynamically changes. Moreover, this formalism does not cover blockchain systems where
subchains can be created or destroyed at run time [8].

Interestingly, the modelisation of dynamic behavior in distributed systems is an issue that
has been addressed even before the born of blockchain systems. The increase of dynamic
behavior in various distributed applications such as mobile agents and robots motivated the
Dynamic Input Output Automata formalism introduced in [1]. This formalisms extends the
Input/Output Automata formalism with the ability to change their signature dynamically
(i.e. the set of actions in which the automaton can participate) and to create other 1/0O
automata or destroy existing I/O automata. The formalism introduced in [1] does not cover
the case of probabilistic distributed systems and therefore cannot be used in the verification
of blockchains such as Algorand [4].

Our contribution. In order to cope with dynamicity and probabilistic nature of
blockchain systems we propose an extension of the formalisms introduced in [2] and [1]. Our
extension use a refined definition of probabilistic configuration automata in order to cope
with dynamic actions. The main result of our formalism is as follows: the implementation
of probabilistic configuration automata is monotonic to automata creation and destruction.
Our work is an intermediate step before defining composable secure-emulation [3] in dynamic
settings.

Paper organization. The paper is organized as follow. Section 2 is dedicated to
a brief introduction of the notion of probabilistic measure an recalls notations used in
defining Signature I/O automata of [1]. Section 3 builds on the frameworks proposed in
[1] and [2] in order to lay down the preliminaries of our formalism. More specifically, we
introduce the definitions of probabilistic signed I/O automata and define their composition
and implementation. In Section 4 we extend the definition of configuration automata proposed
in [1] to probabilistic configuration automata then we define the composition of probabilistic
configuration automata and prove its closeness. The key result of our formalisation, the
monotonicity of PSIOA implementations with respect to creation and destruction, is presented
in Section 8. This result is based on intermediate results presented in sections 5, 6 and 7.
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2  Preliminaries on probability and measure

We assume our reader is comfortable with basic notions of probability theory, such as o-fields
and (discrete) probability measures. A measurable space is denoted by (S, Fs), where S is
a set and F is a o-algebra over S that is Fs C P(S), is closed under countable union and
complementation and its members are called measurable sets (P(S) denotes the power set
of S). A measure over (S, F) is a function 1 : F; — RZ%, such that n()) = 0 and for every
countable collection of disjoint sets {S;}icr in Fs, n(U;c; Si) = Liern(Si). A probability
measure (resp. sub-probability measure) over (5, F) is a measure 1 such that n(S) =1 (resp.
n(S) < 1). A measure space is denoted by (.9, Fs,n) where 1 is a measure on (S, F).

The product measure space (S1,Fs,,m1) @ (Se2, Fs,,n2) is the measure space (57 x
So, Fsy, ® Fsyyi ® 1m2), where Fy, @ Fg, is the smallest o-algebra generated by sets of
the form {A x B|A € Fs,,B € F,,} and 11 ® 1o is the unique measure s. t. for every
Cy € Fs,,Co € Fsp, 1 @12(C1 x Ca) =11 (C1)n2(Cy). If S is countable, we note P(S) = 25.
If S; and Sy are countable, we note have 251 @ 252 = 251%52,

A discrete probability measure on a set S is a probability measure 1 on (S,2°%), such that,
for each C' C S,n(S) = > .con({c}). We define Disc(S) to be, the set of discrete probability
measures on S. In the sequel, we often omit the set notation when we denote the measure of
a singleton set. For a discrete probability measure 1 on a set .S, supp(n) denotes the support
of n, that is, the set of elements s € X such that 7(s) # 0. Given set S and a subset C' C S,
the Dirac measure é¢ is the discrete probability measure on S that assigns probability 1 to
C. For each element s € S, we note d, for d,y.

If {m;}icr is a countable family of measures on (5, Fs), and {p; }ics is a family of non-
negative values, then the expression Eie ; pim; denotes a measure m on (5, Fs) such that,
for each C' € F,,m(C) = 3 ,c; mfi(C). A function f : X — Y is said to be measurable
from (X, Fx) — (Y, Fy) if the inverse image of each element of Fy is an element of Fy,
that is, for each C € Fy, f~1(C) € Fx. In such a case, given a measure n on (X, Fx),
the function f(n) defined on Fy by f(n)(C) = n(f~1(C)) for each C € Y is a measure on
(Y, Fy) and is called the image measure of 7 under f.

3 PSIOA

3.1 Action Signature

We use the signature approach from [1].

We assume the existence of a countable set Autids of unique probabilistic signature
input/output automata (PSIOA) identifiers, an underlying universal set Auts of PSIOA,
and a mapping aut : Autids — Auts. aut(A) is the PSIOA with identifier A. We use "the
automaton A" to mean "the PSIOA with identifier A".. We use the letters A, 3, possibly
subscripted or primed, for PSIOA identifiers. The executable actions of a PSIOA A are drawn
from a signature sig(A)(q) = (in(A)(q),out(A)(q),int(A)(q)), called the state signature,
which is a function of the current state ¢ of A.

in(A)(q), out(A)(q),int(A)(q) are pairwise disjoint sets of input, output, and internal
actions, respectively. We define ext(A)(g), the external signature of A in state ¢, to be
ext(A)(q) = (in(A)(q), out(A)(q)).

XX:3

We define local(.A)(q), the local signature of A in state g, to be local(A)(q) = (out(A)(q),in(A)(q)).
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127 For any signature component, generally, the ~ operator yields the union of sets of actions
s within the signature, e.g., sig(A) : ¢ € Q — sig(A)(q) = in(A)(q) U out(A)(q) Uint(A)(q).
12 Also define acts(A) = U,cq sig(A)(q), that is acts(A) is the "universal’ set of all actions that
1w A could possibly execute, in any state. In the same way UI(A) = U, ¢ in(A)(q), UO(A) =

w0 Uyeq 0ut(A)(q), UH(A) = U, e int(A)(q), UL(A) = U,eq local(A)(q), UB(A) = U,cq ext(A)(q).
= 3.2 PSIOA

13 We combine the SIOA of [1] with the PIOA of [9]:

1 » Definition 1. A PSIOA A = (Q,q,sig(A), D), where:

135 (a) @ is a countable set of states, (Q,2%) is a measurable space called the state space,
136 and q is the start state.

137 (b) sig(A) : ¢ € Q — sig(A)(q) = (in(A)(q), out(A)(q),int(A)(q) is the signature
138 function that maps each state to a triplet of countable input, output and internal set of
139 actions.

140 (d) D C @ x acts(A) x Disc(Q) is the set of probabilistic discrete transitions where
10 Y(q,a,n) € D : a € sig(A)(q). If (¢,a,n) is an element of D, we write ¢ % 7 and action
142 a is said to be enabled at q. The set of states in which action a is enabled is denoted by
143 E,. For B C A, we define Eg to be Ua€ g Ea. The set of actions enabled at ¢ is denoted
144 by enabled(q). If a single action a € B is enabled at ¢ and ¢ % 1, then this 7 is denoted
15 by n(a,q,B)- If B is a singleton set {a} then we drop the set notation and write 1(4,q,q)-
146 In addition .4 must satisfy the following conditions:

147 E; (Input action enabling) Vx € @ : Va € in(A)(¢),3In € Disc(Q) : (¢,a,n) € D.

148 T Transition determinism: For every ¢ € @ and a € A there is at most one 7 € Disc(Q)

149 such that (q,a,n) € D.

10 Notation

1 For every PSIOA A = (Q, q, sig(A), D), we note states(A) = Q, start(A) = q, steps(A) = D.

= 3.3 Execution, Trace

153 We use the classic notions of execution and trace from [9].

s« » Definition 2 (fragment, execution and trace of PSIOA). An execution fragment of a PSIOA
s A= (Q,q,sig(A), D) is a finite or infinite sequence o = gpaiqias... of alternating states and
156 actions, such that:

w7 1. If o is finite, it ends with a state.

s 2. For every non-final state ¢;, there is n € Disc(Q) and a transition (g;,a;+1,n) € D s. t.
150 Git1 € supp(n).

160 We write fstate(a) for go (the first state of a), and if « is finite, we write Istate(a) for
161 its last state. We use Frags(A) (resp., Frags™(A)) to denote the set of all (resp., all finite)
2 execution fragments of A. An ezecution of A is an execution fragment « with fstate(o) = q.
w63 Execs(A) (resp., Execs®(A)) denotes the set of all (resp., all finite) executions of A. The
e trace of an execution fragment «, written trace(a), is the restriction of « to the external
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actions of A. We say that j is a trace of A if there is a € Execs(P) with 8 = trace(a).

Traces(A) (resp., Traces*(A)) denotes the set of all (resp., all finite) traces of A.

» Definition 3 (reachable execution). Let A = (Q, g, sig(A), D) be a PSIOA. A state ¢ is
said reachable if it exists a finite execution that ends with q.

3.4 Compatibility and composition

Tha main aim of IO formalism is to compose several automata A = (Ay, ..., A, ) and obtain
some guarantees of the system by composition of the guarantees of the different elements
of the system. Some syntaxic rules have to be satisfied before defining the composition
operation.

» Definition 4 (Compatible signatures). Let S be a set of signatures. Then S is compatible

iff, Vsig, sig’ € S, where sig = (in, out,int), sig’ = (in’, out’,int") and sig # sig’, we have:

1. (inUout Uint) Nint’ =0, and 2. out Nout’ = (.

» Definition 5 (Composition of Signatures). Let ¥ = (in, out,int) and X' = (in’, out’, int’)
be compatible signatures. Then we define their composition ¥ x X = (in U in’ — (out U
out’), out U out’, int Uint’).

Signature composition is clearly commutative and associative.

» Definition 6 (partially compatible at a state). Let A = (A4,...,.4,) be a set of PSIOA.

A state of A is an element ¢ = (g1,...,qn) € Q@ = Q1 X ... X Q,. We say Ay, ..., A, are
partially-compatible at state ¢ (or A is) if {sig(A1)(q1), .., sig(An)(gn)} is a set of compatible
signatures. In this case we note sig(A)(q) = sig(A1)(q1) X ... X sig(Ay)(gn) and we note
N(A,q,a) € Disc(Q), s. t. for every action a € sz/‘\g(A)(q), NAqa) =M @ ... ®1Nn € Disc(Q)
that verifies for every j € [1,n] :

If a € sig(A;)(g5)s 15 = 1A, ,q5.0)-
Otherwise, 7; = dg;

while 1A q,a) = dq if a ¢ S/z\g(A)(q)

» Definition 7 (pseudo execution). Let A = (A4;,...,.4,) be a set of PSIOA. A pseudo
execution fragment of A is a finite or infinite sequence o = ¢®a'q'a?... of alternating states

of A and actions, such that:

If « is finite, it ends with a n-uplet of state.

For every non final state ¢, A is partially-compatible at ¢.
For every action a’, a’ € sig(A)(q'™1).

For every state ¢*, with i > 0, ¢° € S'U/pp(n(A’qi—lyai)).

A pseudo ezecution of A is a pseudo execution fragment of A with ¢ = (ga,,---,q4, )-

» Definition 8 (reachable state). Let A = (A4, ..., Ay,) be a set of PSIOA. A state ¢ of A is
reachable if it exists a pseudo execution « of A ending on state g.

» Definition 9 (partially-compatible PSIOA). Let A = (A4,..., A;) be a set of PSIOA.

The automata Ay, ..., A, are f-partially-compatible with £ € N if no pseudo-execution «
of A with || < ¢ ends on non-partially-compatible state g. The automata A, ..., A,
are partially-compatible if A is partially-compatible at each reachable state ¢, i. e. A is
{-partially-compatible for every ¢ € N.

XX:5
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q3
a & sig(As)(gs)

Figure 1 The family transition is obtain by the transitions of the automata of the family.

» Definition 10 (Compatible PSIOA). Let A = (A4,...,A;,,) be a set of PSIOA with A; =
((Qi, Fq,), sig(A;), D;). We say A is compatible if it is partially-compatible for every state
q=(q1,-qn) € Q1 X ... X Qn.

Of course a set of compatible PSIOA is also a set of partially-compatible automata. The
latter allows us to extend the formalism of [1] which will be useful later.

» Definition 11 (PSIOAs composition). If A = (Ay,...,4,) is a compatible set of PSIOAs,
with A; = (Qi, i, sig(A;), D;), then their composition A||...]| A, is defined to be A =
(@, q,st9(A), D), where:

Q=0Q1x..xQ,

q= ((jla ey qn)

sig(A) : g =(q1, ..., qn) € Q — sig(A)(q) = sig(A1)(q1) X ... X sig(Apn)(gn). , -

D C Q x A x Disc(Q) is the set of triples (¢, a,n(a,q,0)) 50 that ¢ € Q and a € sig(A)(q)

» Definition 12 (partially-compatible PSIOA composition). If A = (A4, ..., A,) is a partially-
compatible set of PSIOA, with A; = ((Q, Fqg,), sig(A;), D;), then their partial-composition
Ail]...|[|An, is defined to be A = ((Q, Fq), sig(A), D), where:

Q ={q € Q1 x ... x Qnlq is a reachable state of A}.

q = (q_la [RES) Qn)

si9(A) 1 ¢ = (g1, qn) € Q = sig(A)(q) = sig(A1)(q1) x ... X sig(An)(an).
D C Q x A x Disc(Q) is the set of triples (¢, a,n(a,q,q)) 50 that ¢ € Q and a € sig(A)(q)
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3.5 Measure for executions and traces

To solve the non-determinism we use schedule that allows us to chose an action in a signature.
To do so, we adapt the definition of task of [2] to the dynamic setting. We assume the
existence of a subset Autidsy C Autids that represents the "atomic ententies" that will
constitute the configuration automata introduced in the next section.

» Definition 13 (Constitution). For every A € Autids, we note

o [ states(A) — P(Autidsg) = 24utidso
constitution(A) : { . s constitution(A)(q)

For every A € Autidsy, for every q € states(A), constitution(A)(q) = {A}.

For every A = (A4,...,A,) € (Autidsg)™, A = Ay||...|| A, for every ¢ € states(A),
constitution(A)(q) = A.

In the next section we will define the constitution mapping for a new kind of automata,
with a "dynamic" constitution that can change from one state to another one.

» Definition 14 (Task). A task T is a pair (id, actions) where id € Autidsy and actions is
a set of action labels. Let T = (id, actions), we note id(T) = id and actions(T) = actions.

» Definition 15 (Enabled task). Let A € Autids. A task T is said enabled in state ¢ €
states(A) if :

id(T) € constitution(A)(q)
It exists a unique local action a € loc(A)(q) N actions(T) (noted a € T to simplify)
enabled at state ¢ (that is it exists n € Disc(Q) s. t. (¢,a,n) € D.

In this case we say that a is triggered by T at state q.

We are not dealing with a schedule of a specific automaton anymore, which differs from
[2]. However the restriction of our definition to "static" setting matches their definition.

» Definition 16 (schedule). A schedule p is a (finite or infinite) sequence of tasks.

We use the measure of [2].

» Definition 17. Let A be a PSIOA. Given u € Disc(Frags(A)) a discrete probability
measure on the execution fragments and a task schedule p, apply(u,p) is a probability
measure on Frags(A). It is defined recursively as follows.

1. applya(p, A) := u. Here X denotes the empty sequence.

2. For every T and a € Frags*(A), apply(u, T)(c) := p1(a) + p2(a), where:

{ wa )na,q.a)(q) if @ =d'aq,q = Istate(a’) and a is triggered by T'
0

pi(a) = otherwise

pu(a) if T is not enabled after «
pa(@) = { 0 otherwise

3. 3. If p is finite and of the form p'T, then apply(u, p) := apply(applya(p, p'), T).

4. 4. If p is infinite, let p; denote the length-i prefix of p and let pm; be applya(u, p;). Then

apply a(p, p) := lim pm;.

tdist a(p, p) : Tracesa — [0,1], is defined as tdist 4(p, p)(E) = apply(dg, p)(trace;ll(E)),
for any measurable set £ € Frrgces -
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Figure 2 Non-deterministic execution: The scheduler allows us to solve the non-determinism,
by triggering an action among the enabled one. We give an example with an automaton
A = (Q,7 = qo,sig(A),D4) and the tasks Ty, Ty, Tp,Tp (for green, orange, pink, blue) with
the respective actions {a}, {d}, {b,b'}, {c,c'}, and the tasks Tyo, Tpo With the respective actions
{a,d},{c,c,d}. At state qo, sig(A)(qo0) = (0, {a}, {d}). Hence both a and d are enabled local action
at go, which means both Ty and T, are enabled at state go, but Ty, is not enabled at state go since
it does not solve the non-determinism (a and d are enabled local action at qo). At state q1, T) is
enabled but neither T, or T,. We give some results: apply(d o, T)(d% a,¢"") =1

apply (8,0, TyTy)(d°,a, "7, b,6*") = apply(apply(6p0, Ty), Tp)(¢", a, ¢, b, ¢*") = 1/2
apply(6q07TgTPTb)(q07aa ql!vab7 q2yw7C7 q3’w) = a’pply(apply(aqoaTng)va)(qovav q1’v3b7 q2,ch7 q3,w) =
3/8

apply(dqo,TngToTb)(qo, a,q"",b,¢*>", c,¢>") = 3/8, since T, is not enabled at state ¢>*.

260 We write tdist 4(u, p) as shorthand for tdist 4 (applya(p, p)) and tdist 4(p) for tdist 4(apply4(5(Z), p)),
x1 where 0(Z) denotes the measure that assigns probability 1 to z. A trace distribution of A is
2 any tdist 4(p). We use T'dists 4 to denote the set {tdist4(p) : p is a task schedule }.

263 We removed the subscript A when this is clear in the context.

x 3.6 Implementation

x5 B Definition 18 (Environment). A probabilistic environment for PSIOA A is a PSIOA &
»6  such that A and £ are partially-compatible.

27 » Definition 19 (External behavior). The external behavior of a PSIOA A, written as
xs  FxtBehy, is defined as a function that maps each environment &£ for A to the set of trace
20 distributions T'dists 4)¢-

2o » Definition 20 (Comparable PSIOA). Two PSIOA A; and Ay are comparable if UI(A4;) =
271 UI(AQ) and UO(Al) = UO(AQ)

2z p Definition 21. If A; and As are comparable then A; is said to implement A5 , written as
o Ay < Ag if, for every environment € for both A; and As , ExtBeh g4, () C ExtBeha,(E).
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This definition of implementation as a functional map from environment automata gives
us the desired compositionality result for task-PSIOAs.

» Theorem 22. Suppose A;, As and B are PSIOAs, where Ay, A are comparable and
Ay < Ay . If B is compatible with Ay, Az then A;||B < As|B.

Proof. Immediate with the associativity of the parallel composition. Indeed, if £ is an
environment for both A;||B and As||B, then & = B||€ is an environment for both 4
and As. Since A; < Ajg, for any schedule p, it exists a corresponding schedule p’, s. t.
tdist 4, 1e/(p) = tdist 4, e/ (p). Thus, for any schedule p, it exists a corresponding schedule
p/ s. t. tdiSt.AlHBHS(p) = tdiStAzHBHS(p)v that is Al”B < AQHB |

3.7 Hiding operator

We anticipate the definition of configuration automata by introducing the classic hiding
operator.

» Definition 23 (hiding on signature). Let sig = (in, out,int) be a signature and acts a set
of actions. We note hide(sig, acts) the signature sig’ = (in', out’, int’) s. t.

in' =in

out’ = out \ acts

int’ = int U (out N acts)

» Definition 24 (hiding on PSIOA). Let A = (Q,q, sig(A), D) be a PSIOA. Let hiding-
actions a function mapping each state ¢ € @ to a set of actions. We note hide(A, hiding-
actions) the PSIOA (Q,q, sig'(A), D), where sig’(A) : ¢ € Q — hide(sig(A)(q), hiding-
actions(q)).

» Lemma 25 (hiding and composition are commutative). Let sig, = (ing, outq,int,), sigy =
(iny, outy, intp) be compatible signature and acts,, acts, some set of actions, s. t. (acts, N
outy) N sigy = O and (acts, Nouty) N sig, = 0, then sigl, £ hide(sig, act,) 2 (in),, outl, int})
and sigy = hide(sigy, act,) = (in}, out,, int}) are compatible. Furthermore, if out,Nacts, = ()
,and out, Nacts, = 0 then sig), x sig, = hide(sig, x sigy,act, U act,).

Proof. compatibility: After hiding operation, we have:
inl, = ing, in, = iny
out,, = out, \ acts,, out, = outy \ acts,
int;, = int, U (outq Nacts,), int, = inty U (outy, N actsy)
Since out, Nout, = 0, a fortiori out!, Nouty, = (. int, N sig, = 0, thus if (out, Nacts,) N
sig, = 0, then int), N sig, = 0 and with the symetric argument, int; N sig, = (. Hence,
sigl, and sig; are compatible.
commutativity:
After composition of sig. = sig), x sig;, operation, we have:
out,, = out!,Uout) = (outy\acts,)U(outp\acts,). If outyNacts, = O and out,Nacts, = 0,
then out!, = (out, Uouty) \ (acts, U actsy).
inl, = in,, Uiny \ out, = in, Uiny \ out,,
int,, = int!, Uint, = int, U (out, N acts,)inty U (outy Nacts,) = int, Uinty U (out, N
acts,) U (outy N acts,). If out, N acts, = 0 and out, N acts, = 0, then int, =
int, Uinty, U ((out, Uouty) N (acts, U actsy).
and after composition of sigg = sig, X sigyp

XX:9
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outy = out, U outy,

ing = ing Uing \ outq

intg = int, Uinty
Finally, after hiding operation sig), = hide(sigq, acts, U acts;) we have :

inl; =ing

outl, = outy \ acts, U acts, = (out, Uouty) \ (acts, U acts;)

intl, = intq U (outq N (acts, U acts,)) = (int, Uinty) U (outy N (acts, U acts,))
Thus, if out, Nacts, = O and out, Nacts, = 0

inl; =in/,

outl, = out,

int, = int),

<

» Remark. We can restrict hiding operation to set of actions include in the set of output
actions of the signature (act C out). In this case, since we alreay have out, N out, = 0 by
compatibility, we immediatly have out, N acts, = @ and out, N acts, = B. Thus to obtain
compatibility, we only need in, Nacts, = 0 and in, N acts, = 0. Later, the compatibility of
PCA will implicitly assume this predicate (otherwise the PCA could not be compatible).

3.8 State renaming operator

We anticipate the definition of isomorphism between PSIOA that differs only syntactically.

» Definition 26. (State renaming for PSIOA) Let .4 be a PSIOA with Q4 as set of states,
let Q4 be another set of states and let ren : Q4 — Q4 be a bijective mapping. Then
ren(A) is the automaton given by:

start(ren(A)) = ren(start(Q.a))

states(ren(A)) = ren(states(Q4))

Vgar € states(ren(A)), sig(ren(A))(qar) = sig(A)(ren=t(qar))

Vgu € states(ren(A)),Va € sig(ren(A))(qar),if (ren='(qas),a,n) € D4, then (qar,a,n’)
Dyen(ay where ' € Disc(Qar, Fg,,) and for every qar € states(ren(A)), n'(qar) =
n(ren=(qar)).

» Definition 27. (State renaming for PSIOA execution) Let A and A’ be two PSIOA s.

t. A =ren(A"). Let a = ¢%a'q’... be an execution fragment of A. We note ren(a) the

sequence ren(q®)a'ren(qt)....

» Lemma 28. Let A and A’ be two PSIOA s. t. A" = ren(A’). Let a be an execution
fragment of A. The sequence ren(«) is an execution fragment of A.

Proof. Let ¢?a’t1¢7*! be a subsequence of a. ren(¢’) € states(A’) by definition, a’ €

sig(A’)(ren(qj)) since sig(A")(ren(¢?)) = sig(A)(¢?), and n(A/men(qj),ajH)(ren(qj+1)) =
T)(qu,ajﬂ)(q]"'l) > 0. <

4 Probabilistic Configuration Automata

We combine the notion of configuration of [1] with the probabilistic setting of [9].
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4.1 configuration

» Definition 29 (Configuration). A configuration is a pair (A, S) where

A = (Ay,..., A,) is a finite sequence of PSIOA identifiers (lexicographically ordered '),
and
S maps each Ai € A to an si € states(Ay).

In distributed computing, configuration usually refers to the union of states of all the
automata of the system. Here, the notion is different, it captures a set of some automata
(A) in their current state (S).

» Definition 30 (Compatible configuration). A configuration (A,S) is compatible iff, for
all A;B € A, A # B: 1. sig(A)(S(A)) Nint(B)(S(B)) = 0, and 2. out(A)(S(A)) N
out(B)(S(B)) =0

» Definition 31 (Intrinsic attributes of a configuration). Let C = (A,S) be a compatible
task-configuration. Then we define

auts(C') = A represents the automata of the configuration,

map(C) = S maps each automaton of the configuration with its current state,

out(C) = U 4ca 0ut(A)(S(A)) represents the output action of the configuration,

in(C) = (Uea in(A)(S(A))) — out(C) represents the input action of the configuration,
int(C) = U 4ea t(A)(S(A)) represents the internal action of the configuration,
ext(C) = in(C) U out(C) represents the external action of the configuration,

sig(C) = (in(C), out(C),int(C)) is called the intrinsinc signature of the configuration,
CA(C) = (aut(Ay)]|...|Jaut(A,,)) represents the composition of all the automata of the
configuration,

US(C) = (S(A1),...,S(A,)) represents the states of the automaton corresponding to the
composition of all the automata of the configuration,

Here we define a reduced configuration as a configuration deprived of the automata
that are in the very particular state where their current signatures are the empty set. This
mechanism will allows us to capture the idea of destruction.

» Definition 32 (Reduced configuration). reduce(C) = (A’,S’), where A’ = {A|A €
A and sig(A)(S(A)) # 0} and S’ is the restriction of S to A’, noted S | A’ in the re-

maining.

A configuration C is a reduced configuration iff C' = reduce(C).

We recall that we assume the existence of a countable set Autids of unique PSIOA
identifiers, an underlying universal set Auts of PSIOA, and a mapping aut : Autids — Auts.
aut(A) is the PSTOA with identifier .A. We will define a measurable space for configuration.
We note for every ¢ € P(Autids), Qp, = Qy, X ... X Qp, and Fq, = Fq,, @...® ]-"wa

We note Qaut = Uy ep(autias) @ the set of all possible state sets cartesian product for
each possible family of automata. Fq,,, = {U;eq1 4 cile € P(P(Autids)),c; € Fq,, ¢ =
©1, s Py 00 € P(Autids)} (Qaut, FQ...) is & measurable space.

We note Qcony = {(A,S)|A € P(Autids),VA; € A,S(A;) € Q;}, the set of all possible
configurations.

1 Jexicographic order will simplify projection on product of probabilistic measure for transition of compos-
ition of automata
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_ Qconf — Qaut
bet = { (A,S) = Qcaa,s) =S(A1) x...xS(A,)

We note Fq,,,., = {f 1 (P)|P € Fq,..}-

(Qconfs FQeony) 18 a measurable space

4.2 Configuration transition

We will define some probabilistic transition from configurations to others. where some
automata can be destroyed or created. To define it properly, we start by defining "preserving
transition" where no automaton is neither created nor destroyed and then we define above
this definition the notion of configuration transition.

» Definition 33 (Preserving distribution). A preserving distribution n, € Disc(Qcony) is a
distribution verifying ¥(A,S), (A’,S’) € supp(n,), A = A’. The unique family of automata
ids A of the configurations in the support of n, is called the family support of n,.

We define a companion distribution as the natural distribution of the corresponding
family of automata at the corresponding current state. Since no creation or destruction
occurs, these definitions can seem redundant, but this is only an intermediate step to define
properly the "dynamic" distribution.

» Definition 34 (Companion distribution). Let C' = (A, S) be a compatible configuration
with A = (Ay,...,A,) and S: A; € A — ¢, € Q4, (with A partially-compatible at state
qg=1(q1,qn) € Qa = Qa, X ... X Qu4,). Let n, be a preserving distribution with A as
family support. The probabilistic distribution n(a 4,q) is a companion distribution of n, if for
every ¢ = (q},...,q,,) € Qa, for every 8" : A, € A ¢/ € Qu,,

N(A,qa)(d) =m((A,8") <= Vi€ [1,n],q] = qj,

that is the distribution (A 4,4) corresponds exactly to the distribution 7,,.
This is "a" and not "the" companion distribution since 1, does not explicit the start

configuration.

A = (A, A, A3)

P Cp = (A,S))
s 0~ (a8
&
‘l> 0o 0] ¢;-(aS)
[0 c-as)

a_ o

q=(q,a,3) Ty

X
xx

Figure 3 A preserving distribution is matching its companion distribution.

» Lemma 35 (Joint preserving probability distribution for union of configuration). Let Ax,
Ay, Ay = Ax UAy be family of automata. Let Cx = (Ax,Sx) and Cy = (Ay,Sy) be
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two compatible configurations. Let Cz = (Az,Sz) = Cx UCy be a compatible configuration.
Let Ax (resp. Ay and Agz) the automaton issued from the composition of automata in Ax
(resp. Ay and Ayz). Let gx (resp. qv and qz) be the current states of Ax at configuration
Cx (resp. Ay at configuration Cy and Az at configuration Cyz)

Let 7715( and 77;/ be preserving distributions that have 1(x qx.a) and N(y,qy a) a8 companion
distribution. We note an the preserving distributions that have 1z, 4) as companion
distribution.

For every configuration C, = (Az,S%) = C% UCYy, with C% = (Ax,S%) and Cy, =
(Ay,Sy), 17 (Cy) = (n; @y )((C, CY)).

Proof. We have 04, q,.0) = M(Ax,ax,a) @ M Ay ,qy,a)- Parallely, 775( and 77;/ are preserving
distributions that have 14y qx,a) a0d 74y ¢y ,0) @8 companion distribution, while 775 is
preserving distributions that have 74, 4, ) @ companion distribution. |

Now, we can naturally define a preserving transition (C,a,n,) from a configuration C
via an action a with a companion transition of 7,. It allows us to say what is the "static"
probabilistic transition from a configuration C' via an action a if no creation or destruction
occurs.

» Definition 36 (preserving transition). Let C' = (A,S) be a compatible configuration,
q=US(C) and 1, € P(Qconf, FQ.,.;) be a preserving transition with A, as family support.

Then say that (C,a,n,) is a preserving configuration transition, noted C RN Np if

A, =A
1(A,q,q) 1S @ companion distribution of 7,

For every preserving configuration transition (C, a,,), we note N(C,a)p = Np-

The preserving transition of a configuration corresponds to the transition of the composi-
tion of the corresponding automata at their corresponding current states.

No we are ready to define our "dynamic" transition, that allows a configuration to create
or destroy some automata.

At first, we define reduced distribution that leads to reduced configurations only, where
all the automata that reach a state with an empty signature are destroyed.

» Definition 37 (reduced distribution). A reduced distribution 7, € Disc(Qconf, FQ.ons)
is a probabilistic distribution verifying that for every configuration C' € supp(n,), C =
reduced(C).

Now, we generate reduced distribution with a preserving distribution that describes what
happen to the automata that already exist and a family of new automata that are created.

» Definition 38 (Generation of reduced distribution). Let 1, € Disc(Qconf) be a preserving
distribution with A as family support. Let ¢ C Autids. We say the reduced distribution
N € Disc(Qeony) is generated by n, and ¢ if it exists a non-reduced distribution 7, €

Disc(Qcont), s. t.
(¢ is created with probability 1)
V(A”,S") € Qcony, if A # AU, then n,,((A”,8”)) =0
(freshly created automata start at start state)
V(A",8") € Qeony, if 3A; € ¢ — A so that, S”(A;) # g, then n,,((A”,8")) =0

XX:13



XX:14  Probabilistic Dynamic Input Output Automata

a6 (The non-reduced transition match the preserving transition)

462 V(A",8") € Qeons, 5. t. A" = AUyp and VA; € ¢,S"(A; = X;j), - ((A"”,S")) =
463 np(A, S” |—A))

a4 (The reduced transition match the non-reduced transition )

as5 Ve € Qeony, if ¢ = reduce(c),n.(c') = E(er o/ =reduce(e))nr (), if ¢ # reduce(c’), then
466 () =0

w7 » Definition 39 (Intrinsic transition ). Let (A,S) be arbitrary reduced compatible config-
ws uration, let 7 € Disc(Qeons), and let ¢ C Autids, ¢ N A = (. Then (A,S) == 7 if 7 is
o generated by 7, and ¢ with (A,S) % n,.

4

=)

p={As}

C=(A,S
( ) Al = (AQ,A:Z-,-Ai)

C; = (A',S))
N
A = (A, Ay, Ag) ‘D
S
>

0y = (A',S})

a
C=_1

Figure 4 An intrinsinc transition where A; is destroyed deterministically and A4 is created
deterministically.

470 The assumption of deterministic creation is not restrictive, nothing prevents from flipping
a  a coin at state sg to reach s; with probability p or so with probability 1 — p and only create
w2 a new automaton in state so with probability 1, while the action create is not enabled in
a3 state sp.

= 4.3 Probabilistic Configuration Automata

a5 » Definition 40 (Probabilistic Configuration Automaton). A probabilistic configuration auto-
w6 maton (PCA) K consists of the following components:

a7 1. A probabilistic signature I/O automaton psioa(K). For brevity, we define states(K) =
a8 states(psioa(K)), start(K) = start(psioa(K)), sig(K) = sig(psioa(K)), steps(K) =
a0 steps(psioa(K)), and likewise for all other (sub)components and attributes of psioa(K).
480 2. A configuration mapping con fig(K) with domain states(K) and such that con fig(K)(z)
481 is a reduced compatible configuration for all ¢x € states(K).

482 3. For each ¢k € states(K), a mapping created(K)(x) with domain sig(K)(x) and such
483 that Va € sig(K)(q), created(K)(q)(a) C Autids
484 4. A hidden-actions mapping hidden-actions(K) with domain states(K) and such that
485 hidden-actions(K)(qx) C out(config(K)(qx)).

486 and satisfies the following constraints
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= 1. If config(K)(qx) = (A,S), then VA; € A,S(A;) =

= 2. If (qrc,a,n) € steps(K) then config(K)(qrx) ==, 1, where ¢ = created(K)(qx)(a)
and n(y) = 7' (config(K)(y)) for every y € states(K)

= 3. If g € states(K) and con fig(K)(qx) ==, 1 for some action a, p = created(K)(z)(a),
and reduced compatible probabilistic measure 7' € P(Qcons, FQ...;), then (¢x,a,n) €
steps(K) with n(y) = n'(config(K)(y)) for every y € states(K).

m 4. Forall gi € states(K) , sig(K)(qx) = hide(sig(config(K)(qk)), hidden-actions(qk)),
which implies that
- (a) out(K) (qx) C out(config(K)(ax)
- (b) in(K) (ax) = in(config(K)(ax),
= () int(K)(qk) 2 int(config(K)(qx)), and
- (d) out(K)(gxc) U int(X)(gxc) = out(eonfig(K)(gxc)) Uint(con fig(K)(a))

4 (d) states that the signature of a state qx of K must be the same as the signature
of its corresponding configuration config(K)(qx ), except for the possible effects of hiding
operators, so that some outputs of config(K)(¢x) may be internal actions of K in state q.

config(X) hidden — actions(X)
a ( x ) ° a (u Yef v Ye a unv €
> — > > — — > >
) B— 0 . int:g,h
Inl.g,h,g) > int:g Int.ho > g ol
b f ‘llx Cf‘( b \ o) d ot b \W
E d
t Mxay.c) | NCk gyl t
a X € a ( u ) c v ) e a [ uv €
o > . g —> "1 int:gh >
. . . nt:g,
Inl.g,h,b ' )> int:g J :L Int.h0 «— g O(f_
b N— o [ N Q) , )t b Tx
X ) | N e ) v gt ) = ‘5‘,;',
a X a u a u
X N N
int:g é ~>> int:g int:g
b O qu CJY b O b O
Mx s | e gy b ol ¢ = created(X)(q})(b) = {W}
a X v 1 a u w
int:g,j i <> é g int:g int:]j o
b 9 9x Cy b ;o/ i

Figure 5 A PCA life cycle.
Additionnaly, we can define the current constitution of a PCA, which is the union of the

current constitution of the element of its current corresponding configuration.

» Definition 41 (Constitution of a PCA). Let K be a PCA. For every q € states(K),
constitution(K)(q) = constitution(psioa(K))(q) =
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s (AENUEEN c (v
in:i ‘e" in:kd
n:i, n:k,

P e N

b \ J do

Config(X)(x,) Config(X)(xg)

g u
in:ij o

Config(X)(x,)

a U ) ¢

<

Y

A

v in:kd
do

y
O

in:ij o

Config(X)(x2) Config(X)(xg)

Figure 6 Example of Configuration Automaton execution. We illustrate succession of configura-
tions mapped with the configuration automaton X. We denote Vz; € states(X),C; = (A;,S;) =
Config(X)(z;), Co =, C} :i>v Cs...Cq %@ Cy =d>q) Cs :b>@ C9. The automata included in
the configuration are either {U} or {U, V'}. The internal action ¢ of U aims to create the automaton
V. do represents a destruction order, while d is a destruction action. The step (sv,d, si/) is so that
sig(V)(sy) =0
, thus (Ag, Sg) does not handle V' because of reduction.

UAeauts(conﬁg(K)(q)) constitution(A)(map(con fig(K)(q))(A)).

We note UA(K) = |J,,¢ i constitution(K)(q) the universal set of atomic components of
K.

4.4 Compatibility, composition

» Definition 42 (Union of configurations). Let C7 = (A1,S1) and Cy = (A2, S2) be con-
figurations such that A; N Ay = (). Then, the union of C; and C5, denoted Cy U Cs, is
the configuration C' = (A, S) where A = A; U A, (lexicographically ordered) and S agrees
with S; on Aj, and with So on A,. It is clear that configuration union is commutative
and associative. Hence, we will freely use the n-ary notation C; U...U C, (for any n > 1)
whenever Vi, j € [1:n],i # j, auts(C;) Nauts(C;) = 0.

» Definition 43 (PCA partially-compatible at a state). Let X = (X1, ..., X,,) be a family of
PCA. We note psioa(X) = (psioa(X1),...,psioa(X,)). The PCA Xy, ..., X,, are partially-
compatible at state ¢gx = (¢x,,-..,4x, ) € states(X1) X ... x states(X,,) iff:

1. Vi, j € [1:n],i# j:auts(config(X;)(qx,)) Nauts(config(X;)(qx,)) = 0.

2. {sig(X1)(gx,), .-, $i9(Xn)(ax,)} is a set of compatible signatures.

3. Vi,j € [1 :nl,i #j: Va € sig(X;)(gx,) N sig(X;)(qx,) : created(X;)(gx,)(a) N
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created(X;)(qx,)(a) = 0.
4. Vi, j € [1:n],i# j: constitution(X;)(gx,) N constitution(X;)(qx,) = 0

We can remark that if Vi, j € [1 : n],i # j : auts(con fig(X;)(qx,))Nauts(con fig(X;)(qx,)) =
) and {sig(X1)(gx,), ---» 5t9(Xn)(gx, )} is a set of compatible signatures, then con fig(X1)(gx, )U
..Uconfig(X,)(gx,) is a reduced compatible configuration.

If X is partially-compatible at state gx, for every action a € sig(psioa(X))(gx), we
note 1(xX,qx,a) = Npsioa(X),ax.a) ad we extend this notation with 7x 4x.a) = dgx if a &

sig(psioa(X))(gx)-

» Definition 44 (pseudo execution). Let X = (Xy,...,X,) be a set of PCA. A pseudo
execution fragment of X is a pseudo execution fragment of psioa(A), s. t. for every non final
state ', X is partially-compatible at state ¢° (namely the conditions (1) and (3) need to be
satisfied)

A pseudo execution a of X is a pseudo execution fragment of X with fstate(a) =
(le PREES) Can)

» Definition 45 (reachable state). Let X = (X1, ..., X,,) be a set of PSIOA. A state ¢ of X
is reachable if it exists a pseudo execution « of X ending on state q.

» Definition 46 (partially-compatible PCA). Let X = (X,...,X,,) be a set of PCA. The
automata Xi,..., X, are (-partially-compatible with £ € N if no pseudo-execution a of
X with |a| < ¢ ends on non-partially-compatible state ¢. The automata Xi,..., X,, are
partially-compatible if X is partially-compatible at each reachable state ¢, i. e. X is
C-partially-compatible for every ¢ € N.

» Definition 47 (compatible PCA). Let X = (X7, ..., X,,) be a set of PCA. The automata
Xq,..., X, are compatible if the automata X1, ..., X, are partially-compatible for each state
of states(X1) X ... x states(X,,).

» Definition 48 (Composition of configuration automata). Let Xy, ..., X,,, be compatible (resp.
partially-compatible) configuration automata. Then X = Xj]|...||X,, is the state machine
consisting of the following components:

1. psioa(X) = psioa(X1)||...||psioa(X,,) (where the composition can be the one dedicated
to only partially-compatible PCA).
2. A configuration mapping config(X) given as follows. For each = = (z1,...,z,) €
states(X), config(X)(x) = config(X1)(x1) U...Uconfig(X,)(z,).
3. For cach = = (z1,..., ,) € states(X), a mapping created(X)(z) with domain sig(X)(x)
and given as follows. For each a € s/z?J(X)(x), created(X)(z)(a) = Uae@(Xi)(mq,),ie[l:n] created(X;)(z;)(a).
4. A hidden-action mapping hidden-actions(X) with domain states(X) and given as follows.
For each © = (21, ...,xn) € states(X), hidden-actions(x) = U, ¢1., hidden-actions(z;)
We define states(X) = states(sioa(X)), start(X) = start(sioa(X)), sig(X) = sig(sioa(X)), steps(X) =

steps(sioa(X)), and likewise for all other (sub)components and attributes of sioa(X).

» Theorem 49 (PCA closeness under composition). Let X1, ..., X, be compatible or partially-
compatible PCA. Then X = X;||...|| X, is a PCA.

Proof. We need to show that X verifies all the constraints of definition 40.

(Constraint) 1: The demonstration is basically the same as the one in [1], section 5.1,
proposition 21, p 32-33. Let gx and (A,S) = config(X)(gx). By the composition of
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564 psioa, then ¢x = (¢x,, ---, x, ). By definition, config(X)(qx) = config(X1)(gx,) U ... U

565 config(X,)(gx, ). Since for every j € [1: n], X, is a configuration automaton, we apply
566 constraint 1 to X; to conclude S(A;) = g4, for every A, € auts(config(X;)(qx;). Since
567 (auts(config(X1)(dx,), ..., auts(config(X,)(qx,)) is a partition of A by definition of
568 composition, S(Ay) = qa, for every Ay € A which ensures X verifies constraint 1.

560 (Constraint 2) Let (z,a,n) be an arbitrary element of steps(X). We will establish
570 config(X)(z) ==, 0 with ¢ = created(X)(x)(a) and n'(config(X)(y)) = n(y) for
sm1 every state y € states(X). For brevity, let A; = sioa(X;) for i € [1 : n]. Now
572 (z,a,n) € steps(X). So (x,a,n) € steps(sioa(X)) by definition. Also by Definition 48,
573 sioa(X) = sioa(X1)|]...]|sioa(X,) = Aill...||An. From definition of sioa composition,
574 there exists a nonempty ¢ C [1 : n] such that Vi € ¢g, a € sig(A;)(x;) and Vj € ¢2 =
o ([ 0]\ 00), @ ¢ 5ig(Ay) (x5).

576 So, (z,a,m) € steps(Ail]...]|An. Since z € states(Ai]...||An), we can write z, as
577 (x1,...,Xp) where x; € states(A;) for ¢ € [1 : n]. In the same way, we can write

578 n=1m ® .31, where for each i € ¢2,7; = 1x, o (X = 1;) and j € ¢%,n; = Ox, -

579 We have (\\;cy0 a € sig(Ai)(xi) A (xi,a,15) € steps(Ai)) A (Njepingpe @ ¢ sig(A;) (%) A
580 n = 5,(]. (a)

sa1 Each X;, i € [1 : n], is a configuration automaton. Hence, by (a) and constraint 2
582 applied to each X;, with i € ¢, we have: /\iew config(X;)(z;) ==, 1} with ¢; =
583 created(X;)(z;)(a) and n}(config(X)(y:)) = ni(y:) for every state y; € states(X;), and
584 /\je¢>;§ config(X;)(z;) == 8, -

585 Since X1, ..., X, are compatible, we have that config(X1)(x1)U...Uconfig(X,)(x,) and
586 config(X1)(y1)U...Uconfig(X,)(yn) are both reduced compatible configurations for
587 every ¥ = (¥1,-.-,¥n) 8. t. yx € supp(n) for each k € [1 : n].

58 By definition, ¢ = created(X)(x)(a) = created(X;)(z;)(a).

589 Thereafter, we obtain

590 (Urei:n) config(Xi)(xk)) =4 1) where ' =0} @ ... @1,

501 For every y € states(X),n' (config(X)(y)) = n(y)

592 Finally, we obtain con fig(X)(z) :a>created(X)(x)(a) n’ with 1’ (config(X)(y)) = n(y) for

€2

593 every y € states(X).

594 (Constraint 3) Let x be an arbitrary state in states(X) and 1 an arbitrary probability
505 measure on the configuration with a support corresponding to reduced compatible config-
596 uration such that config(X)(x) ==, 1’ for some action a with ¢ = created(X)(z)(a).

597 We must show Inyq € P(Qx,Foy) & (2,a,mx.4) € steps(X) (x 5 1x.a) and for every
598 state y € states(X), 0’ (config(X)(y)) = nx.a(¥)-

509 We can write x as (X1, ..., X, ) where x; € states(X;) for i € [1: n]. Since X3, ..., X,, are
600 compatible, we have, by compatibility of configuration automata, that auts(con fig(X;)(x;))N
601 auts(config(X;)(x;)) = 0,Vi,j € [1:n],i # j, (thus, all SIOA in these configurations are

602 unique) and that config(X1)(x1) U... Uconfig(X,)(xy) is a reduced compatible config-
603 uration. Also, from configuration composition, con fig(X)(x) = U,ep1.n) config(Xi)(x:),
604 that is (J;e (., config(X;)(x:) =, 1. (a)

605 From definition of sioa composition, there exists a nonempty ¢¢ C [1 : n] such that

606 Vi€ ¢l a€ Sig(Ai)(Xi) and Vj € ¢¢, = ([1 : TL] \ ¢g), a ¢ Sig(Aj)(Xj).

607 We have config(X)(x) ==, n'. with ' =n| ® ... ® 1}, and for every i € ¢ supp(n}) C

608 {d13¢", (¢ = reduced(c”)) N (auts(c") = auts(config(X;)(x:))Upi)AN(VA € @;, maps(c’)(A) =
609 xXa)} with ¢; = created(X;)(x;)(a) and for every j € ¢5. = ([1 : n]\ ¢¢), n; =

G0 OConfig(X;)(x;)

611 We have for every i € ¢¢ config(X;)(x;) ==, 1, which means for every i € ¢,
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(xi,a,m;) € steps(X;) with for every y; 1;(y:) = n;(config(X;)(y:))-

For every j € ¢, = [1:n]\ ¢2, we note 7; = dy,.

From this, x = (X1, ...,Xpn), 1 =M1 @ ... ® Ny, and definition of configuration composition,
we conclude (x,a,n) € steps(X) and for every y € states(Y), n(y) = n'(config(X)(y))

(Constraint 4).

For every i € [1,n], we note hx, = hidden-actions(X;)(qx,) and h = ;e ) hx.-
Since {X;|i € [1,n]} are partially-compatible in state ¢x = (¢x,, .-, ¢x,, ), we have both
{config(X;)(qx,)|i € [1,n]} compatible and Vi, j € [1,n],in(config(X;)(qx,)) Nhx, =
(. By compatibility, Vij € [1,n],out(config(X;)(qx,)) N out(config(X;)(qx,)) =

int(con fig(X:)(qx,))Nsig(con fig(X i)(ax,)) = 0, which finally gives Vi, j € [1,7], sig(config(X.

hx, = 0.

Hence, we can apply commutativity to obtain hide(sig(config(X1)(gx,))X....xconfig(X
. Uhx,) = hide(sig(config(X1)(gx,)), hx,) X ... X hide( szg(confzg(Xn) ax,)), hx, ).
That is sig(psioa(X))(¢x) = sig(psioa(Xl))(qxl)) X .... X sig(psioa(X,))(gx,)) because
of (1) is compatible with sig(psioa(X))(gx) = hide(sig(config(X)(z)), h) because of (2)

and (4).
Furthermore h C config(X)(gx), since hx, C config(X;)(qx,)-
This terminates the proof.

5 Projection

This section aims to formalise the idea of a PCA X 4 considered without an internal PSIOA
A. This PCA will be noted Y4 = X 4 \ {A}. This is an important step in our reasoning
since we will be able to formalise in which sense X 4 and psioa(X 4 \ {A})||A are similar.

5.1 projection on configurations

At first we need some particular precautions to define properly the probabilistic spaces.

The next definition captures the idea of probabilistic measure deprived of a psioa A.

» Definition 50 (probabilistic measure projection). Let A = (A4,...,A,) be a (lexically
ordered) family of PSIOA partiall-compatible at state ¢ = (q1, ..., qn) € Qa, X ... X Q 4, . Let
A® = (Aga, ..., As¢n) C A. We note :

g\ {Ar} = (a1, k-1, Qrt1, -, @) i Ax € A and ¢\ {Ax} = ¢ otherwise.

g\ A® = (g\{Asn})\ (A°\ {A4n}) (recursive extension of the previous item).

q | Ax = qx if Ax € A only.

gl A®=q\ (A\ A?®) (recursive extension of the previous item).

Let ¢ =g\ A®and ¢" =q | A if A C A. Let A’ = A\ A® and A” = A® C A. Let
a’ € sig(A')(¢') and o € sig(A”)(¢"). We note

?’](qu’a/) \AS £ ’I”(A/_’qua/) and

n(qu’a//) F A.S é 77(A”,q”,a”) lf A.S C A.

Then we apply this notation to preserving distributions.

» Definition 51 (preserving distribution projection). Let 7, be a preserving distribution. Let
A = (A4, ..., Ay) its family support. Let H be its set of companion distributions of 7, ( s
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Figure 7 State projection
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Figure 8 Family transition projection

t. for every n € H, n =m Q... ® n, with ; € Disc(Q.4,)).Then n, \ A® is the preserving
distribution with A \ A® as familiy support and H' = {n\ A®*ln € H} as companion
distribution set. If A® C A, then n, [ A® is the preserving distribution with A | A® as
familiy support and H” = {n | A®|n € H} as companion distribution set.

» Definition 52 (intrinsinc transition projection). Let n € Disc(Qcons) generated by ¢ and
Np € Disc(Qeons). We note 1\ A® the probabilistic measure on configurations generated by
¢\ A® and 1, \ A® and we note n [ A® the probabilistic measure on configurations generated
by ¢ | A®and n, | A° .

Then we can easily determine some results when projection is applied.

» Lemma 53 (family distribution projection). (see figure 11) Let A = (Ay,..., A,), let
n=mQ8..Qn, withn € Disc(Qa,) for every i € [1,n] . Let ' = n\ {Ax}. Let
Q4 = {2\ {Ax}tlg € Qa}.

For every ¢' € Q'y, 0 (¢') = X(geqa,a\{A}=a")1(4)

Proof. This comes directly from the law of total probability. The Bayes law gives n(¢") =
>_n(d'|a)n(q) with n(q'|q) = 6q=q\{a,}- Thus 1(q) = >_p o\ (4,3 7(a)- <

» Lemma 54 (preserving distribution projection ). (see figure 12) Let n, be a preserving
distribution with A = (A1, ..., An) as family support . Let Cy be a configuration (n, \

{Ak})(CY) = E(CX,CX\{Ak}:CY)T]p(CX)'
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Figure 9 Preserving distribution projection

p={And} P\ AL = {A)
A = (s, Ay, Ay As) P A= ) A" = (A5, 4)
C) = (A',S)) : cr = (A",S))
< : =
A = (A, Ay, Ay) ‘,? DOANVA, = (A, Ag) +
o7 % 2 A,
> | >
Cy = (A,8)) cy = (A",SY)
C=m : C\A, =5, 1\ A,

Figure 10 Intrinsinc transition projection

Proof. We can apply lemma 53 for every pair (n,7\{Ax}) s. t. 1 is a companion distribution
of n, (and n\ {A} is a companion distribution of 1, \ { Ay} by definition). Then we substitute
in the sum of 53 every state ¢ by the corresponding configuration. |

» Lemma 55 (reduced distribution projection ). Let n, be a preserving distribution with
A = (Ay,..., A,) as family support . Let n, be generated by ¢ and n,. Let Cy be a
configuration.

(7710 \ {Ak})(CY) = E(CX,CX\{AI@}=CY)77P(CX)‘
Let Cy be a configuration (0, \ {Ar})(Cy) = E(cx,cx\fAr}=Cy ) (Cx).

Proof. For a preserving transition, we get (9, \ {Ar})(Cy) = X(cy,cx\{4x}=Cy)Mp(Cx) for

XX:21
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Figure 12 total probability law for preserving configuration distribution and its companion
distribution

every configuration Cy from lemma 54. By definition 38, it follows the same relation for
the non-reduced transition which is matching the preserving transition. It follows the same
relation for the reduced transition which is matching the non-reduced transition. |

» Lemma 56 (projection on an intrinsinc transition). Let C be a configuration, P an automaton
a € sig(C\P), ¢ C Autids andn € Disc(Qeong), 5. t. C ==, n,. Then , C\{P} :a>(¢\{p})
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(- \ {P})-

Proof. We note auts(C) = A = (A;,..., A,), S
q = (S(A1),...,S(A,)). Since a is enabled in C

(unique from ¢ and a by transition determinism),

= auts(C) and A = A]|...||A,. We note
\ {P}, (¢\ {P},a,n) is a transition of A
while (g,a,n \ {P}) is a transition of A’

the automaton issued from the composition of automata in A \ {P}. This comes from the

definition of composition 11. Now 7, is generated from ¢ and 7, where 7 is a companion
distribution of 77,. In the same way, 1, \ {P} is generated from ¢ \ {P} and n, \ {P} where

1\ {P} is a companion distribution of 7, \ {P}.

Thus, C'\ {P} - (n, \ {P}) and then C\ {P} ==\ (p}) (1- \ {P}).

5.2 projection on PCA

Now we can define our PCA deprived of a PSIOA.
» Definition 57 (A-fair PCA). Let A € Autids. Let X be a PCA. We say that X is

A-fair if for every states gx,q%, s. t. config(

X)(ax) \ A = config(X)(qx) \ A, then

created(X)(gx) = created(X)(¢%) and hidden-actions(X)(gx) = hidden-actions(X)(q’y ).

A A-fair PCA is a PCA s. t. we can deduce its current properties from its current
configuration deprived of A. This allows the next definition to be well-defined.

» Definition 58 (X \ {P}). (see figure 13) Let P € Autids. Let X be a P-fair PCA. We

note X \ {P} the automaton Y, verifying:

it exists a total map p, : states(X) — states(Y) and pq : Disc(Qx, Fgy) — Disc(Qy,Fq,)

s. t.
MS(@X) - q_Y

if config(X)(x) = (A,S), config(V)(us(x)) = (AN{P},S T (A\{P}))

sig(Y)(ps(x)) = sig(X)(x) \ P

Vx € states(X),Va € sig(Y)(us(x)), created(Y)(us(x))(a) = created(X)(x)(a) \ {P}
Vx € states(X),Va 6 sig(V)(us(x)) if (x,a,n) € step(X), (us(x), a, pa(n)) € step(Y)
) =

where pa(1)(y) = s, (0 =y"1(X)-
Va € states(X), if A € auts(config(X)(gx

)), then

hidden-actions(Y)(us(x)) = hidden-actions(X)(z)\out(A)(maps(config(X)(qgx))(A),
otherwise hidden-actions(Y')(us(x)) = hidden-actions(X)(x).

In the remaining, if we consider a PCA X deprived of a PSIOA A we always implicitly

assume that X is A-fair.

Here we prove a serie of lemma to show that Y = X \ {P} is indeed a PCA. by verifying

all the constraints.

» Lemma 59 (corresponding transition measure
X be a P-fair PCA. Let Y = X \ {P}. Let

a € act(config(X)(¢x) \ {P}). Let n’x s. t. C

for projection). Let P be a PSIOA. Let
(gx,a,nx) be a transition of X where
onfig(X)(qx) ==¢x nx with nx(¢y) =

N (config(X)(¢)) for every ¢x and px = created(X)(gx)(a) (which exists by definition).

Then (gy = 115(qx), a,ny = pa(nx)) is a transition of Y and Config(Y)(qy) ==y 1y

with ny = n'x \ {P}, nv(gy) = my(config(Y)(
created(Y)(gy)(a).

qy)) for every gy and oy = (px \ {P}) =

XX:23
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=5 Proof. At first, by definition of Y, Config(Y)(¢v = ps(gx)) = Config(X)(qx)\{P}. Then,
ne  since a € act(config(X)(gx)\ {P}), we can apply lemma 56. Thus Config(Y)(gy) ==,
=y with 0y = % \ {P} and ¢y = (px \ {P}). By definition, created(Y)(gy)(a) =
s created(X)(gx)(a) \ {P}, thus py = created(Y)(qy)(a).

720 Let gy be astate of Y. By definition of Y = X\{P}, (1a(nx))(ay) = Xqx po(ax)=ay 1x (@x)-

70 By assumption, nx (gx) = n'x (con fig(X)(gx)), thus (1a(nx))(qy) = Egx s (ax)=ay Mx (cOnfig(X)(gx)).

7 We substitue gx with con fig(X)(gx ) in the sum and obtain (1q(1x))(qy) = Econfig(X)(ax),con fig(X)(ax)\{ Py=con fig
= since ps(gx) = gy if and only if config(X)(gx) \ {P} = config(Y)(gy) by definition of

Y = X \ {P}. Therafter, we use the lemma 55 and get (1tq¢(7x))(gy) = 1y (config(Y)(gy))

7 with 77&, = n'X \ {P}

735 |

6 B Lemma 60 (extension of a preserving transition). Let Cy be a configuration, P an automaton
7 that is not contained in Ay = auts(Cy), a € sig(Cy), s. t. Cy = Ny,p with Ay as family
s support and n as companion distribution.

739 Then for every qp € states(P), for every configuration Cx = (auts(Cy )U{P}, maps(Cy )U
uo  {(P,qp)}) we have Cx N, with Ax = Ay U{P} as family support and 1’ as companion
m  distribution where

742 N =0 QNgpaifac s/z\'g(P)(qp) orn=mn®Q 04, otherwise.

u3s  Proof. Let Ay = auts(Cy ) and Ay the automaton issued from the composition of mathbf Ay .
m Let Ax = auts(Cx) = auts(Cy)U{P} and Ax the automaton issued from the composition
s Of mathbfAX .

746 Let (g, a,n) be transition of Ay, then by definition of composition, for every gp € states(P)
w7 for the unique state ¢/, s. t. both ¢’ \ {P} = ¢ and ¢’ [ P = gp. Then, by definition 11
1 of composition (¢, a,n’) is a transition of Ax with 7' ' = n® 14, 4 if a € sig(P)(gp) or
1 1 =1n® g, otherwise.

750 Then 7' is a companion distribution of 7x ,, while n is a companion distribution of
1 NY,p- |

2 B Lemma 61 (extension of an intrinsinc transition). Let Cy be a configuration, oy C Autids,
ws P an automaton that is not contained in auts(Cy) U py, a € sig(Cy), s. t. Oy ==, Ny
=4 where ny is generated by ny, and @y where 1 is a companion distribution of nyp.

755 Then for every qp € states(P), for every configuration Cx = (auts(Cy)U{P}, maps(Cy)U
me {(P,qp)}), for every set px, s. t. py = ox \ {P}, we have Cx ==, nx where nx is
w1 generated by nx , and @x with oy = ox \ {P} where v is a companion distribution of nx p
s With ) =N Q@ Nyp.a if a € gi\g(P)(qp) orn' =n®d,, otherwise.

o Proof. Immediate from last lemma and definition of intrinsic transition generated by a
w0 preserving transition and a set of automata ids. <

7w » Lemma 62 (existence of intrinsinc transition). Let X be a PCA, P € Autids and Y =

w X\ {P}.
763 Jy € States(Y),ny € Disc(Qconfs FQuons ) @ € sig(Config(Y)(y)), oy = created(Y)(y)(a)
74 S. L.

765 Config(Y)(y) ==, 1}y implies
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It exists 3w € States(X), ps(x) = y,1x € Disc(Qconfs FQeons )My = (Mx \ {P}),a €
sig(Config(X)(z) \ {P}), ox = created(X)(z)(a) s. t.
Config(X)(x) == ¢ -

Proof. By definition of Y, if y € states(Y), it exists x € states(X), us(z) =y, config(X)(z)\
P = config(Y)(y) and created(X)(z)(a) = created(Y)(y)(a)\ P. If P € auts(config(X)(z))
with maps(config(X)(z))(P) = gp, we can apply the lemma 61.

We obtain Con fig(X)(x) :a>created(x)($)(a) Ny and 'y = Ny \P. If P ¢ auts(config(X)(z)),
the conclusion is the same. <

Now we are able to demonstrate the theorem of the section that claims the PCA set is
closed under projection.

» Theorem 63 (X \ {P} is a PCA). Let P € Autids. Let X be a P-fair PCA, then
Y =X\ {P} is a PCA.

Proof. (Constraint 1) By definition, config(Y)(gy) = config(X)(ps(dx)). Since the
constraint 1 is respected by X, it is a fortiori respected by Y
(Constraint 2) Let (gy,a,ny) € steps(Y). By definition of Y, we know it exists
(gx,a,nx) € steps(X) with ny = pq(nx) and gy = ps(gx). Then, because of constraint 2
ensured by X, we obtain config(X)(gx) =>4, 1y with nx(q%) = n'x(Config(X)(d%))
for every ¢’y € states(X), px = created(X)(¢x)(a).
Finally, we can apply lemma 59 to obtain that config(Y)(y) ==, 7%y with ny(¢}) =
1y (Config(Y)(gy)) for every g5 € states(Y), ¢y = created(Y )(qy)( ).
(Constraint 3) 3y € States(Y),ny € Disc(Qeonsr FQuons) @ € szg(C’onfzg(Y)(y)), oy =
created(Y)(y)(a) s. t.
Config(Y)(y) == 113
Because of lemma 62, it implies it exists z, ps(x) =y, s. t.
config(X)(z) ==, 1 with 0}, =n’x \ P, ¢x = created(X)(z)(a) and py = ¢x \ P.
Since X respect the constraint 3 of PCIOA, we obtain that (z,a,nx) exists with nx(z) =
n'x (config(X)(x)).
Then we get (y = ps(x), a,ny = pa(nx)) by definition of Y.
We can use the lemma 59 to deduce that ny (y') = ny (config(Y)(y')) for every y' €
states(Y).
(Constraint 4) By definition sig(Y)(qy = ps(qx)) = hide(sig(config(Y)(gy ), hidden-
actions(Y)(qy)) where hidden-actions(Y )(qy) = hidden-actions(X)(qx)\out(A)(map(config(X)(gx))(A)),
if (*) A € auts(config(X)(gx)), hidden-actions(Y)(qy) = hidden-actions(X)(qx) oth-
erwise (**), Since X is supposed to be P-fair, even if it exists ¢%, s. t. us(dy) = gy,
then hidden-actions(X)(qx) = hidden-actions(X)(¢), so hidden-actions(Y)(qy)) is
well-defined.
Furthermore, if (*), hidden-actions(X)(gx)\out(A)(map(config(X)(¢x))(A)) C out(config(X)(gx))\
out(A)(map(config(X)(gx))(A)) Because of compatibility of con fig(X)(¢x), out(A)(map(config(X)(gx))(A))N
out(config(Y)(gy)) = 0, thus out(con fig(X)(qx)) \ out(A)(map(config(X)(qx))(A)) =
out(config(Y)(qy)), which means hidden-actions(Y)(qy)) C out(config(Y)(qy)).
otherwise (**) we have hidden-actions(Y)(gy)) = hidden-actions(X)(gx)) C out(config(X)(gx))
and out(config(X)(¢x)) = out(config(Y)(qy))
Thus hidden-actions(Y)(qy)) C out(config(Y)(qy))
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6 Reconstruction

In last section, we have shown that ¥ = X \ A was a PCA. In this section we want to
show that, (as long as no re-creation of A occurs), psioa(X \ {A})||A and X are linked by
an homomorphism. This concept is formalised in theorems 78 and 82. Hence it is always
possible to transfer a reasoning on X into a reasoning on psioa(X \ {A})||A if no re-creation
of A occurs.

6.1 Simpleton wrapper

» Definition 64 (Simpleton wrapper). (see figure 14) Let A be a PSIOA. We note A** the
simpleton wrapper of A as the following PCA:

Qa — ?“‘Isw t. psioa(AS") =
qa = G few = T€NG(qA)

rensy (A), that is psioa(A*™) differs from A only syntactically.

VG fou € states(A*Y), config(A**)(q o) = reduced({A},S : A+ ga = reng,t(qa))

Vg jou € states(A®), Va € S/ZT(J(ASU’)(@%”), hidden-actions(A*")(d j..) = 0 and
created(A*)(d gou ) (a) = 0.

We can remark that when A*® enters in cjﬁsw = reng,(qy) where @(Asw)(dzsw) =0, this

matches the moment where A enters in qi’t where S/’LT(](.A) (qﬁ) =), s. t. the corresponding
configuration is the empty one.

It exists a bijection reng, : {

» Lemma 65. Let A be a PSIOA. Let A*" its simpleton wrapper with psioa(A®”) =
rensy(A). Let p € Disc(frags(A®)) apply zouw (rensy (i), p)(rense (o)) = applya(p, p)(a).

Proof. By induction. The only key point is that (i) Vq € states(A), constitution(A")(rens,(q)) =
constitution(A)(g) and (ii) for ¢? s. t. sig(A)(¢®) = 0, constitution(tilde A*")(rensy, (¢?)) =

() which means that (*) T is enabled in ¢ iff T' is enabled in reng,(¢) and that (**) a is
triggered by T in state ¢ iff a is triggered by T' in state reng,(q).

By induction on |p|.
Basis: apply.a(p, A)(a) = p(a), while apply zow (rensw (1), M) (rensy (a))) = rens, (@) (reng, (o)) =
().

Let assume this is true for p;. We consider a5t!

=" a* gt and po = pi T
applya(p, ;1 T) (o) = applyaapplya(p, p1), T) (@) = p1(a®T1) 4+ pa(ath)

(1) = applya(p, pr)(Q@®) - Neage ey (@) if @8t = a5 7a* g5t ot triggered by T enabled
b1 1o otherwise

(1) = applya(p, p1)(a*Tt)  if T is not enabled after a**?
b2 10 otherwise

Parallely, we have

apply jew (rensy (1), prT) (rensy (@) = apply zow (apply gow (rene, (1), p1), T) (reng, (asTh)) =
pll (rensw (O‘8+1)) + p/2 (rensw (a5+1))

P (reng, (asth)) = apply gaw (rensw (1), p1)(rensw(a’)) - U(Asw,rensw(qS),aSH)(Tensw(qsﬂ)) if () .
1
0 otherwise

Ph(renan(as+1)) = apply gow (rengy (1), p1)(rensy (o)) if T is Tlot enabled after ren g, (a®h)
0 otherwise
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with (**) @ reng,(a®*1) = reng, (a®)a* T reng, (¢* 1), a* Tt triggered by T.

We have : T enabled after o <= T enabled after reng, («). The leftward terms are equal
by induction hypothesis, since |p1]| = |p2| — 1. Since the probabilistic distributions are in
bijection we can obtain the equality for rightward terms. The conditions are matched in the
same manner because of signature bijection a. Thus we can conclude that p} (rens, (a**1)) =
p1 (1) and ph(reng,(a®t1)) = pa(a®t1), which leads to the result.

6.2 Partial-compatibility

In this section, we show that (X4 \ {.A}) and A*" are partially-compatible and that (X4 \
{A})||A** mimics X4 as long as no creation of A occurs (see figure 15).

In this subsection we show that psioa(X \ {A}) and A are partially-compatible if minor
conditions are respected. We will use the notation Z = (psioa(X \ {A}), A) and in case of
partiall-compatibility of Z, Z = psioa(X \ {A})||.A.

» Definition 66 (A-conservative PCA). Let X be a PCA, A € Autids. We say that X is
A-conservative if it is A-fair and for every state gx, Cy = config(X)(gx) s. t. A € aut(Cx)
and map(Cx )(A) £ qa, hidden-actions(X)(qx) = hidden-actions(X)(qx) \ ext(A)(qa).

A A-conservative PCA is a PCA that does not hide any output action that could be an
external action of A. This allows the compatibility between X \ A and A.

This allows the compatibility between X \ A and A5

» Definition 67 (¢ and p? mapping). Let A € Autids, X be a A-fair PCA, Y = X \
A. Let A" be the simpleton wrapper of A, where psioa(A®”) = reng,(A). Let qﬁ €
states(A) the (assumed) unique state s. t. s/z\g(A)(qf‘) = (). We note puf : states(X) —
states(Y) x states(A%) s. t. Vo € states(X), pl(z) = (uf(x), rensw(qa)) with g4 =
map(config(X)(x))(A) if A € (auts(config(X)(x))) and g4 = qf‘ otherwise.

0 1 o1 2

For every alternating sequence o = z",a", s", a”... of states of and actions of X ax, we

note x4 (ax) the alternating sequence a = p(z%), at, pf(z1), d?, ...

The symbol A is omitted when this is clear in the context.
» Lemma 68 (preservation of signature compatibility of configurations). Let A € Autids.

Let X be a A-conservative PCA, Y = X \ A. Let qx € states(X), Cx = config(X)(¢x),
Ax = aut(Cx), Sx = map(Cx).
If A€ Ax and g4 = Sx(A), then sig(
sig(Cx) = sig(Cy) x sig(A™™)(reng,(q.4)
If A ¢ Ax, then sig(Cy) and sig(flsw)(rensw(qf‘)) are compatible and sig(Cx) =
sig(Cy) x sig(A™) (renau (%))

Cy) and sig(A*")(rensy(qa)) are compatible and
).

Proof. Let A € Autids Let X and Y \ {A} be PCA. Let ¢qx € states(X). Let Cx =

config(X)(¢x), Ax = auts(Cx) and Sx = map(Cx). Let ¢y € states(Y),qy = ps(gx).

Let Cy = config(Y)(qy), Ay = auts(Cy) and Sy = map(Cy). By definition of Y,
Cy =Cx \ {A}.

Case1: Ac Ay

XX:27
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884 Since X is a PCA, Cx is a compatible configuration, thus ((Ay,Sy) U (A, q4)) is a
s compatible configuration. Finally sig(Cy) and sig(A)(qa) are compatible with sig(A)(ga) =
886 sig(.Asw)(rensw(qfl)) .

887 By definition of intrinsinc attributes of a configuration, that are constructed with the
sss  attributes of the automaton issued from the composition of the family of automata of the
s0 configuration, we have Ay = Ay U {A} and sig(Cx) = sig(Cy) x sig(A)(ga), that is
w0 $ig(Cx) = sig(Cy) x sig(A*")(rensw(qa)).

891 Case 2: A ¢ AX

802 Since X isa PCA, Cx is a compatible configuration, thus Cy = Cx is a compatible con-
w3 figuration. Finally sig(Cy) and sig(A)(q ) (0,0,0) = sig(A)(ga) = sig(Asw)(rensw(qf‘))
ss  are compatible.

895 By definition of intrinsinc attributes of a configuration, that are constructed with
ss the attributes of the automaton issued from the composition of the family of automata
sr  of the configuration (here Ay and Ax = Ay ), we have sig(Cx) = sig(Cy). Fur-
ss  thermore, sig(A*")(rens,(¢%)) = sig(A)(¢%) = (0,0,0). Thus sig(Cx) = sig(Cy) x
890 sig(jlsw)(rensw(qf‘)) <

wo B Lemma 69 (preservation of signature). Let A € Autids. Let X be a A-conservative
w PCA, A € Autids, Y = X \ {A}. For every gx € states(X), we have sig(X)(qgx) =
w sig(Y)(qy) x sig(A%)(rengw(qa)) with (qy,reng,(qa)) = u(gx).

o3 Proof. The last lemma 68 tell us for every gx € states(X), we have sig(config(X)(gx)) =

i sig(config(Y)(qy)) x sig(A™)(rensw(qa)) with (qv,rensw(qa)) = p=(gx). Since X is

ws A-conservative, we have (*) sig(X)(gx) = hide(sig(config(X)(¢x)),acts) where acts C

ws  (out(X)(gx) \ (ext(A)(q )) Hence sig(Y)(qy) = hide(sig(config(Y)(qy)),acts). Since

o (**) acts N eat(A)(qa) = 0, sig(Y)(qy) and sig(A)(qa) are also compatible. We have

w  sig(config(X)(gx)) = lg(confzg( Nay))xsig(A)(ga) = sig(config(Y)(qy))xsig(A*)(rensw(qa))
ws which gives because of (*) hide(sig(con fig(X)(qx)), acts) = hide(sig(con fig(Y)(qy)), acts)x

a0 sig(A)(qa), that is sig(X)(qx) = sig(Y)(qy)xsig(A)(qa) = sig(Y)(qy ) xsig(A™)(rensw(qa))-

o011 <

a2 B Lemma 70 (preservation of partial-compatibility at any reachable state). Let A € Autids,
o X be a A-conservative PCA, Y = X \ {A}, Z = (psioa(Y), A*") Let z = (y,4z.0) €
o states(Y) x states(A*Y) and = € states(X) s. t. p.(x) = z. Then Z is partially compatible
as at state z (in the sense of definition 43).

as  Proof. Since X is a A-conservative PCA, the previous lemma 69 ensures that sig(Y)(y)
ar and sig(A)(qga) = sig(A*)(rensy(qa)) are compatible, thus by definition Z is partially

ais compatible at state z. |
919 We show that reconstruction preserves probabilistic distribution of corresponding trans-
o0 ition.

o » Lemma 71 (preservation of transition). Let A € Autids, X be a A-conservative PCA, Y =
o X\{A}, Z= (Y, A*"). Let gz = (qv .4 1) € states(Y) x states(A*") and gx € states(X)
o 8. tops(gx) =qz. Let a € sig(X)(x) = sig(Y)(y) x sig(A*)(§ jew) , verifying

o (No creation from A) If both A € map(config(X)(qx)) and a & sig((config(X)(gx) \
025 A)),then created(X)(x)(a) =0
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If we are in one of this case

1. A€ auts(config(X)(z))
2. A ¢ auts(config(X)(z)) and A ¢ created(X)(x)(a) (X does not create A with probability

1)
Then for every ¢y € states(X), N(x,qx.0)(@x) = N(Z,q..0) (1= (dx))-

Proof. By lemma 69, we have sig(X)(qx) = sig(Y)(qv) x sig(A)(qa) = sig(Y)(y) X
Sig(Asw)((j_Asw = Tensw(Q.A))'
We note px = created(X)(gx)(a), py = created(X)(¢x)(a) \ A. We note Ax =

auts(config(X)(gx)), Ay = auts(config(Y)(qy)), Sx = map(config(X)(gx)), Sy =
map(config(Y)(gy)), Ax (resp. Ay) the composition of automata in Ax (resp. Ay).

If a ¢ sig(config(X)(gx) \ A) Aa € sig(A)(ga), then px = py = 0.

Since X (resp. Y) is a PCA and (gx,a,M(x,qx,a)) € Dx (vesp. if a € sig(Y)(qy),
(qy,a,M(v,qy,a)) € Dx ) the constraint says that it exists 9 ) (resp. 7y ,q)) reduced
configuration distribution s. t. config(X)(gx) =,y N(Cx.a) (resp. config(Y)(qy) =y
N(Cy.,a) ) Where for every ¢y € states(X), Ny ,a)(config(X)(dx)) = N(x,qx,a)(@x) (resp.
@y € states(Y), nicy a)(config(Y)(ay)) = nrv,gy.0)(@y)) and 1y a) (resp. ncy ,q)) gen-
erated from ¢x (resp. ¢y) and 7Ny a),p (T€SD. Ny ,a),p) With companion distribution
NAx qx.a) € Disc(Qax) (resp. Nay gy ,a) € Disc(Qa,))-

If a € sig(A)(qa), it exists Na,qa,a) € Disc(Qa), (qa,,M4,q4,0)) € Da. By con-
struction of Y = X \ {A}, if A € Ax, Nay.qx.0) = MNAy.ay,a) @ M(Aqa.a) a0d otherwise
N(Ax,qx,a) = N(Ay ,qv,qa)- Finally, also by construction of ¥ = X'\ {{A} we know that for every
a € sig(Y)(qy), for every gy € states(X), n(x,qx,a)(@x) = N(v,av ,a) (s (dx))-

1. A € auts(config(X)(x)). We know that 1Ay gx,a = NAy.qv.a @ N(Aqa,a)- Lhis means
that for every configuration Cy = Cy, U’y with Cy = (Ax,S%), Cy = (AySy), C/y =
(AAA DD, 1cx,0).0(Cx) = Ny a)p @ M(Aqa,a)))(Cy, Cly). Since we assume no
creation from A, we also have for every configuration C'y = CyUC”y with C% = (A';, S%),
Cy = (AYSY), % = (A, dh), 1(cx,a)(C%) = Ny ,a) @ N(aqa.a))(Cy, Cly). Hence for
every states ¢, 4z = (¢y» qa) = 1=(4%): N X.qx.0) (0%) = (N(v.gy @) DN Ag0.0))) (@75 44) =

(Y .qv .a) @ Mren s (A)renau(@a.a)))) (@ T€Msw(a%)) = N(Z.qz.a)(u-(gy))» Which ends the
proof for this case.
2. A ¢ auts(config(X)(gx)) and A ¢ created(X)(z)(a) . In this case px = py because

we assume no creation of A and we obtain 7oy 4) = 7(cy ,a)- Furthermore, g4 = qfl and

thus a ¢ SZg(A)(QA), i e U(Z,qz,a) (/Lz(qg()) = (n(Y,qy,a) & Jrensw(q,A,a))(Qerensw (q./,:l)) =
(n(Y,qy,a) Y éqj)(,uG (qg(')7qj) = U(Y,qy,a)(.us(QS()) = N(X,qx,a) (q/X) which ends the pI‘OOf
for this case.

<

» Definition 72 (A-twin). Let A € Autids. Let X, X’ be PCA. We say that X’ is a A-
twin of X if it differs from X at most only by its start states ¢x+ reachable by X s. t.
A € config(X')(gx:) and map(config(X')(gx))(A) = ga. If X' is a A-twin of X and
Y=X\Aand Y = X'\ A, we slightly abuse the notation and say that Y’ is a A-twin of
Y’

» Lemma 73 (0-partial-compatibility after reconstruction). Let A € Autids. Let X be a PCA
A-conservative. Let Y = X \ A. Let Y’ be a A-twin of Y.
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Then Y’ and A* are 0-partially-compatible (In the sense of definition 46).

Proof. Since qx € states(X) and X is a PCA, Cx = config(X)(qx) is a compatible config-
uration by definition, which implies sig(config(Y)(gy)) and sig(rens,(A))(rensy(ga)) are
compatible signatures and equally for sig(config(Y')(qy+)) and sig(reng, (A))(rensy(ga))
. Since X is A-conservative, sig(Y”')(gy ) and sig(A)(Ga) = sig(rensy(A))(rens,(qa)) are
compatible signatures. (a compatible output of sig(config(X)(¢x)) cannot become an
internal action of sig(Y")(us(gx)) non-compatible with sig(A)(map(Cx)(A))). <

» Lemma 74 (partial surjectivity 1). Let A € Autids. Let X be a PCA A-conservative. Let
Y=X\A LetY' be a A-twin of Y. Let Z = (Y', A*").

Let a = ¢°,al,...,a", ¢* be a pseudo execution of Z. Let assume 0w 7 TENsw (qf‘) for
every s € [0,k]. Then it exists & € frags(X), s. t. pe(@) = a. IfY' =Y, it exists
& € execs(X), s. t. pe(@) = a.

Proof. By induction on each prefix a® = ¢°,al, ..., a%, ¢° with s < k.

Basis: For Y =Y, p,(dx) = (Gy,rensw(qa)) For Y # Y’ it exists ¢y s. t. p.(dy) =
(Gy+, rensy(qa)) by definition of A-twin. Hence (¢ ) = (Gy’, rensw(ga))

Induction: we assume this is true for s and we show it implies this true for s + 1.
We note @5 s. t. we(@®) = a®. We also note ¢° = Istate(d®) and we have by induction
assumption p.(¢°) = ¢° = (¢3,¢%). Because of preservation of signature compatibility,
sig(X)(q%)) = sig(Y)(qy)) x sig(rensw(A)) (@ e, (4)))- Hence ak*! € 5ig(X)(g®). Finally

we can use preservation of transition since no creation of A can occur to conclude. |

» Theorem 75 (Partial-compatibility after resconstruction). Let A € Autids. Let X be a PCA
A-conservative. Let Y = X \ A. Let Y’ be a A-twin of Y. Let Z = (Y', A*). ThenY’ and
A are partially-compatible.

Proof. Let gz = (qy’,q4.w) be a reachable state of Z. Case 1) ¢ .0 = q° The com-

Asw®
patibility is immediate since sig(Asw)(qzw) = (. Case 2) qj.u # qzsw. Since ¢ fow is
reachable, it exists a pseudo execution a of Z with Istate(a) = ¢ j.u. Since A cannot be
re-created after destruction by neither Y or A5® we can use the previous lemma to show
it exists @ € frags(X), s. t. pe(&) = a. Thus, Istate(a) = p(Istate(d)) which means
Z is partially-compatible at Istate(«). Hence Z is partially-compatible at every reachable
state, which means Y’ and A" are partially-compatible. We can legitimately note 2’ =

Y| A, <

Since Z' = (Y’, A*") is partially-compatible, we can legitimately note 2’ = Y'||A%%,
which will be the standard notation in the remaining.

6.3 Probabilisitc distribution preservation without creation

» Lemma 76 (partial surjectivity 2). Let A € Autids. Let X be a PCA A-conservative. Let
Y =X\ A Let Y be a A-twin of Y. Let Z =Y'||A".

Let a = ¢°,a',...,a* ¢ be a an execution of Z. Let assume (a) Chew # rensw(qf‘) for
every s € [0,k"] (b) ¢%.., = qi)i-w for every s € [k* +1,k] (c) for every s € [k* + 1,k —1], for
every ¢, s. t. u.(3°) = ¢°, A & created(X)(¢°)(a**t). Then it exists & € frags(X), s. t.
pe(@) = a. If Y =Y, it exists & € evecs(X), s. t. pe(@) = a.
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Proof. We already know this is true up to k* because of lemma 74. We perform the
same induction than the one of the previous lemma on partial surjectivity: We note &,
s. t. pe(@®) = o®. We also note §° = Istate(ad®) and we have by induction assumption
1=(G°) = ¢° = (¢5,¢%)- Because of preservation of signature compatibility, sig(X)(¢*)) =
sig(Y)(g5)) x sig(rengy,(A))(rens,(q%)). Hence a**1 € sig(X)(¢*). Now we use the
assumption (c), that says that A ¢ created(X)(g*)(a*T1) to be able to apply preservation of

transition since no creation of A can occurs.

<

» Lemma 77. Let A € Autids. Let X be a PCA A-conservative. Let Y = X \ A. Let Y’ be

a A-twin of Y. Let Z' = (Y', A*v).

1. Y’ and A" are partially-compatible, thus we can legitimately note Z' = Y'|| A,

2. Furthermore, for every execution fragment a € frags(X), with u,(fstate(a)) € states(Z')

verifying

No creation of A: If A & auts(config(X)(q%)) then A ¢ created(X)(q%)(a**1).
No creation from A: Vs, verifying a**t1 ¢ sig(config(X)(q%)\A)Aa*t1 € sig(.»isw)(qf&w),
with p12(q%) = az = (45, 4%.., ), created(X)(qx)(a) = 0.

then pe(a) € frags(Z).

Proof. By induction on the size s of a prefix a® of a. Basis: The result is immediate by

assumption for a® = qg(, since (i, (qg() is assumed to be a state of Z . Induction: We assume
this is true for a® and we want to show this is also true for ot = a* " a*T1¢*t!. We have
signature preservation for ¢* and p.(q®), thus a®*! € sig(Z). Moreover, we have transition
preservation, thanks to the assumptions, thus u,(¢**1) € supp(Nz,u.(q*),a)) Which means
that p.(a®t!) is an execution of a**!, this ends the induction and the proof. |

» Theorem 78 (Preserving probabilistic distribution without creation). Let A € Autids. Let
X be a A-conservative PCA. Let Y = X \ A. Let Y’ be a A-twin of Y. Let Z/ =Y'||A%.

Let € be an environment of X. Let p be a schedule.

For every execution fragment o = ¢°a'q*...q" € frags(X||E) with u.(¢°) € states(Z),

verifying:

No creation of A: For every s € [0,k — 1], if A ¢ auts(config(X)(¢%)) then A ¢

created(X)(q5%)(a**1).

No creation from A: Vs € [0,k — 1], verifying a*T1 ¢ sig(config(X)(qg%) \ A) Aa*t! €
$1g(A™ N Qe » with p12(q%) = gz = (434, ¢.)» created(X) (g% )(a) =0
then for every qx € states(X) s. t. p.(gx) € states(Z'), applyxiie(d(gx,qe)>P)(@) =

applyz/)1€) (0. (gx).qe) P) (He())-

Proof. We recall that for every s € [0,k —1], if (¢%,,¢%) =

(1= (%),

s) W(X,qx as+1 (
Mz g, a0y (12 (aXT)), since g%, = pa(q%)- Hence 1(x g5 1) (a%) © (e q3,0041) (457

=
D)

n(z/7q;/’a5+1)(uz(q§(+1)) ® 77(5,qé,a3+1)(qg+1)7 which gives Nx|E, (qxvqg)’aerl)(( NP

W18 (a, az)00+) (s (05, g™

By induction on |p|.

gz™)) and finally 9 x||g,q=,as+1) (¢* 1)) =

®
+

s+1 s+l))
=(

N(z)|€,q%,as+1) (1= (q

Basis: applyx|ie (0(gx,qe)» N) = O(qx,qe)» While applyz1e (6, (gx).ae0 A) = O (ax),qe) and

/’Le((arQS)) = (MZ(QX)7 C]g)-

Let assume this is true for p;. We consider a*T! = o

s~ s+1 s+1

and P2 = plT

h)-

XX:31



XX:32  Probabilistic Dynamic Input Output Automata

1050 applyx|ie (O (gx qe)> 1T (@) = applyx e (applyx|je (0(gx qe) £1), T) (@) = pr(a®Th)+
1051 P2 (Oés+1)

1052

pi(astt) = { PPXIIE o a0, 1)(@7) -t (¢*T)  if ottt = atTa gt ! triggered by T enabled
! 0 otherwise

1053

o+l applyx|(ie(6(gx qe), p1) (@) if T is not enabled after o *+*
p2(a®t) = ’ .
0 otherwise

1054 with T]X = T’(X“€7qs7as+1)
1055 Parallely, we have

1056 applyz)ie (V. (gx),qe) P1T) (e (@®T1)) = apply zr) ) (applyzr) 1€ (. (qx ).ge)> P1): T) (pe(a®th)) =
s P} (e (0 +h)) + P (e (@ Fh))

applyz e (8 , a®))-n? s+l if (xx
- p’l(,ue(OZSJrl)) { Opp Yz HE( (1=(ax),q¢) p1)(pe(a®)) -n= (p=(g"")) Otl(ler\)mse

, s+1 : : f s+1
. (e (a5 1)) = { gpplyz 16 (O(us (ax)rqe)» P1) (He(@®)) if T'is not enabled after . (a®*")

otherwise
1060 withn?’ = N2)18 . (q),a+1) A0d (FF) 1 pe (@) = pe(a®)a (5 1), a* T triggered by T
1061 We have : T enabled after « <= T enabled after p.(«). The leftward terms are
w2 equal by induction hypothesis, since |p1| = |p2| — 1. Using transition preservation we can

ws3  obtain the equality for rightward terms. The conditions are matched in the same manner
s because of sigature homomorphism and we assume no creation from or of A . Thus we
wes can conclude that p) (pe(a®™)) = p1(a®™t) and ph(pe(a®™)) = pa(a®Tt), which leads to

1066 apply(X“g)((S(qx)qs),plT)(ozs+1) = applygz|‘g(5(uz(qx)7q£), plT)(/Je(OLS+1)), which terminates
wer  the proof. <

we 0.4 Partial homomorphism

wso B Definition 79 (configuration-equivalents states). Let X be a PCA. Let ¢,q’ € states(X).
wo  We say that ¢ and ¢ are configuration-equivalents iff config(X)(q) = config(X)(q’). The
wn PCA X is said configuration-equivalence-free if for every configuration-equivalents pair (g, ¢’),

1072 G = q/.

oz > Lemma 80 (injectivity of u, (modulo configuration-equivalence)). Let A € Autids. Let
wa X be a A-conservative configuration-equivalence-free PCA, Y = X \ A, .Y a A-twin of Y.
wrs  Then u, is an injection.

ws  Proof. Let (gy,dz..) be a states of Y/[|A*". Let gx and ¢ s. t. p.(qx) = p.(dy) =
wr (qy, @ zew). We will show that ¢x = ¢’y, by showing they are configuration-equivalent. At fist
ws - con fig(X)(gx) \ A = config(X \ A)(gy) = config(X)(¢x) \ A . Then config(X)(qx) =
we  config(X)(gx)\A = config(X)(dy)if A ¢ aut(config(X)(gx)). So we treat the case where
wo A € aut(config(X)(¢x)) and aut(config(X)(gx)(A) = ga. In this case config(X)(¢x) =
wer (config(X)(gx)\A)U{(A,qa)} = config(X)(¢’). Thus ¢x, ¢ are configuration-equivalent,
w2 so if X is configuration-equivalence-free, then ¢x = ¢’y. Hence, u, is an injective function. <

sz B Lemma 81 (injectivity of u. (modulo configuration-equivalence)). Let A € Autids. Let X
ws  be a A-conservative configuration-equivalence-free PCA, Y = X \ A, .Y' a A-twin of Y.
wss  Then pe is an injection.
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wss  Proof. Let a = ¢%’...¢°a*T1¢*Tt.... We have (o) = u.(q°),at, ...u.(¢%)a* . (¢ h)...
w0z with p, an injection and identity function on actions an injection too. Thus p. is an
1088 injection. <

s B Theorem 82 (partial bijectivity). Let A € Autids. Let X be a A-conservative, configuration-
wo  equivalence-free PCA. LetY = X \ A. Let Y' be a A-twin of Y. Let Z' = psioa(Y')||A.

1001 Let a = ¢°,a', ...,a", ¢* be an evecution fragment of Z' where (a) qy F qf‘ for every
we s €[0,k*] (b) ¢34 = qf‘ for every s € [k* + 1,k] (c¢) for every s € [k* + 1,k — 1], for every ¢°,
wes 8.t p12(G°) = q°, A ¢ created(X)(q°)(a**1). Then it exists a unique & € frags(X), s. t.
wi (@) =a. IfY' =Y, it exists a unique & € execs(X), s. t. pe(@) = a.

s Proof. We use partial surjectivity 2 for existence and partial injectivity for uniqueness. <«

ws 0.5 Composition and projection are commutative

wer > Definition 83 (= relation between PCA states). Let U = ((Qu,Fq. ), qu,sig(U), Dv),
ws V= ((Qv,va)7(jv,Sig(V)7Dv) be two PCA. Let (qU,qV) S QU X QV s. t.

1099 config(U)(qu) = config(V)(qv)

1100 hidden-actions(U)(qu) = hidden-actions(V)(qv)

no = (sig(U)(qu) = sig(V)(qv) )

1102 Va € sig(U)(qu) U sig(V)(qv), created(U)(qu)(a) = created(V)(qv)(a)

1103 then we say that qu ~ qv

1104 The third point is implied by the two first points.

nos  » Lemma 84. Let U = ((QU7fQU),(jU,Sig(U)7DU), V= ((Qv,fQV),qV,Sig(V)7Dv) be
ws  two PCA. Let ((qu,qv), (¢} 4i/)) € (Qu x Qv)? s. L.
1107 CO’anQ&U)(qU> = colz\fig(V)(qv)
1108 Va € S’Lg(U)(QU) = SZQ(V)((]V), created(U)(qU)(a) = created(V)(qv)(a)
1100 config(U)(qy) = config(V)(qy)

1110 then Ya € sig(U)(qu) = sig(V)(qv ), NU.qu,0)(q0) = Mvqv ) (@5 )-

un Proof. We know that config(U)(qu) = config(V)(qv) £ C and config(U)(q;;) = config(V)(q},) =
1112 C/.

1113 Thus if it exists a reduced configuration distribution 7’ an action a and ¢ C Autids

me s, t. C :a>¢ 7', then both (qu,a,Nw.q,.a)) € Du with nw g, «)(qy) = 7'(C’) and

uis  created(U)(qu)(a) = ¢ and (qva, Ny 4, ) € Dv withnw,q, o) (q1,) = 7' (C"), created(V)(qv)(a) =
116 that is

1117 NUqu ) () = n(vﬂwa)(q{}) and created(U)(qu)(a) = created(V)(qv)(a).

1118 Also if it exists (qu, @, 7w q,,0)) € Du, then it exists a reduced configuration distribution
me 1, s. t. C ==, with ¢ = created(U)(qu)(a) = created(V)(qv)(a) and 1,4 ,q0)(q);) =
o 7)'(C"). Thus it exists (qva, Nvey.a)) € Dv With nv.qy .a)(qy) = 7' (C") = Nw.qp.0)(q17)-

1121 Hence we obtain for every ((qu,qv), (¢}, ¢%) € (Qu x Qv)?, s. t.

122 config(U)(qu) = config(V)(qv)

1123 Va € sig(U)(qu) = sig(V)(qv ), created(U)(qu)(a) = created(V')(qyv)(a)

nas = config(U)(qp) = config(V)(qy)
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ws  then Va € sig(U)(qu) = sig(V)(qv), U.qv.a)(20) = N(vigy,a) (@1)- <

uz  » Definition 85 (~~ relation between PCA). Let U = ((Qu, Fou ). qu,sig(U),Dy), V =
ur ((Qv,Fov ), qv, sig(V), Dy) be two PCA where it exists an isomorphism is0g,, : Qu — Qv

1128 (iSOQVU = (iSOQUV)il Qv — QU) s. t.

1129 (jV = iSOQUV (QU)

1130 for every (qu,qv) € Qu x Qv, s. t. qv = 1500, (qu), qu =~ qv

1131 for every ((qu,qv), (4}, di,) € (Qu x Qv)?, s. t. qv = isoq,. (qu) and ¢, = isoq, (q};),
122 Va € sig(U)(qu) U sig(V)(av), Nv,qu,0)(40) = 1(v,qv,a) (@Y )-

1133 then we say that U ~ V

n  » Lemma 86. Let A € Autids. Let X be a A-conservative PCA. Let £ be a PCA compatible
1135 with X.

uss 1. & is compatible with Y.

uw 2. Let q¢ € states(€), Ce = config(€)(qe). Let gx € states(X), Cx = config(X)(gx).
1138 If it exists ¢’y € states(X), s. t. A € auts(config(X)(dy)), then (Cx UCg)\ A =
1139 (CX \A) UCe.

uo 3. Let U = (X||E)\ A and V = (X \ A)||E. Let gx € states(X) and q¢ € states(E).
ua Let qy = pM(qx,qe)) and qy = (uPgx),qe). If it ewists ¢y € states(X), s. t.
1142 A € auts(config(X)(d)), then

1143 qQu = qv

qu = 13" ((@x, ) and gv = (u(dx), Ge)

us  Proof. 1. £ is partially compatible with X for every state (qg, qx) € states(E) x states(X),

1146 thus this is a fortiori true for every state (qe,qy) € states(€) x states(Y'), since the
147 configurations are the same excepting A is absent in config(Y)(qy = put(gx)). Thus £
1148 is partially compatible with Y’ for every state (qe,qy) € states(€) x states(Y'), which
1149 means £ is compatible with Y.

uso 2. We note Ag = auts(Cg), Sg = map(C¢) and Ax = auts(Cx) and Sx = map(Cx).
1151 Since £ is partially compatible with X for every state (ge, gx) € states(€) x states(X),

1152 If it exists ¢’y € states(X), s. t. A € auts(config(X)(¢’)), then A ¢ Ag. Hence
1153 (AX U Ag) \ A= (AX \A) U Ag, thus we obtain (CX U Cg) \.A = (CX \A) UCk.
use 3. Let U = (X||€) \ Aand V = (X \ A)||. Since & is partially compatible with X

115 for every state (qg,qx) € states(E) x states(X), If it exists ¢ € states(X), s. t.

1156 A € auts(config(X)(d)), then A ¢ Ag.

1157 config(U)(qu) = (config(X)(gx) U config(€)(ge)) \ A = (config(X)(gx) \ A) U

1158 config(€)(qe)) = config(V)(qv)

1150 We note g4 = map(config(X)(gx))(A) if A € auts(config(X)(gx)), ga = qf‘ oth-

1160 erwise. We note hx = hidden-actions(X)(qx) and hg = hidden-actions(E)(qs)

161 and h = (hx U he) \ ext(A)(qa)) and ' = (hx \ ext(A)(qa)) U he. Since X

1162 and & are partially-compatible in state (¢x,qe), we have both config(X)(gx) and

1163 config(€)(qe) compatible and in(con fig(X)(gx)) Nhe = in(config(€)(qe)) Nhx = 0.

1164 By compatibility, out(ggnfig(X)(qX)) Nout(config(€)(ge)) = int(config(X)(gx)) N

1165 sig(config(€)(qe)) = sig(config(X)(qX))ﬂzﬁlt\(config(S)(qg))@, which gives loc(config(X)(gx))N
1166 he = loc(config(€)(qe))Nhx = 0 and finally sig(con fig(X)(gx))Nhe = sig(config(E)(ge))N

1167 h,X = @ This lead us to h = h'.

1168 We have sig(U)(qu) = hide(sig(config(U)(qu), h) and sig(V)(qv) = hide(sig(config(V)(qy), ')

1169 Since config(U)(qu) = config(V)(qv) and h = 1, sig(U)(qu) = sig(V)(qv).
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1o Since & is compatible with X, if it exists ¢, s. t. A € auts(config(X)(dy)), €

un never creates A. for every a € sig(qu), created(U)(qu)(a) = (created(X)(gx)(a) U

17 created(E)(qe)(a))\A = (created(X)(gx)(a)\A)Ucreated(E)(qs)(a) = created(V)(qv)(a)
173 By definition of projection and composition, we have qy = ,uj:‘((qx, ge)) and gy =
1174 (/Jj:‘(q)av 65)

A

1175

us  » Theorem 87 (Projection and composition are commutative). Let A € Autids. Let X be
urr a PCA. where it exists ¢ € states(X), s. t. A € auts(config(X)(¢%x)). Let € be an
us  environment for X. (X||E)\ A~ (X \ A)|I€.

urw  Proof. Let U = (X||E)\A = ((Qu, Fay),qu, sig(U), Dy) and V = (X\A)||€ = (Qv, Fo. ), dv, sig(V), Dy).

1180 We have to show that there is an isomorphism iso between U = (X ||E)\A = ((Qu, Fay ), qu, sig(U), Dy)
ua  and V = (X\A)||€ = (Qv,Fgy ), qv,sig(V), Dyv), s. t. it exists a bijection isog,,, between
1182 (QU,./—"QU) and (Q\/,./—"QV), where

1183 (jv = iSOQUV ((jU)

1184 for every (qu,qv) € Qu x Qv, s. t. qv = 150g,, (qU), qu =~ qv

1185 for every ((QUa QV)v (Qb, Q{/) € (QU X QV)2 s. t. qv = iSOQUV (CIU) and q{/ = iSOQUV (fo)a
s Va € sig(U)(qu) U sig(V)(av), Nv,qu,0)(40) = 1(v,qv,a) (@Y )-

1167 Let gx, ¢ € states(X) and gg, ¢; € states(€). Let qu = u((ax, q¢)), ¢y = n (¢, dk)),
e qy = (' (gx). qe) and ¢y = (u(d ), 4k)-

1189 At first we need to show there is a bijection between @ and Q. We note isoq,,, :
un  ps((gx,qe)) — (us(ax),qe) and isoq,, : (1s(gx), qe) — ps((¢x,¢e)) Thus mutual surjec-
ua  tion is obvious, we need to show these are also injection. If isog,, (gv) = is0q,, (¢i,), this
ue implies gy = q};, which implies ¢x \ A = ¢ \ A and so ¢y = ¢{,. For the same reasons
us  If isog,, (qu) = is0q, (q};), this implies gy = ¢{,, which implies ¢x \ A = ¢ \ A and so
1%  (qu = qb.

1105 Second, the choice of isog,,, andisoq,, gives the same criteria of the last lemma.

1196 Third, we already know that for every ((qu,qv), (¢}, ¢/) € (Qu X Qv)?, s. t. qy =
nor  150Q,, (qu) and con fig(V)(qy,) = config(U)(qy), Va € sig(U)(qu) = sig(V)(av ), Nw,qv.a) (@) =
s 1(V.qy.a) (4 )-

1100 It rest to show that if config(V)(qy) = config(U)(qy) and q; € supp(nw,qp,a));
v then ¢y, = is0q,., (q;). Because of constraint 3 of PCA, if qf; € supp(nw,q,,qa)) and
vor  config(U)(qp;) = config(U)(qr;), then ¢fy = q;; and in the same manner, if ¢i; € supp(nuv gy a))
v and config(V)(qy) = config(V)(qy,), then ¢f, = qi,. Moreover config(V)(isoq., (q;;)) =
v config(U)(qy), so we necessarily have ¢, = isoq,, (¢;), which means ¢q;; ~ ¢;,. Fi-
o mally, we obtain for every ((qu,qv), (¢}, d,) € (Qu x Qv)?, s. t. qv = isog,, (qu)
wos and config(V)(qy,) = config(U)(qy), Ya € sig(U)(qu) = sig(V)(av), nu,q.«) (@) =
1206 n(V,qV,a)(q(/)-

1207 <

1208 There is an isomorphism between (X||€) \ A and (X \ A)||€ and the syntactic name of
oo each state is arbitrary, which justify the choice of the sign ~.
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Probabilistic Dynamic Input Output Automata

7 Travel from one probabilistic space to another

In last section we have shown that the probability distribution of X||€ was preserved by
AN [(X\ {A}]|€), as long as A was not re-created by X.

In this section we take an interest in PCA X 4 and X that differ only on the fact that
B supplants A in Xg. We define some equivalence classes on set of executions. These
equivalence classes will allow us to transfer some reasoning on a situation on an execution «
of Al|psioa(X 4 \ A||€) into an execution & of X 4]|€.

7.1 Correspondence between two PCA

We formalise the idea that two configurations are the same excepting the fact that the process
B supplants A but with the same external signature. The next definition comes from [1].

» Definition 88 (<1_4p-corresponding configurations). (see figure 16) Let ® C Autids, and
A, B be PSIOA identifiers. Then we define ®[B/A] = (P\ A)U{B} if A € &, and P[B/A] =P
if A¢ ®. Let C, D be configurations. We define C <45 D iff (1) auts(D) = auts(C)[B/A],
(2) for every A" ¢ auts(C)\{A} : map(D)(A’") = map(C)(A’), and (3) ext(A)(s) = ext(B)(t)
where s = map(C)(A),t = map(D)(B). That is, in <14p-corresponding configurations, the
SIOA other than A, B must be the same, and must be in the same state. A and B must have
the same external signature. In the sequel, when we write ¥ = ®[B/.A], we always assume
that B¢ ® and A ¢ .

» Proposition 1. Let C, D be configurations such that C' <i4p D. Then ext(C) = ext(D).

Proof. The proof is in [1], section 6, p. 38. <

» Remark. It is possible to have to configurations C, D s. t. C <iq4 D. That would mean
that C' and D only differ on the state of A (s or ¢) that has even the same external signature
in both cases ext(A)(s) = ext(A)(t), while we would have int(A)(s) # int(A)(t).

» Lemma 89 (Same configuration). Let A,B € Autids. Let X 4, Xp be A-fair and B-fair
PCA respectively, where X 4 never contains B and Xg never contains A. Let Y4 = X4\ {A},
Ys = Xp \ {B}. Let x4, xp s. t. config(Xa)(xa) <ap config(Xg)(xp). Let yo = ps(xa),
Yb = Us (-Tb)

Then config(Ya)(ys) = config(Yr)(ys)-

Proof. By projection, we have config(Y4)(y.) <ap config(Ys)(ys) with each configuration
that does not contain A nor B, thus for config(Ya)(y,) and config(Ys)(ys) contain the
same set of automata ids (rule (1) of <4p) and map each automaton of this set to the same
state (rule (2) of <ap). <

Now, we formalise the fact that two PCA create some PSIOA in the same manner,
excepting for B that supplants A.

» Definition 90 (Creation corresponding configuration automata). Let X,Y be configuration
automata and A, B be SIOA. We say that X,Y are creation-corresponding w.r.t. A, B iff

1. X never creates B and Y never creates A.



P. Civit and M. Potop-Butucaru XX:37

v 2. Let 8 € traces*(X)Ntraces*(Y) a finite trace of both X and Y, and let o € execs™(X), 7 €
1248 execs*(Y) a finite execution of both X and Y be such that trace4(«) = trace4(r) = 8.

1240 Let « = last(a),y = last(w), i.e., x, y are the last states along «, 7, respectively. Then
1250 Va € sig(X)(x) N sig(Y)(y) : created(Y)(y)(a) = created(X)(z)(a)[B/A].

st > Lemma 91 (Same creation). Let A, B € Autids. Let X 4, Xg be A-fair and B-fair PCA
w52 respectively, where X 4 never contains B and Xp never contains A.

1253 LetYAZXA\A,YBZXB\B

1254 Let (xq,xp) € states(X4) x states(Xp) and act € sig(Xa)(zq) N sig(Xp)(zp) s. L
s created(Xg)(zp)(act) = created(X 4)(zq)(act)[B/A].

1256 Let yo = ps(xa), yo = ps(@)

1257 Then created(Yg)(xy)(act) = created(Ya)(zq)(act)

s Proof. By definition of PCA projection, we have created(Yg)(zp)(act) = (created(Xg)(xp)(act))\
o B = (created(X 4)(z,)(act)[B/A])\ B = created(X 4)(z,)(act) \ A = created(Ya)(zq)(act).
1260 <

ver B Definition 92 (Hiding corresponding configuration automata). Let X,Y be configuration
ez automata and A, B be PSIOA. We say that X,Y are hiding-corresponding w.r.t. A, B iff

2es 1. X never creates B and Y never creates A.

v 2. Let B € traces*(X) Ntraces*(Y), and let a € execs™(X),n € execs*(Y) be such that
1265 trace4(a) = trace4(m) = 5. Let x = last(a),y = last(rw), i.e., x, y are the last states
1266 along «, 7, respectively. Then hidden-actions(Y)(y) = hidden-actions(X)(z).

ver > Lemma 93 (Same hidden-actions). Let A, B € Autids. Let X4, Xp be A-fair and B-fair
wes  PCA respectively, where X 4 never contains B and Xp never contains A.

1260 Let Yao=X4\ A, Ys=Xp\B

1270 Let z,, xp s. t. hidden-actions(Xp)(xp)(act) = hidden-actions(X 4)(xz,) and if A €
v auts(config(Xa)(xq))), then ext(A)(map(A)(x,)) = ext(B)(map(A)(zp)).

1272 Let yq = p(z4), yo = uB(xp)

1273 Then hidden-actions(Yg)(xpy) = hidden-actions(Y4)(z,)

v Proof. By definition of PCA projection, we have hidden-actions(Yg)(xp)(act) = (hidden-
wrs actions(Xp)(xp)(act))\out(B)(map(config(Xp)(xp))) = (hidden-actions(X 4)(z4))\out(B)(map(config(Xp)(xp))) =
v hidden-actions(X 4)(zq) \ out(A)(map(config(X 4)(z,))) = hidden-actions(Y4)(z,). <«

o7 » Definition 94. Let Qu, Qv be sets of states and Acts be a set of actions. Let « (resp.

s ') be an alternating sequence of states of Qu (resp. Qv) and actions of Acts so that
/11
yq -

weo i € [1,n],a’ = a’’, then we say that a ~ /.

ve a=q%al,q"..a", q¢", o =¢°,a .a™/ q" and for every i € [0,n], ¢’ ~ ¢'* and for every

var B Definition 95 (n* bij 7). Let U and V be PCA. Let Qu = states(U), Qv = states(V)
e be sets of states and Acts be a set of actions. Let (n*,n?) € Disc(Qu) x Disc(Qv) . We
ez note n* bij n¥ if supp(n™) and supp(n?) are in bijection where for every ¢, € supp(n*) it
v exists a unique ¢}, € supp(n’) s. t. config(U)(q.,) = config(V)(q,) and for every (q.,,q,) €
s supp(n®) x supp(n’) s. t. config(U)(q,) = config(V)(q,), we have n"(q,) = n"(q,)-
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1ss B Lemma 96. Let A, B € Autids. Let X 4, X5 be A-fair and B-fair PCA respectively, where
ver X 4 never contains B and Xp never contains A.Let Y4 = X4\ A, Yg = X\ B.

1288 Let (gy,,qvs) € Qv, X Qy, and an action a s. t.

1289 config(Ya)(qy,) = config(Ys)(qyvs)
1200 act € sig(config(Ya)(gy,) = sig(config(Yn)(qvy)
1201 created(Y 4)(act)(qy,) = created(Yg)(qy; ) (act)

1292, then n(YA,qu ,act) bZ] n(YB,qu ,act)

w3 Proof. We note C,, £ config(Ya)(qy,) and Cy, £ config(Ys)(qy,). Since gy, =~ qyz, C =
v O, = Cy, and hence sig = sig(C,,) = sig(C) and for every. Since ¢ = created(Y4)(qy, )(act) =
wes  created(Ys)(qy,)(act). Thus there is a unique 7, s. t. C - 7, and a unique 7, generated
s by ¢ and n, s. t. C =a>y, 7p. Because of constraint 3, it exists (qy,,act,n*) € Dy,
ver  and (gy,,act,n’) € DyB s. t. for every for every C' € supp(n,), it exists a unique state
v gy, € supp(n®) (resp. gy, € supp(n %)) of Y4 (resp. YB) s. t. config(Ya)(qy,) = C" (resp.
v config(Ya)(dy,) = C') and 1°(dl,) = m(C") (resp. (g} ) = nr(C"). Thus supp(n®) and
oo supp(n®) are in bijection where for every g . € supp(n®) it exists a unique Ty, € supp( )
vo t. config(Ya)(qy,) = config(Ys)(qy,) and for every (qy.,,qy,) € supp(n®) x supp(n b) s.
v config(Ya)(dy,) = config(Ys)(dy,), we have n®(qy, ) = n°(¢y,) - Thus n® bij n° <

w3 B Definition 97 (n* ~ n”). Let U and V be PCA. Let Qu = states(U), Qv = states(V)
s be sets of states and Acts be a set of actions. Let (n*,n") € Disc(Qu) x Disc(Qy) . We
v if supp(n™) and supp(n®) are in bijection where for every ¢, € supp(n®) it
s exists a unique ¢, € supp(n?) s. t. qi, ~ ¢, and for every (q,,q,) € supp(n™) x supp(n’) s. t.
s, ™ g, we have n"(qy,) = n"(q,)-

1s  note n* ~ n

s B Definition 98 (corresponding w. r. t. A, B). Let A, B € Autids, X4 and Xg be PCA we
100 say that X4 and Xg are corresponding w. 1. t. A, B, if they verify:

1310 config(Xa)(Gx ) <ap config(Xp)(dx,)-

1311 X 4, Xp are creation-corresponding w.r.t. A, B

1312 X 4, Xp are hiding-corresponding w.r.t. A, B

1313 X4 (resp. Xp) is a A-conservative (resp. B-conservative) PCA.

1314 (No creation from A and B)

1315 Vgx 4, € states(X 4), Vact verifying act ¢ sig(config(Xa)(gx ) \{A})Aact € sig(config(Xa)(gx.)),
1316 created(X 4)(¢x , )(act) = 0 and similarly

1317 Vax,, € states(Xp), Vact’ Verlfylng act’ ¢ sig(config(Xp)(gx,)\{B})Aact’ € sig(config(Xp)(gxy))s
1318 created(Xg)(gx,)(act’) =

1o » Lemma 99. Let A B € Autids. Let X4, Xp be corresponding w. r. t. A, B. Let
1320 YA:X_A\A, YB:XB\B.

1321 Let (a® a®) € execs(Ya) x ewecs(Yg), s. t. a® =~ a°, where lstate(a®) = gy, and
w2 Istate(ab) = qy,, and act € sig(config(Ya)(qy,) = szg(confzg(YB)(qYB)

1223 then 1(y.4,qy , act) ™ T(Ye,avyact))

1224 Proof. We already have YAy, act) bij ~ n(YB,qu,act))a by the previous lemma. Let
w5 Gy, Gy,) € SUPP(N(va,qv sact)) X SUPP(T(¥is gy act) ), 8- b config(Ya)(av,) = config(Ya)(qvs)-

1326 hidden-actions(Ys)(qy, ) = hidden-actions(Y4)(qy, ), because of hiding-corresponding
1327 w.r.t. .A,B
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created(Yp)(qy, ) = created(Y4)(gy, ), because of creation-corresponding w.r.t. A, B.
This ends the proof.
<

» Lemma 100. Let A, B € Autids. Let X 4, X be PCA corresponding w. r. t. A, B . Let
Ya=Xa\ A, Ys=Xp\B. Then B and Y4 are partially compatible. (Symetrically, A**
and Yi are partially compatible.)

Proof. By induction. Basis At first B and Yz are O-partially-compatible. Moreover,
we have config(Ys)(Gvs) = config(Ya)(Gy,), thus B** and Y, are O-partially-compatible.
Induction: Now we want to show that every pseudo-execution of (5’51"7 Y 4) ends on a partially-
compatible state. Let a® = ¢®*Cact?, ..., act’q®* be a pseudo-execution of (Bsw, Y4). We will
show by induction that P : it exists a unique execution a® = ¢*Yact?, ..., act’q"* of YB||Z§3“’,
S. t.

ab ~ o® and

Vs € [1,6}, n((yv/Ayésw)yq(a,sfl),acts) ~ T]((YB/)Bsw)yq(b,sfl)7acts)-

We assume P“~! to be true and we show it imples P¢ We have (Y Bow) q(est=D acts) ™
(v, Bsw),qbt=1) acts) from the last lemma. Because of this, if ¢ € supp(n((yé’gsw)’qw,efl),acts)),
then it exists ¢** € supp(n((yffvgsw),q(a,z_l)7acts)) s. t. ¢ ~ g8 that shows P. Hence P’
is true for every £ € N. Furthermore, ¢*¢ is a state of Y3||B*". Thus (B°%,Y,) are partially-

compatible at state ¢(*?. We conclude that that every pseudo-execution of (5’5“’, Y4) ends
on a partially-compatible state, which ends the proof.

<
» Definition 101. Let A, B € Autids. Let X4, X be PCA corresponding w. r. t. A, B .
Let Y4 = X4\ A, Ys = Xp\B. Let Y} be a A-twin of Y4 and Y3 be a B-twin of Y. We say

that Y and Y} are AB-co-twin of Y4 and Y if it exists a® € execs(Yy4) and o® € execs(Yg),
s. t. (1) Istate(a”) = qv; (2) Istate(ab) = vy and (3) a® ~ al.

» Lemma 102. Let A, B € Autids. Let X 4, X be PCA corresponding w. r. t. A, B . Let
Ya=Xa\ A, Ys=Xp\B. Let Y} and Y} be AB-co-twin of Y4 and Y.

Then B*Y and Y, are partially compatible. (Symetrically, A*" and Y are partially
compatible.)

Proof. Immediate from previous lemma, since Iy, is reachable by Y4. |

» Theorem 103 ((B"||Y}) ~ (B*"||Y})). Let A,B € Autids. Let X4, Xp be PCA
corresponding w. r. t. A,B . Let Y4 =X\ A, Yg=Xg\B. Let Y} and Yy be AB-co-twin
of Yo and Yp
B and Y’y are partially compatible. (Symetrically, A5 and Y} are partially compatible.)
and for every (a® a’) € frags(B**|[Y}) x frags(B**||Y4) s. t. a® ~ a®, for every
(1, 1°) € Disc(frags(B**||Y})) x Disc(frags(B**||Y})) s. t. p® ~ p* and for every
sequence of tasks p, apply(gswuyé)(ua’ p)(ab) = apply(éswuy;‘)(uby p)(a%).

Proof. We reuse the property P’ that we proved to be true for every £ € N.

P*: For every a® = ¢*%act?, ..., act’q™* being an execution of B*¥||Y,). it exists a unique
execution ab = ¢"%act?, ..., act’q>* of Y}||B*Y s. t.
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ab ~ o® and

Vs € [1,(], n((YJ’A,B'S’“),q(a-rS*l),acts) =~ n((Y’7B~SW)7q(be*1),act5)'
Furthermore, the equality of probability of corresponding states gives the equality of

corresponding executions for the same schedule.

We show it by induction on the size of p exactly as we did in the theorem of preservation
of probabilistic distribution without creation.

Basis: apply(l?sw||yé)(ub7>‘)(ab) = 1°(a?), while apply(B—sw‘|YA)(ua7A)(aa) = p(a?) =
b (a®).
Let assume this is true for p;. We consider a®5t1 = @5 gstlgastl obstl —
ab et ghst and po = pi T
apply(zéswuyé)(/ﬁby,01T)(ab’s+1) = apply(gswHyé)(apply(,;w“yé)(ub, p1), T)(@”*T1) = pi(a>Fh)+
p2(a®* )
ooty = | PP (B p)(@) P (g i afth = abtTartighet ot triggered by T
! 0 otherwise
apply(gsw“yé)(ub, p1)(a®**t1) if T is not enabled after a®*+!

0 otherwise

Do (ab,s+1) — {

with nb = (Bsw||VS),qb* a+1)

Parallely, we have

apply gy (1, 1 T)(@®*T) = apply gow iy 1) (@PPIYgow y 1) (1% p1), T) (@) = pi (@ + )+
p(a®Fh)

Castty ] AP By (1 p1) (@) (@@t i a® T = @t atTgn e a5t triggered by T
pila®™ ) = A .
0 otherwise

apply(gswnyf/‘)(ua, p1)(a®**1) if T is not enabled after a®*+1

0 otherwise

Phlatt) = {

WIEh 1% = 1((Bew vy gos ast)

We have : T enabled after a® <= T enabled after a’, since constitution((B**||Y}))(Istate(a®)) =
constitution((B**||Y}))(Istate(a)) The leftward terms are equal by induction hypothesis,
since |p1| = |p2] — 1. Since the probabilistic distributions are in bijection we can ob-
tain the equality for rightward terms. The conditions are matched in the same manner

because of signature equality. Thus we can conclude that pj(a®*t1) = p;(a®**t1) and
ph(a®3Th)) = po(ab*+1), which leads to the result.

7.2 Handle destruction

» Definition 104 (Ending on creation). Let K 4 be a PCA. We say that « € frags(K4) ends
on A creation iff « = (o’aq) and A € map(config(K4)(q)) and A ¢ map(config(K 4)(Istate(a'))).

» Definition 105 (Ending on destruction). Let K 4 be a PCA. We say that a € frags(K.4)
ends on A destruction iff &« = (¢/aq) and A ¢ map(config(K 4)(q)) and A € map(config(K.4)(Istate(a))).

» Definition 106 (No creation). Let K4 be a PCA. We say that a € frags(K ) does not
create A if no prefix o’ of a ends on A creation.
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» Definition 107 (No destruction). Let K 4 be a PCA. We say that («) € frags(Ka) does
not destroy A if no prefix o’ of « ends on A destruction.

» Definition 108 (Permanence). Let A be a PSIOA. Let K 4 be a PCA. Let o € frags(K.a).
We say that A is permanently present in o if A € map(config(K)(fstate(a))) and o does
not destroy .A. We say that A is permanently absent in o if A ¢ map(con fig(K 4)(fstate(a)))
and « does not create A. We say that a is A-permanent if A is either permanently present
or permanently absent in «.

Let B be another PSIOA partially-compatible with A and a € frags(Al|B). We say
that A is permanently on in « if Vj € [0, |o], sig(A)(¢)y) # 0 and permanently off in a if
Vj €10, |al], sig(A) () = 0.

» Definition 109 (Segment). Let A be a PSIOA. Let K 4 be a PCA. Let a € frags(K.a).
We say that o is a A-filled-segment if o/ = " agq, A is permanently present in « but not in
o'. and map(config(Ka)(fstate(er)))(A) = ga. We say that o/ is a A-unfilled-segment if
o' = a"aq, A is permanently absent in a but not in o’. We say o' is a A-segment if it is
either A-filled-segment or a A-unfilled-segment.

Let B be another PSIOA partially-compatible with A and o' € frags(A||B). We say
that A is turned off in o/ = a"agq, if A is permanently on in a but not in o’. We say that
o is a A-segment if it is turned off in o’ and fstate(a’) | A= Ga.

» Definition 110. Let A be a PSIOA. Let A% its simpleton wrapper. Let & be an
environment of A**. Let & = ¢%a'¢'... be an execution of A*V||€ with PSTOA(AY) =

rensy(A) where each state ¢/ = ((jﬁw,cﬁ«). We note v/ (a) = ¢®a'q'... the execution of

A|[PSIOA(E) s. t. for every j, ¢ = (¢4, ¢t.) = (reng (@), G2)-

» Lemma 111. Let A be a PSIOA. Let A" its simpleton wrapper. Let € be an environment
of AV, Let & be an execution of A"||E with PSIOA(A™) = reng,(A), let o = yA(a) the
corresponding execution of A||PSIOA(E).

Then

1. A is permanently on in o <= A is permanently present in &.

2. A is permanently off in o <= A is permanently absent in &.

3. a is a A-segment <= & is a A-filled-segment.

4. o = o' a? where o' is a A-segment and A is permanently off m a? = a=a""a?
where &' is a A-filled-segment and A is permanently absent in &% and v (& ) =a' for

i€ {1,2}.

Proof. 1. = A is permanently present in & = for every j € [0,n], A € aut(AS“’)(qu))
Since each state of A" is mapped to a reduced configuration, for every ] € [0, n]

map(conflg(fl“")(q#w))( ) # ¢4 - Thus, for every j € [0,n], if (¢4, ¢2) = V(@ @),

then ¢’ W7 q ‘1> which means A is permanently on in a. We obtained A is permanently
present in & => A permanently on in «.
A is not permanently present in & = it exists j € [0,n], A ¢ aut(confzg(Asw)(quw))
If (¢4, q2) = 7@, @), with A ¢ aut(confzg(Asw)(qu)% then ¢y = g%, which
means A is not permanently on in «. By contraposition, 4 is permanently on in «
— A is permanently present in &.
We obtained A is permanently on in a@ <= A is permanently present in &.
2. - A is permanently absent in & = for every j € [0,n], A ¢ aut(confzg( )((ji‘sw))

Thus for every j € [0,n] where (qi‘, qé) = uz(qi{m,qg) qA = qA, which means A is

XX:41



XX:42

1447
1448

1449
1450

1451
1452
1453
1454
1455
1456
1457
1458
1459
1460
1461

1462

1463

1464
1465

1466

1467
1468
1469
1470
1471

1472

1473

1474

1475
1476

1477

1478
1479
1480
1481
1482

1483

1484

1485
1486

1487

1488

1489

Probabilistic Dynamic Input Output Automata

permanently off in a. We obtained A is permanently absent in & = A permanently
off in a.

A is not permanently absent in & = it exists j € [0,n], A € aut(config(ﬂsw)((jﬁw)).

Since each state of A*" is mapped to a reduced configuration, map(con fig(A**) (qiisw N(A) #

qf‘. Thus if (qu qi«) = 'y;“((jf&w , (jé), then qit + qi’l, which means A is not permanently
off in a. By contraposition, A is permanently off in &« = A is permanently absent in
Q.
We obtained A is permanently off in @ <= A is permanently absent in a&.
3. |a| = |af.
(Case 1) & = @™ ad" < a = &’"aq". A is permanently present in &' <= A is
permanently on in & and A is not permanently present in & <= A is not permanently
on in @ Thus « is a A-segment <= is a A-filled-segment.
(Case 2) @ = ¢° <= o = ¢°. In this case a is not a A-segment and & is not a
A-filled-segment.
We obtained « is a A-segment <= & is a A-filled-segment.
4. By conjonction of (2) and (3)

<

» Lemma 112. Let A be a PSIOA. Let X be a A-conservative PCA. Let X' be a A-twin
of X. Let Y' = X'\ {A}. Let (&,a) € frags(X') x frags(A*®||Y"), s. t. no creation of A
occurs in & and (&) = a. Then

1. A is permanently present in o <= A is permanently present in a.
. A is permanently absent in o« <= A is permanently absent in &.

2
3. «is a A-filled-segment <= & is a A-filled-segment.
4 1~a? where ot

o= is a A-filled-segment and A is permanently present in o? <=

a = a'~a% where &' is a A-filled-segment and A is permanently absent in &> and

A(@h) = o’ forie {1,2}.
Proof. For eachstate (¢, ¢}) = 1= (q), con fig(A™ [[Y)(¢y.... 44)) = config(X") (),
which gives the result immediatly. |

» Lemma 113. Let A be a PSIOA. Let X be a A-conservative PCA. Let Y = X \ {A}. Let
Y’ be a A-twin of PCA. Let (&, a) € frags(X) x frags(A||psioa(Y")), s. t. vA(u&)) = a.
Then

1. A is permanently on in a <= A is permanently present in &.
2. A is permanently off in o <= A is permanently absent in &.
3. ais a A-segment <= & is a A-filled-segment.
4

Lis a A-segment and A is permanently off in a® <= & = &'

. a=al"a? where a ~a&?

where &' is a A-filled-segment and A is permanently absent in &> and p (&) = o for
ie{l,2}.
Proof. By conjonction of the two last lemma. |

» Definition 114 (Projection of configuration automaton into a contained SIOA). Let A be
a PSIOA. Let a = zga121...2;0;41%;41... be an execution of a configuration automaton X.
Then « [] A is a sequence of executions of A, and results from the following steps:

1. insert a “delimiter” $ after an action a; whose execution causes A to set its signature to
empty,
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- remove each z;a;41 such that A ¢ auts(X)(z:),

. remove each x;a,1 such that ;4 ¢ sig(A)(map(config(X)(z;))(A)),

. if « is finite, = last(«), and A ¢ auts(X)(x), then remove z,

. replace each z; by map(config(X)(x;))(A). a [ A is, in general, a sequence of several
(possibly an infinite number of) executions of A, all of which are terminating except the
last. That is, o [[ A = o $...8as where (Vj,1 < j < k: a; € tezecs(A)) Aay, € execs(A).

AL, WN

» Definition 115 (Prefix relation among sequences of executions). Let a'$...$a* and 6'$...$5°
be sequences of executions of some SIOA. Define a'$...$aF < §1$...$6¢ iff & < ¢ A (V4,1 <
j<k:ad =§)Nak <5F If a'$...8aF < 618..$0° and a'$...$ak # §'$...$6¢ then we write
al$.. $ak < 618...$6°.

» Definition 116 (Trace of a sequence of executions straces(aq$...8ax))). Let a18...8ay be a

sequence of executions of some SIOA A. Then strace a(a1$...8ay) is tracea(aq)$...$tracea(ay),

i.e., a sequence of traces of A, corresponding to the sequence of executions a1$...8ay.

» Definition 117 (A-partition of an execution). Let A be a PSIOA. Let K4 be a PCA. Let

a be an execution of K 4. A A-partition of a is a sequence (al,a?,...,a™) of execution

fragments s. t. a = a'"a?..7a™ and

Vi e [1:n]\{l,n} o' is a A segment.
Either a” is a A-segment or is A-permanent.
Either o! is a A-segment or is A-permanent and n = 1.

» Lemma 118. Let A be a PSIOA. Let K4 be a PCA. Let « be a finite execution of K 4. It
exists a unique A-partition of o

Proof. By induction on the number k of states in a. Basis: a = ¢°. (a!) with a! = ¢°

the unique partition of o with n = 1. If A is present in ¢°, and A is permanently present,
otherwise A is absent in o', and A is permanently absent a!. Induction: We assume the
predicate is true for k states in « and we want to show this is also true for o/ = a™aFt1gk+1,
We have (al,...,a™) the unique A-partition of a. By definition, o™ is either a A-segment or

a A-permanent. We deal with 8 cases:

A is present in ¢Ft!
a” is a A-segment.

" is a A-filled-segment. (al,..., q"a"tlg" 1)) is a A-partition of o/, with

(gFa**1¢F*1) a A-unfilled-segment. Unlclty. (al,...,a™aFT1gF*1) is not a partition

since o™ aF gkt is neither a A—segment nor A-permanent

a™ is a A-unfilled-segment. (al,...,a", (¢Fa**T1¢**1)) is a A-partition of o/, with
(¢Fak+1 g+

g"a"t1g" 1) a A-permanent executlon fragment where A is permanently present.

Unicity: (a?,...,a" " afT1¢F 1) is not a partition since o™~ a*+1¢F*! is neither a

a ( k k+1 k+1

A-segment nor A-permanent.

a™ is A-permanent
A is permanently absent in a” . (a?,...,a" " a**1¢**1) is a A-partition of o/, with
a" " akftlghtl a A-unfilled-segment. Unicity: (al,...,a", (¢¥a*T1¢**1)) is not a

partition since o is not a segment.

A is permanently present in a" (al,...,a" " a k“q’““) is a A-partition of o/, with

A permanently present in o™ aF*+! k“ Unicity: (al,...,a", (¢Fa*T1¢**1)) is not
a partition since o' is not a segment.
A is absent in ¢F*t!
™ is a A-segment
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n k k+1 k+1

is a A-filled-segment. (al,...,a", (¢8a**t1¢F*1)) is a A-partition of o/, with
A permanently absent in (¢¥a**1¢**1). Unicity: (a!,...,a" aF*!
partition since o™ a**t1¢F*1 is neither a A-segment nor A-permanent.

a” is a A-unfilled-segment. (a!,...,a", (¢¥a**1¢"*1)) is a A-partition of o/, where

(gFa**1gk*1) is a A-filled-segment. Unicity: (al,...,a" " a*+!
since o aFtlght!

a™ is A-permanent

a
¢**1) is not a

¢**1) is not a partition
is neither a A-segment nor A-permanent.

A is permanently absent in a” . (al,...,a" " a¥*!

n’\ak+1qk+1

¢"t1) is a A-partition of o/, with

k k+1 k41

A permanently absent in « . Unicity: (al,...,a", (¢"a*T1¢**1)) is not

a partition since a’ is not a segment.

1 71r—\6lk:4-1 k+1 )

A is permanently present in o™ . (o', .., q is a A-partition of o/,
gk tlghtl is a A-filled-segment. Unicity: (o, ..., a", (¢a**1¢*+1)) is not

a partition since a” is not a segment.

where «

We covered all the possibilities and at each time, it exists a unique A-partition, By
induction this is true for every finite execution.

<

» Lemma 119. Let A be a PSIOA. Let K4 be a PCA. Let o be an execution of K 4. Let
(a') be the A-partition of c.

if a is an unfilled segment that is ends on A creation, then

A is absent at fstate(a) and o [| A= map(config(K 4)(Istate(a))(A).
otherwise, either

A is present at fstate(a) and a [ A= (a* [] A) or

A is absent at fstate(a) and a || A is the empty sequence.

Proof. if v is an unfilled segment that is ends on A creation.
A is absent at fstate(a): We apply the rule (2) until Istate(«) excluded and we apply
the rule (5) for Istate().
otherwise, either
A is present at fstate(a): o [] A= (a! | .A) (this a totology since a = o)
A is absent at fstate(a): We apply the rule (2) until Istate(«) excluded and we apply
the rule (4) for Istate().

<

» Lemma 120. Let A be a PSIOA. Let K4 be a PCA. Let a be an execution of K 4. Let

(al,a?) be the A-partition of a., where o ends on A-creation, then

A is absent at fstate(a) and o [ A= (a? [ A).

Proof. Since n = 2, a! is a segment, so this is a A-unfilled-segment, we apply the rule (2)
until Istate(al) excluded and we apply the projection to the rest of execution fragment that
is to a2. <

» Lemma 121. Let A be a PSIOA. Let K4 be a PCA. Let a be an execution of K. Let

(al,a?,...,am) be the A-partition of o.

if a ends on an unfilled segment that is ends on A creation, then either
A is present at fstate(a) and
all A= (a' [T A)(® 1T A)..(*M21=1 11 A)"map(con fig(K 1) (Istate(a))(A)) or
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A is absent at fstate(a) and

all A= (a? [T A)(a* [T A)...(2 2D 11 A)~map(con fig(K 4)(Istate(a))(A)
otherwise either

A is present at fstate(a) and a [[ A= (o' [T A)(a® [ A)...(a2"/21=1 1 A) or

A is absent at fstate(a) and o [] A= (a? [ A)(a* [] A)...(a>"/2D T A)

Proof. By induction on the size n of the A — partition. We already proved the basis. in the
last two lemma. We assume this is true for integer n and we show this is true for n + 1: Let
o =atma? . a"at = a7 a™ ! Case 1 If o ends on an unfilled segment that is ends
on A creation, then " is a filled-segment. Case la If A is present in fstate(a), then o' []
A= a |l A=map(con fig(K ) (Istate(a))(A) a [T A = (o' [T A)(@® [T A)...(a22171 )
A)"map(config(K 4)(lstate(a))(A) and we refind the waited value. Case 1b If A is absent
in fstate(a), then (a? [| A)(a?* [T A)...(@> /2D 11 A)"map(config(K.4)(Istate(a))(A)
and we refind the waited value.

Case 2 o does not end on A creation.
Case 2a A is present in fstate(a)

Case 2ai n even (2[n/2] —1=mn—1and 2[(n+1)/2] — 1 =n+ 1) We have o™ unfilled-
segment and A present in "t thus o/ || A= a [| A™(a™ [T A) = (a* [T A ]
A)... (o221 11 A) (a2 +1/21=1 11 A) and we find the waited value.

Case 2aii n odd (2[n/2] =1 =n and 2[n+1/2] — 1 = n) We have a" filled-segment and
A absent in ot thus o [ A= a [[ A= (o' [] A)(a® [] A)...(a2"2=1 1T A) = (o' ||
A)(a® [T A)...(a2" 1211 11 A) and we find the waited value.

Case 2b A is absent in fstate(«)

Case 2bi n even (2|n/2] = n and 2|n + 1/2| = n) We have o filled-segment and A
absent in a"t!, thus o/ [| A =a [[ A= (a' || A)a® || A)..(@?"2 [T A) = (' |]
A)(@® [T A)...(a2"+1/2] 11 A) and we find the waited value.

Case 2bii n odd (2|n/2] =n—1and 2|n+1/2] = n+1) We have o™ unfilled-segment and
A present in ot thus o [[ A= a [| A (o™ [T A) = (o' [T A)(a?® [ A)...(a?"/2] |}
A7 (@11 A) = (b [T A)(@® [T A)..(e2" /2] 1T A) and we find the waited value.

All the cases have been covered.

7.3 Sz, Sup relation

Here we define a relation between executions a and 7 that captures the fact that they are
the same excepting for internal aspects of A and B. To define this relation, we needed to
take particular cares with destruction and creation of A and B.

» Definition 122 (Execution correspondence relation, Sape)). Let A, B be PSIOA, let £
be an environment for both A and B. Let a,7 be executions of automata A||E and B||E
respectively.

Then we say that a is in relation S 4pe) with m, denoted aS(ape)m if

1. A is permanently off in o« <= B is permanently off in 7. A is permanently on in o <
B is permanently on in .

XX:45
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w2, (¥) Ais turned off in o <= B is turned off in . If (*), we can note o = a7 a2 and
1618 a1 = o4 aqy, where sig(A)(Istate(ay) | A) = 0, sig(A)(Istate(c) | A) # 0 and we can
1619 note m = m] 7y similarly.

o 3.w[E€=al& UM), mlE=aq|&forie{l,2}.

1621 tracep||e(m) = trace 4| (). If (*) traceg| e (m;) = trace 4 (a;) for i € {1,2}.

w2 5. ext(A)(fstate(a) | A) = ext(B)(fstate(r) | B) ; ext(A)(Istate(a) | A) = ext(B)(Istate(n) |

P

1623 B).
1624 S e is sometimes written S 45 hen the environment is clear in the context.
1625 The definition captures the fact that o and 7 only differs in the internal state and internal

12 actions of A and B. The conditions (1) and (2) say that A and B are destroyed in the same
16 tempo in o and 7. The condition (3) says a and 7 are the same executions from the common
s environment’s point of view, condition (4) says the trace are equal, that is the actions can
120 only differs in in the internal actions of A and B.

w0 B Remark. It is possible to have (a,a’) € execs(A||€)? and aS e/, that is o/ and « only
wn  differs on internal state and internals action of A. We note S ¢ to simplify S 44¢ or even
162 S 4 when the environment is clear in the context .

1633 B Lemma 123. For every PSIOA A, for every environment £ of A, S4 is an equivalence
6w relation on frags(A||E).

165 Proof. The conjonction of equivalence relations is an equivalence relation. (1), (2) are
13 equivalence relation since the predicates are linked by the the equivalence relation <. (3)
ey (4) and (5) are equivalence relation since the predicates are linked by the the equivalence
13s  relation =. |

e B Lemma 124. Let A, B be PSIOA, let £ be an environment for both A and B Let (o, o) €
wo  frags(A||E), (m, ') € frags(B||E), s. t. aSad’ , 7Spn’ and o/ Sapm’

1641 Then OLSABﬂ'.

12 Proof. Each relation is true for o’ and 7’/. By equivalence, each relation stay true for o and
1643 7. By conjonction of all the relations, the relation stays true for S 45. |

s » Definition 125 (Execution correspondence relation, S45)). Let A, B be PSIOA. Let K 4, K
s be PCA. Let a, 7 be execution fragments of configuration automata K 4, Kp respectively.
a6 Then we say that « is in relation Sap with 7, denoted oS sp7 iff

w7 1. The partitions (a1, ..., ay) and (71, ...,m,) of o and 7 respectively have the same size n.
we 2. Vi€ [l:n], (*) A€ auts(config(Ka)(fstate(e))) < B € auts(config(Kp)(fstate(m;)))
1649 and (**) B € auts(config(Kg)(lstate(;))) <= B € auts(config(Kp)(Istate(m;)))
wo 3. Vi € [1:n], for every automaton aut # {A, B} 7; [| aut = «; [] aut.
Vie[l:
[

P

1:n] traceg, (m;) = tracek , (a;)
w2 5. Vi€ [l:n],if (*) ext(A)(map(config(Ka)(fstate(a;)))(A)) = ext(B)(map(config(Kg)(fstate(mn;)))(B))
1653 3 if (%) ext(A) (map(config(Ka)(Istate(ay)))(A)) = ext(B)(map(con fig(Kp)(lstate(m;)))(B)).

1651

s« B Remark. It is possible to have (a, /) € execs(K 4)? and aS 440/, that is o’ and « only
16ss  differs on internal state and internals action of K 4. We note S 4 to simplify Sq4 .

s B Lemma 126. Let A € Autids, K4 be a PCA. S is an equivalence relation on frags(K ).
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Proof. The conjonction of equivalence relations is an equivalence relation. (2) is an equival-
ence relation since the predicates are linked by the the equivalence relation <. (1), (3),
(4) and (5) are equivalence relation since the predicates are linked by the the equivalence
relation =. <

» Lemma 127. Let A € Autids, K4 be a PCA. Let (a,&') € frags(Ka),(m,7') €
frags(Kg), s. t. aSqo’ , 7S’ and o/ S 7’

Then oS ap.

Proof. Each relation is true for o/ and 7’. By equivalence, each relation stay true for o and
m. By conjonction of all the relations, the relation stays true for S 45. |

» Proposition 2. Let o, 7 be executions of configuration automata K 4, K respectively. If
aSapm, then tracek , () = tracek, (m)

Proof. By clause 1 and 5 of the definition S, 5. |

Equivalence class:

» Definition 128 (equivalence class). Let A be a PSIOA. Let £ be an environment of A. Let
a be an execution fragment of A||E. We note a4¢ = {¢/|a/Saa} Let K4 be a PCA. Let &
be an execution fragment of K 4. We note & 4 = {&’|&'S4d}.

When this is clear in the context, we note a4 or even a for a4 and & for & 4.

» Lemma 129. Let A be a PSIOA. Let K4 be a PCA. Let a be an execution of K 4. Let
(al,a?,...,a") be the A-partition of c.

a={a"a*"..a"alS4atvi € [1: n]}

Proof. By induction on the size n of the partition. The basis is a tautology. Induction we
assume this is true for integer n. Let o/ = a”a™ ! and (al, ..., a™) the A-partition of o and
(al,...,a™ a"t1) the A-partition of /. We show o/ = {a'™a?"..a" " a "t |a'S aiVi € [1 :
n + 1]} by double inclusion.

~n ~/—~ =~/

Let & € o/ with (a&',a?,...,a",a" ") as A-partition. We have &' = &~} with d/, € a.
By construction, the conditions (2), (3), (4), (5), (6) of definition of S5 are met for G"+1
and a™*1. The condition (1) is met since (&"*1) is the A-partition of @"*1 and (a™*1) is the
A-partition of a”t'. Hence a"t'S 50!, Thus o/ C {a'~a?>"..a"a "t |a'S Vi €
[1:n+ 1]}

Let & = a'~a~..a"~a"t with a'SaaiVi € [1:n +1]. Thus (a',62, ..., a", @) is
the A-partition of &'. By construction, the conditions (2), (3), (4), (5), (6) of definition of
S are met for each i for @' and a’. The condition (1) is also met by construction with
a size of n + 1. Thus & € o’. We have shown that if the claim was true for a partition of
size n, it was also true for a partition of size n + 1. Furthermore, the claim is true for n = 1.
Thus, by induction this is true for every integer n which ends the proof.

<

» Lemma 130 (1. preserves the equivalence relation intra automaton). Let A be a PSIOA.
Let X 4 be a A-conservative PCA. Let £ be an environment of X 4. Let &, &’ be execution
fragments of PCA X 4||€ s. t. no creation of A occurs in &. We note & = (X 4\ A)||€ =
(XAllE) \ A. We have pe(@), pe(&') € frags(A*®||E") and

XX:47
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1697 aSqa = ue(d)g’Aue(d').

s Proof. For every state ¢7 = (qﬁu,qﬁ“) and ¢ = p2(§’) = (qﬁisw,cjé,), config(Xal|&)(§@) =
w0 config(A*”]|E")(¢7). Namely A € auts(config(Xa||E)(§)) <= A € auts(config(A**||E")(¢")).
wo  Thus the respect of condition (1) is equivalent and we can reason by segment of the partition.
wo  For the same reason, the respect of condition (1) is equivalent. Since the configuration are
we the same and the actions are the same, the respect of condition (3) is equivalent. Since the
3 actions are the same, then the external actions are the same and the respect of condition
wos (4) is equivalent. Since the configuration are the same, the external signature of A in
s case of presence is the same and the respect of condition (5) is equivalent. Thus for every
ws 4 € {1,2,3,4,5}, @ and &' respect the condition i of S4 <= pc(&) and p.(&') respect the
wor  condition i of S4. This gives a fortiori @S4&" <= f1c(&)S apte (). <

wes B Lemma 131 (v preserves the equivalence relation intra automata). Let A be a PSIOA. Let
wo A% be its simpleton wrapper. Let £ be an environment of A" and £ = psioa(E).

1710 Let &,& be execution fragments of PCA A"||E We have ve(&),ve(&@) € frags(A|lE)
m and

1712 dgAd/ = 'ye(d)S'Ag/'ye(d’).

13 Proof. We have to deal with 4 cases:

1714 (al) is a A-partition of & where A is permanently absent in &'. This is equivalent to
1715 A is permanently off in 7.(&'). We have GS4d" <= G = & <= V(@) = 7.(&') <
16 Ye(@)Sagve(@)".

1717 (a') is a A-partition of & where A is permanently present in a'. This is equivalent to A
171 is permanently on in 7. (at).

1710 A is permanently present in &' because they have the same size of partition. Thus A is
1720 permanently on in both 7.(&") and 7.(&), which implies that conditions (1) and (2) are
e met for S4. Also if the conditions (1) and (2) are met for S 45, with A permanently on
22 in v.(&) and 7.(&)’, then the second condition is met for S4 with (**) true , while the
1723 condition (1) is verified with size 1. So the conditions (1) and (2) for S4 are equivalent
172 to the conditions (1) and (2) for S4¢/. The conditions (3) and (4) for S4 are equivalent
1725 to the condition (3) for S4es. The condition (5) for S4 is equivalent to the condition (4)
1726 for S 4¢ since the actions are not modified by .. The condition (6) for S is equivalent
127 to the condition (5) for Sae.

1728 Thus 075'_,407/ <= Ye(@)Save(@).

1729 (&') is a A-partition of & where &' ends on A destruction.

1730 This is the same than in the previous point, excepting that the fact that &' is a A-
1731 filled-segment is equivalent to the fact that v.(&') is a A-segment and the conditions the
1732 conditions (1) and (2) for S4 are equivalent to the conditions (1) and (2) for Sg with
1733 (**) false.

1734 (al,a?) is a A-partition of & where @' ends on A destruction and A is permanently
1735 absent in G2.

1736 This is the conjonction of the two last points.

1737 <

ws B Lemma 132 (u. preserves the equivalence relation intra automaton). Let A be a PSIOA.
e Let X 4 be a A-conservative PCA. Let £ be an environment of X 4. Let &, &’ be execution
wo  fragments of PCA X 4||E s. t. no creation of A occurs in &. We note &' = psioa(X 4\ Al|E).
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We have 1 (1e(6)). 70 (1(@) € frags(Al[€") and
&S’Ad/ < 7@(Me(d))§AE’Ve(Me(d/>)'

Proof. By conjonction of the two last lemma. |

» Lemma 133 (p. preserves the equivalence class). Let A be a PSIOA. Let X4 be a A-
conservative configuration-equivalence-free PCA. Let £ be an environment of X 4.

Let & be an execution fragments of PCA X ||€ s. t. no creation of A occurs in &.

Then 1o(@) = pe(@).

Proof. We have
p1e(@) = pe({d’ € frags(Xall€)|a&/Sad}) = {puc(&)|@ € frags(X4llE),a’'Saa})

and

(@) = {a’ € frags(A*||E)|o/ Sape(@)} with & = X 4\ {A}|€ .

Since @ does not create A, because of partial bijectivity, pe (@) = {pe (&)@ € frags(Xa|lE), pe(@')Sape (&)}

Furthermore, &S4&" <= (&) Sapte (&) from the lemma. of preservation of S relation
by pe.

S0 pre(@) = pe(@).

<

» Lemma 134 (, preserves the equivalence class). Let A be a PSIOA. Let A°% be its simpleton
wrapper. Let £ be an environment of A% and &' = psioa(E). Let & € frags(A*"||€)

Then Ve (Q) = 76(6‘)'

Proof. We have
1e(@) = 7. ({@’ € frags(A™||€)|& Sad}) = {1e(&)|& € frags(A*"||E), & Sad})
and

e(@) = {a' € frags(A[|€)|a’Sage(a)}-

Because of bijectivity of ye, ve(&) = {v(&)|a/ € frags(A*®||E), ye(&')Sae7e(@)}

Furthermore, &S AG" <= 7.(&)Sas7.(&') from the lemma of preservation of S relation
by Ye.

50 7e(@) = 7e(@).

<

» Lemma 135 (v, o u. preserves the equivalence class). Let A be a PSIOA. Let X4 be a
A-conservative configuration-equivalence-free PCA. Let £ be an environment of X 4.

Let & be an execution fragments of PCA X 4||€ s. t. no creation of A occurs in &.

Then M = Ye (/~Le (Q))

Proof. By conjonction of the two last lemma. |



XX:50 Probabilistic Dynamic Input Output Automata

s B Theorem 136 (Preserving probabilistic distribution without creation for equivalence class).
ws  Let A € Autids. Let X be a A-conservative PCA. Let X' be a A-twin of A. LetY' = X'\ A.
we  Let Z = AS||Y'. Let € be an environment of X'. Let &' = psioa(Y'||E). Let p be a schedule.
1777 For every ezecution fragment o = q°a'q'...¢* € frags(X||E), verifying:

1778 No creation of A: For every s € [0,k — 1], if A ¢ auts(config(X)(¢%)) then A ¢
1779 created(X)(q5%)(a**h).

1780 No creation from A: Vs € [0,k — 1], verifying a*T* ¢ sig(config(X)(q%) \ A) Aa**! €
781 sig(A) (), with p.(a%) = ¢z = (a5, @), created(X)(qx)(a) = 0.

1782 then applyx|je (6(gx q¢): P) (@) = apply(z) 1) (0. (gx),qe)s P) (Be (@) = apply(ajier) (6(v. (s (ax)sae)) s P) (Ve (tte(@)))

es  Proof. We already have applyx|ie(0(qx,qe) 2) (@) = applyz(1)(0(u. (ax).ae)s P) (He(c)). Thus

s Y orea WPPIYXN1EO(gx qe) PI(Q) = DXarca @PPIY(2)18) (O(u. (gx).q6) P) (1e(@). Hence, applyxie (J(gx q¢): P) (@) =
e apply(z)1e)(O(u. (ax).qe)s P)(He())). Furthermore, we know that jie (&) = pre(@), thus applyx|ie (0« q6), £) (@) =
e apply(z|ie) (s (ax).0e) ) (e (@)

187 In the same manner, we obtain the second result with . (ue(&)) = Ye(te(&)).

1788 <

e (.4 Implementation monotonicity without creation

o » Lemma 137 (S 45-balanced distribution witout creation). Let A, B be PSIOA. Let K 4,
wn Kp be PCA corresponding w. r. t. A and B. Let K'y, K be AB-co-twin of K4 andKpg.
we  Let &'y = K\ \ A, £ = Kp \ B, £} = psioa(E'y) and £ = psioa(Ey) . Let E" =&} (or
ws £ = &g, it does not matter).

1794 Let p, p' be schedule s. t. for every executions o, m of A||E"” and BJ||E", verifying
s aSaperm, applyajier (3(ga,q.m)0 P)(@) = applys)ier (s g+ P)(T0).-

1796 Let dK 4 S- i. M?(QKA) = (rensw(q_fl))q_f):‘t)' Let dKp S- t. ME(QKB) = (rensw(qlg)aqgg)'
1797 Then for every execution fragments &, 7 of Ky and Ky, verifying aSap® and & does

s not create A, we have:

1799 applyx, (0gx - P)(@) = applyrcy (3qsc - P)(T)-

wo Proof. Let &, 7 be execution fragments of K’y and Kj, verifying &S 457 with @ that does
11 not create A.

1802 We have

1503 applyir, (Ogic - P)(E) = apPIY gowier, (0 (aie ) P) () = applyajier (O(ga,gen) 1) (0 (12 (@) =
1804 apply ajjer (8(ga.gem)> ) (02 (121(@)))

1805 applyxcy (Oasey » ') (&) = apPlY ey, (0,8 (qrcp ) 0) (16 (E)) = applys|ier (3(ga,q0m) ) (VE (1 (E))) =
ws  applys|en (0(ga,qem)> 1) (V6 (e (7)))-

1807 Hence we have applyK;\((SqKA (@) = applyxy, (6qx,,» P')(F)

1808 <

o » Definition 138 (S 5. relation for schedules). Let A, B be PSIOA. Let £ be an environment
w0 of both A and B. Let p and p’ be two schedules. We say that pSfAB)g)p’ if

1811 for every executions «, w of A||€ and B||€ respectively, s. t. aSagem,
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apply ajje (0(ga.qe), P) (@) = applys|ie(0(qs.q: ) P') ()

This definition says that each member of each pair of corresponding classes of equivalence
deserve the same probability measure.

» Theorem 139 (Monotonicity of S° relation without creation). Let A, B be PSIOA. Let X 4,
Xp be PCA corresponding w. r. t. A and B. Let € be an environment for both X 4, Xp.
Let X, ||E', XR||E" be AB-co-twin of X4||€ and Xg||E. Let £’y = psioa(X/, \ Al|E') and
Ep = psioa(Xyz \ B||E') Let £" = &'} (or " = Eg, it does not matter).

Let p, p' be schedule s. t. pS(SABg,,)p’. Then for every (o, m) € execs(X,]|E") x
execs(Xg||E') that does not create A and B s. t. aS(x/, xjenm

applyx;,|\s/(5(zyx:4,qg/)7P)(Q) = applyxy|e’ (5(@%,@5,)&/)(@-

Proof. By application of previous lemma with K4 = X 4||€ and Kg = X||€, since projection
and composition are commutative. |

8 Monotonicity of implementation w. r. t. PSIOA creation and
destruction

In last section we have shown a weak version of our final monotonicity theorem (160), where
we only consider executions that do not create A (see theorem 139).

Here we want to show this is also true with the creation of A and B.

8.1 schedule notations

» Definition 140 (simple schedule notation). Let p = T*, T**! ..., T", ... be a schedule, i. e.
a sequence of tasks, beginning with 7% and terminating by T" if p is finite with £, h € N*.

For every ¢,q' € [(,h],q < ¢, we note:

hi(p) = h the highest index in p (hi(p) = w if p is infinite)
li(p) = £ the lowest index in p

plal =T1

plg = T..T¢
Jp=T1.Th..
Jply = T9...1

By doing so, we implicitly assume an indexation of p, ind(p) : ind € [li(p), hi(p)] —

Tind € p. Hence if p = T, T2, ..., T TFL T, T T . p =k |p, p” =4 |p, then
P’ =q lp.
» Definition 141 (Schedule partition and index). Let p be a schedule. A partition p of p is a
sequence of schedules (finite or infinite) p = (p™, p™*1, ..., p", ...) so that p can be written
p=p" pmT . p", ... Wenote min(p) = m and maz(p) = card(p) +m — 1 (if p is infinite,
max(p) = w).

T

A total ordered set (ind(p,p), <) C N? is defined as follows :

ind(p,p) = {(k,q) € (N*)’|k € [min(p),mazx(p)],q € [li(p*),hi(p")]} For every ¢ =
(k,q), ¢ = (K, q') € ind(p,p):
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If k <k then £ < ¢
Iftk=kK,¢g<q, then ¢ </
If k=% and ¢ = ¢, then £ = ¢'. If either £ < ¢’ or £ = {', we note £ =< ¢'.
For every ¢ = (k, q) € ind(p,p), we note £+1 the smaller element (according to <) of ind(p, p)

that is greater than ¢. For convenience, we extend ind(p, p) with {(k,0) € (N*)?|k < card(p)}
, where (k4 1,0) = (k, card(p*)).

» Definition 142 (Schedule notation). Let p be a schedule. Let p be a partition of p. For
every £ = (k,q),¢' = (K',q') € ind(p, p)?, we note (when this is allowed):

plp, 0] = p"[q]

p|(p,€) = )017 "'7pk‘q

(p,€)|p = (q‘pk)v ,

dlplp.ey = (al™), s (P 1o)

The symbol p of the partition is removed when it is clear in the context.

» Definition 143 (Environment). Let V be a PCA (resp a PSIOA). An environment £ for V
is a PCA (resp. a PSIOA) partially-compatible with V s. t. UA(E)NUAV) =10

» Definition 144 (V-partition of a schedule). Let V be a PCA or a PSIOA. Let pyg be a

schedule. Let p = (pl,, p2, 3, pg...) be a partition of pye where each p3F*! is a sequence

of tasks of UA(V) only and each pZ* does not contain any task of UA(V). We call such a
partition, a V-partition of pyg.

» Proposition 3. Let pyg be a schedule. It exists a unique V-partition of pyg.

Proof. Since UA(E) NUA(V) = () the partition exists. The uniqueness is also due to the
fact that UA(E) NUA(V) = 0. <

Thus, in the remaining we say the V-partition of a schedule.

» Definition 145 (Environment corresponding schedule). Let V and W be two PCA or
two PS/IOA. L,et pve and pywe be two schedules. Let (pl, pZ, p3, pe...) (resp. pwe :
(oyys PF , Py, PE -..)) be the V-partition (resp. W-partition) of pye (resp pwg). We
say that pye and pye are VW-environment-corresponding if for every k, p2F = p2t.

Environment corresponding schedules only differ on the tasks that do not concerns the
environment.

» Definition 146 (S 5. relation for schedules). Let A, B be PSIOA. Let £ be an environment
of both A and B. Let p and p’ be two schedule. We say that PSa s g)p’ if :

for every executions a, w of A||€ and B||€ respectively, s. t. aSagem,

apply ajje (0(ga.qe) P) (@) = applys|ie gy .q¢ ) P') ().

This definition says that each member of each pair of corresponding classes of equivalence
deserve the same probability measure.

8.2 sub-classes according to the schedule

» Definition 147. Let X be an automaton, let a be an execution of X, and p = p/'T
be a schedule of X. We say that a match p iff a € supp(applyx (d¢state(a), p)) but o ¢
Supp(applyX (5fstate(o¢)a p,))
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1888 If o € supp(applyx (0 fstate(a), A)), We say that a match X (the empty sequence).

1o » Definition 148. Let o be an execution. Let p be a schedule, p be a fixed partition of p,
wo U1, 00,07 0y 0T 03 € ind(p,p) , we note :

1801 Qg ) = {@& € al@ matches ply, }
on = 0y = 10 € ala matches ol )
1893 Qg 15 0 ,0) = {& € a|3¢% € [¢5,¢5], & matches ¢, |ple, }

1« » Lemma 149. Let X be a PSIOA, a be an execution of X , p be a schedule ofX, p be
wos a fived partition of p. {as+ , N supp(applyx (Ofstate(a), )0 € ind(p,p)} is a partition of
s N supp(applyx (Ofstate(a) P))}-

107 Proof. empty intersection: Let ¢,¢" € ind(p,p). Let a € a, ,, we show that a ¢ a, ,.

1898 By contradiction, we assume the contrary: thus, a € supp(applyx (6fstate(a)> Ple)), @ €
1899 supp(applyx (0 fstate(a), Pler)) but o & supp(applyx (dstate(a)s ple—1)) and o ¢ supp(applyx (0 ¢state(a), Pler—1))-
1000 If¢ =10 4+1or ¢ =/{+1, the contradiction is immediate.

1001 Without lost of generality, we assume £’ < £+ 1. Since a € supp(applyx (0fstate(a), Ple))s
1002 a € supp(applyx (O ¢state(a), pler)), all the tasks in ¢4 1|ple are not enabled in Istate(a),
1003 but this is in contradiction with the fact that both a € supp(applyx (6¢state(a), pler)) and
1904 a & supp(applyx (6fstate(a), Ple-1))-

1905 complete union: Let o/ = o' "aq" € supp(applyx (0 sstate(a)s p)), With ¢ = Istate(a’).
1006 We show it exists ¢ € ind(p,p), so that o’ matches p|,. By contradiction, it means o’
1907 matches plg for every ¢ € ind(p, p), namely o/ matches plo = A (the empty sequence) and
1008 that for every task T in p, T is not enabled in ¢”. Thus applyx (0ssiate(a), A)(a’) > 0,
1000 which is in contradiction with o’ # fstate(a). If o/ = ¢° and for every task T in p, T is
1010 not enabled in ¢°, then o/ matches pg = 0.

1011 <

1012 B Lemma 150. Let X be a PSIOA, « be an execution of X , p be a schedule of X, p be a
w3 fized partition of p.

1914 applyX (6fstate(a), P) (Q) = ZZJr €ind(p,p) applyX (5fstate(o<)a p) (Q€+)

s Proof. {ay. ,Nsupp(applyx (Ofstate(a), )€ € ind(p, p)} is a partition of aNsupp(applyx (0 state(a)s £)) 1}
116 which gives applyX (5fstate(o¢)7 p) (g) = Zé#— €ind(p,p) Z£+ €ind(p,p) applyX (5fstate(a)a P) (Q[+)
1017 that is the result. <

ws B Definition 151 (A-brief-partition). Let A be a PSIOA, X be PCA, Let p be a schedule of

v X. Let o € frags(X). Let p = (dsl,dSQ, ...a*" Dbe the A-partition of @ A A-brief-partition

w0 of ais a sequence o, a2, ...,a". s. t.

— OélAOéz/—\. n

1921 pNe%

. Q

1922 ], 3'(&, hl) S [1,m]2, al = dséiﬁ...&shi

Viel,n
1923 Vie[l,n—1],4iy1=h;+1

e B Lemma 152. Let A be a PSIOA, X be PCA, Let p be a schedule of X. Let a'? = al™a?
ws a non single state exvecution of X that matches p, where (o', a?) is a A-brief-partition of
we a2, Let lo = max(ind(p, p)) where p is any partition of p.

applyx (8 fstate(a)> )(@'?) = D00, <0, aPPLY(Ple ), ,) - apPly((e, +1)|p) (@)

s Proof. applyx (8 fstate(a)s Ple)(@'?) = Dol a2eql? apply(ple,) (@~ a?)
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1929 Za1’€g1 ZQQ’EQQ apply(sz)(al/Aaz/) =
w0 Darear Darea? WPPY(Pleya1n) (@) - apply((e; @11 plen) (@) =

1931 ZO<51<82 Z(xl/égl ZQQ’EQZ apply(p|£1)(a1/) : apply((€1+1)|p|£2)(a2/) =

(£1.p)

1932 2o<tr<ts Laveal, apply(ple,) (@) - 3 g2 ez aPPIY (0, 41)|les) (@)
1033 D 0er<e» PPIY(Pley ) (g, ) - apply((e, +1)lple; ) (@) <

v B Lemma 153 (Total probability law with all the possible cuts). Let A be a PSIOA, X be
ws  PCA, Let p be a schedule of X. Let oM™ = o'~ a2 ..a(" V™o an execution of X that
ws matches p, where (at,a?,...,a") is a A-brief-partition of «X™). Let £, = max(ind(p,p))
w7 where p is any partition of p.

1038 applyx (8 sspate(atiom), p) (@) =

> T(a', 0", p)Micpaen L' (aF, €71, 6 p)IT (@™, 0771, p)

0=t <2< .. <m= <,

1940 with

1941 F(a1'7 el" P) : applyX (5fstate(oz1)7 p|51 )(Q%l7p)7 )

1942 Fl(az7£z—17€z, p) = applyX(éfstate(ai)7(Ei_1+1) ‘,0 fi)(gzgi—17gi7p))) and
1043 (o™, 71, p) = applyx (O state(an)(tn_1+1) |0)(@™)

s Proof. By induction on the size of the brief-partition. Basis is true by the previous lemma.
145 We assume the predicate true for n — 1 and we show this implies the predicate is true for
1w integer n.

1947 Let (al,...,a™ ! a™) be a A-brief-partition of a'™.
1948 We note a(b™ = a'~a™), (a?,...,a") is clearly a A-brief-partition of a(>™ of size
wo 1 — 1, (', a®>™) is a A-brief-partition of a'™ with size 2 lower or equal than n.
wo  Now applyx (8 pstate(a)s p) (@) =
1951 > applyx (Sfstate(ary: Ple) (@ ) - applyx (Opstate(azn), (e 4110)) (™))
0<€le<£”

102 by induction hypothesis.

1953 We note p' =p141 |p, and reuse the induction hypothesis, which gives

1054 applyx (6fstate(oc(2="))7pl)(g(zm))) -

1055 Z F(QQ,ZQ, pl)[Hie[gm_l]l—\l(ai’gi—17€i7p/)]1—\/l(an,£n—1’ pl)
loyoiln 1
0<€2<... <" t<p,

1956 Z I"(a2,£17£2’ P)[Hie[&n_l]l“’(ai,éi_l,Ei,p)}l“”(a",é”—l,p)
Loyeoiln 1
0<02<.. <"1z,
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We compose the last two results to obtain

applyx (6fstate(a(1~”>)’ p) <g(17"))) =

Z F(Oé17 Zl? P) [HiG[Q:nfl]F/(aa Zi_17£i7 p)]l—‘//<an7 ﬂn—l’ P)
£17£27---7én—1
0<e'<e?<...<em "<,

, which is the desired result.

<

» Lemma 154. Let A, B be PSIOA. Let £ be an environment of both A and B. Let p
and p' be AB-environment-corresponding schedule with p the A-partition of p and p’ the
B-partition of p' s. t. for every (k,q) € N2, for every £ = (2k,q) € ind(p,p) Nind(p’,p’),

(p‘é)SfA,&g)(PIV)-
Then
for every { = (2k,q) € ind(p,p) Nind(p',p) with (k,q) € N2:

> (e indp, p) WPPLYAIIE (O(aa,50): PlE) Qe p),) = Zeand(p ) PPYB|1E(0(gs,q0): P'17) (4 ) ,) and
for every £ = (2k,§) € ind(p,p) Nind(p',p") with (k,G) € N x N*, for every £ = (2k,q) €
ind(p,p) Nind(p',p') with (k,q) € N x N* and £ < £

apply ) (8(ga.qe) Ple) (e pl,) = apPlys) e (O(gs.qe)> P'10) (T pr ;)

Proof. By induction on k.

We deal with two induction hypothesis for every £* = (2k*,¢*) € ind(p,p) Nind(p,p")
with (k*,G%) € N x N.

IHl(Z*) : for every { = (2k,q) € ind(p,p) Nind(p’,p") with (INc,(j) €N xNand ¢ < ¢*

> teind(pp) PPYAIEOaade) PIE)(Qepls) = XiEind(pr pr) WPEIE B (as.ae): £10) (e, ;) and

TH?(#*) : for every { = (2k,q) € ind(p,p) N ind(p',p') with (k,§) € Nx N V(k,q) €
N x N* V0 = (2k, q) € ind(p,p) Nind(p',p') ,s. t. £ =0 =< ¥

apply e (8(ga.qe)> P12) (@ py,) = apPlys)1e O(gp.ae)s P'12) (Te pr),)

Basis: Let o’ € supp(apply(d(g4.4:), A)) N, then {a'} = o ,) = {(q4,ge)}. Similarly if
7' € supp(apply(d(gp .qe), ) N @, then {7’} =7, = {(qB, Ge)}

Thus apply.ajie (3(ga,qe)0 1P) (@0 ,) = apPly aj1e (0(ga.q¢)50 |2) (@) and applys)|e (3(gs.q¢)0 10")(To 1) =
applys|e ((gp,ge)» To, 0 ) (T)-

Hence apply.4)\e((ga.ge)00 1) (20 ,) = applys)ie(d(gs,q¢)0 |P')(mg ), Which means that
ITH'(0) and TH?(0) are true.

Induction:

Let £ = (2k,q),0 = (2K',§) € ind(p, p) Nind(p', p') with k, G, k',§ € N and ¢ < ',
We note that

=7
D tcind(pp) PPLYAIEO(ga,ae): Pli) (@ pp, ) =

=<7
apply ajie (6(qa,qe)> Plo)(Q) = XiGind(p,p) WPPLYA|IE(O(ga.ge), PlE) (e p),) (F)
and
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1992 ZEEznd(p ) applyBllf(é(qs’qs p|l7’)(ﬂé,p’\g/) =

0=l
1993 applys|e (O(gp,ae): P'1e)(T) = Digind(p.p) WPPWYBIIE (Oan,q0), P'1)(Te 1) (FF)

1994 We assume TH'(¢) and IHQ(g) to be true for every ¢ = (2k,q) with k,q € N s. t.
wis £ € ind(p,p) Nind(p',p') and £ < ¢.

1996 We need to consider two cases:

1997 Case 1: £+ 1= (2k,G+1): Case 2: £+ 1# (2k,G+1)

1008 Case 1: We evaluate (¥) and (**) with ¢/ =/ +1

applyajie (O(aa,ae)s Plovi)( Qi pp;, ) = aPPIYA) (O a0): Pl ) (@)= Zeemdpp) apply e (O(ga,ae)» Plo) (e p);)
2000 and Similarly

2001 applys| e (0(gs.ae): £'li41) (Ti1 ;) = aPPLYB|IE (O(gs.ge): P'74) ()= Zee,nd(p o) @PPLYB|E (0(an,q0): P'10) (e,

2002 Thus, we apply TH! (!7) and the eq1~1ality applyAUg((S(qA@E), p|l7+1)(g) = apply3||g(5(q5,qg)7 P |¢7+1)(E)
203 by assumption to obtain both TH!(¢') and TH?(¢").

2004 Case 2: We evaluate (*) and (**) with ¢/ = (2(k + 1),0),

2005 We apply TH'(¢) and the equality apply a)ie (0(ga.a0) Pl ) (@) = applys| e (8(gp.40), P17 (T)
206 by assumption to obtain TH?!(¢").

2007 Then, we can evaluate (*) and (**) with ¢/ = (2(k + 1),0) and ¢/ = (2(k + 1),1),
as apply TH' (') and the equality apply.ajis((g4,ge)s Pl7) (@) = applys|ie (3(qp ge)» '3 ) () by
00 assumption to obtain both TH(¢") and TH?(¢")

2010 By induction, we obtain the desired result:

2011 for every { = (2k,q) € ind(p,p) Nind(p',p) with (k,§) € N2

=<7
2012 Zegind(p,p) applyAHS((s((jA,qg),P‘[)(Qz,p\,) EZEznd(p ') applyBHE((s(qB,qs pq@)(ﬂ,p'\/;) and
2013 for every £ = (2k,§) € ind(p,p) Nind(p',p’) with (k,§) € N x N*, for every £ = (2k,q) €
2014 ind(p,p) Nind(p',p') with (k,q) € N x N* and £ < /:
2015 applyajie (0(ga,qe) Pli) (@ p),) = apPlyB) e (0(ap.q0) P'1) (Te ;)
2016 <

207 B Lemma 155 (subdivision in sub-classes of probability distribution correspondence). Let A,
s B be PSIOA. Let £ be an environment of both A and B. Let p and p' be AB-environment-
a0 corresponding schedule with p the A-partition of p and p' the B-partition of p' s. t. for
00  EVery (k q),(K',q") € N2, for every £ = (2k,q),¢' = (2k',¢") € ind(p,p) N ind(p’,p'),
2 (elple) S p.e)(elP|er)-

2022 Then

2023 for every £ = (2k,q),t' = (2K',q¢") € ind(p,p) Nind(p',p") with (k,q),(k',q') € N x N*
2000 and £ < /:

2025 apply ajie (O(ga.ge)se [Ple ) (e 4101,)) = aPPLYB| e (O(ap.qe) e 1P le ) (Tioor y1r1,0))

25 Proof. We apply the previous lemma with 5 = |p and 5’ =, |p’ . <
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8.3 Implementation

» Definition 156 (Strong implementation). Let A, B be PSIOA. We say that A strongly
implements B iff for every environment £ of both A and B, for every schedule p , it exists an
AB-environment-corresponding schedule p', s. t. for every £ = (2k,q):  (ple)S{4 5.¢)(0'le)-

The impementation says that for each schedule dedicated to A||€ there is a counterpart
dedicated to B||€ so that each corresponding equivalence classes have the same probability
measure. Hence there is no statistical experimentation for an environment to distinguish A
from B. Also the definition requires that the relationship stays true for every prefix cut at
an environment’s task at an arbitrary (even) index.

» Definition 157 (Tenacious implementation). Let A, B be PSIOA. We say that A tena-
ciously implements B, noted A <*" B, iff for every schedule p, it exists a AB-environment-
corresponding schedule p’ s. t. for every environment £ of both A and B, for every ¢ = (2k, q),

"= (2K, q') € ind(p,p) Nind(p',p') , (elpler) Sy 5,y (elp'ler)

The tenacious implementation is a variant of strong implementation where the relationship
stays true for every suffix cut at an environment’s task at an arbitrary index. Moreover, the
choice of the corresponding schedule does not depend of the environment. Hence, to stay
indistinguishable by the environment A and B do not need to change their "strategy", the
same pair of corresponding schedule is enough to prevent the distinction of A and B by any
environment with any "strategy".

8.4 Implementation Monotonicity

» Lemma 158 (Corresponding-environment relation is preserved in the upper level ). Let A, B
be PSIOA. Let X 4, X5 be PCA corresponding w.r.t. A, B. Let p, p' be AB-environment-
corresponding schedules. p, p' are also X 4 Xp-environment-corresponding schedules.

Proof. We note Y4 = X4\ A and Yz = X\ B. It is sufficient to partition each sub-schedule
p2k into tasks with id in UA(Y,4) = UB(Yp) and tasks with id not in UA(Y.4) = UB(Yg). If
p2¥ begins (resp. ends) by a sequence of tasks with ids in UA(Y4), we can combine them
with tasks of p%' ! (resp. p?"™) to obtain a sequence of tasks in UA(X 4). The other tasks

are not in UA(X 4). If p2* begins (resp. ends) by a sequence of tasks with ids in UA(Yg),

we can combine them with tasks of pfg’“l (resp. p?g’”l) to obtain a sequence of tasks in
UA(Xg). The other tasks are not in UA(Xp). <

» Lemma 159 (.S° monotonocity wrt creation and destruction). Let A, B be PSIOA. Let X 4,
Xp be PCA corresponding w.r.t. A, B. Let p, p' be AB-environment-corresponding schedules
s. t. for every environment " of both A and B, for every { = (2k,q), ¢! = (2K',¢') €

ind(p, p) Nind(p',p"), (elple)Sa 5,6 (elP']er)-
Then for every environment £ of both X 4 and Xg, for every £ = (2k,q), ¢! = (2K',¢') €
ind(p, p) Nind(p',p"), (elple)Six  xp.e)(elP'le)-

Proof. By induction.

We assume this is true up to £ < 2k and we show this is also true for 2k 4+ 1 and 2k + 2.
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We have two cases: The first case is A never created, where the results is true because of
homorphism without creation. Thus we investigate only the second case A is created at least
once :

We note £y = (2ky4,q4) = maz(ind(p,p)) = max(ind(p’,p’)) (potentially ¢4 = 0), o =

a3 at (resp. m = w137 7rt)where a'? (resp 7!?) ends on A (resp. B) creation.

Because of lemma 153, we have both

applyXA\\£(5fstate(a)» p)(a) =

Zﬁiézfld(p ) APPLYX 1€ O pstate(o)s Ples)(QF, ) - aPPLYx 4|16 (O state(at)s (e5+1]p)) (@) and
applyxg||e (O state(x) p)(T) =

0
S it o PP (18 (O pstate(m) Ples) (x} (ts.p)) - APPLYX )1 O fstate(nty, (es1]0")) (m?).

Since a'? (resp. 7'3) ends on A (B) creation, 0‘63 , # 0 only if 3 = (2k3,¢3) with

(k3,q3) € N x N*.
We already have for every {3 = (2ks, g3),

applyx 4 |je (Ofstate(ar), (es+110)) (@) = applyxs)ie (Osstate(x)s (es41]p")) (x) for every 3 =
(2ks3,q3) € ind(p,p) by the theorem 139 of preservation of probabilistic distribution without
creation.

Indeed, we note Y/ (resp. V) the A-twin (resp. B-twin) PCA of Y4 = X 4\ A (resp.
Ys = Xp \ B) where the initial state is u(Istate(a'®) | X 4) (resp. uB(Istate(n'?) | X5)),
we note & the PCA equal to £ except that its initial state is (Istate(7'3) | £ and we note
EY =Y R3||psioa(EY), EF' =Y} ||psioa(EY) and 3 = EY or €3 = £J/' arbitrarily.

The premises of the lemma give

apply.AllSS” (5fstate('ye(ue(a4))v (53+1 |P))(7@ (N’B(O/l)) = applyl’)’\\83”(6fstate(’ye(ue(7r4))7 (£3+1|P/))(’Ye (,ue (74))
for every ¢35 = (2ks, q3) € ind(p,p). And the theorem 139 of preservation of probabilistic

distribution without creation gives for every ¢3 = (2ks, g3) € ind(p,p):

applyXAHg(éfstate(a‘l)u (£3+1 |P))(Q4) = applyXBHE((sttate(ﬂ"‘)v (€3+1 |P/))(E4) for every 63 =
(2k3, q3) € ind(p,p) -

Then we consider several cases:

Case 1: A (resp. B) not destroyed (originally absent) in a!? (resp. m13)

In this case a!® = {a!3} and 1'% = {713} with o3 ~ 713, Since A and B are absent, all
the tasks of odd index are ignored, hence

applyXA\\S((sfstate(a)? p|£3)(g%53,p)) = applyXA||8(5fstate(a)> p//|f3)(g%§;7pu)) and

applyxs|ie (g state(r)s P'le)(T(Z, ) = applyxgie (Ofstate(r)> p”es)(@(F, ) With p” =

0,2 2*[card(p)/2j.

PePZ---P

Since a ) applyXAHE((sfstate(a)vp//‘fs)(g%[i,p//)) applyXBHE(afstate(Tr)ap |23)( (¢, p”))
for every ¢35 = (2ks,q3) € ind(p,p) (Moreover it exists at most one ¢5 = (2k3,q3), s. t.

applyXAH5(6fstate(a)a ,0//|2;)(Q%?§7pu)) = applyXAH5<6fstate(a)a p”|e§)(a13) 7& 0 )

13 ~ ,].(_13

Hence either applyXAHf((sfstate(a) p)( ) = applyXBHS((;fstate (m)s P ,)( ) =0or a’pplyXAHE((sttate(a)v p)(g) =
applyxAHs@fstate(a),P\eg)(g%g’;,p)) applyx )je (O fstate(ar, (ez4+11p)) (*) and

applyX5||8(6fstate(7r)a PI)(E) = applyXBHS(éfstate(ﬂ')v p |5§)( ) applstHf (5fstate(7r4) (f*+1 |p ))( )
In both cases applyXA||£(5fstate(a)7 p) (Q) = a'pplyXBHg(afstate(ﬂ’)v P )(E> which terminates
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210 case 1.

2106 Case 2: A (resp. B) destroyed.

2107 We note a'? = al?7~a? (resp. 713 = 7127 73) where a'? (resp. 7'2) ends on A (resp. B)
208 destruction.
2100 Here again, since o' (resp. 7'%) ends on A (vesp. B) creation , if aj® & # 0 (resp.

2110 E%cip' #+ @), then ¢3 = (2ks, g3) with (ks3,g3) € N x N*.
a1 Let ¢35 = (2ks, q3) with (ks,q3) € N x N*. Because of lemma 153, we have
2112 applyXAHE(éfstate(a)v p|l3)(g%?37p)) =

2113 Zégeznd(p,p) applyXAHg((stmte(a), p‘fg)(g&i’p))applyXA||5(6fstate(o¢3)a (£241 ‘P‘&))(Q?gﬁl,g&p))
o  and

2115 applyX5||£(5fstate(7r)7 pl|€3)(ﬂ?é37pl)) =

2116 Zeﬁmd(p ) PP 18 (Ofstate(r)s P 1e)(T(7, ) applyxs|ie (Ofstate(r)s (a+1101es)) (T 11 04.0))-
a7 Since a'? (resp. m'2) ends on A (resp. B) destruction all task of A (resp. B) are ignored

aus after the destruction. Thus, if g}ip # 0 (resp. 772 NS 0), then £ = (2ky + 1,q3) with
2119 (/{ig,gg) € N x N*.

2120 For the same reason, for every {5 = (2ka + 1,q2) € N x N*, £5 = (2kq + 2,0), we have

3 (13
2121 (Q(427537p)) - (Q(Z;,esyp)),
3 — (3
2122 (E(b,lg,p)) - (E(Z;,Zz’/’))
2123 Thus we obtain
. kao<k 4 <£
2124 applyXA|\€(5fstate(a)a p‘ﬁs)(g(lgap)) Z . Z = 2k2+1 a2)€ind(p.p) applyXAHS(éfﬁtate(a p‘b)(g%ivp)).

o
2125 applyXAH£(5fstate(a3)7(@++1|p|£3))( (C+1).05, p) Z 2< 3applyXA||5(5fstate(a3)7(£;+1|p|lg))(i((£;—+l),€3,p))'

2 <Z
2126 Z ’ 2k2+1 q2)€ind(p,p) applyXAHS((sfstate (a)» p|€2)(g(£2,p))'

2127 We obtain the symetric result for 7'2, hence :
ko <k

2128 applyXAHS(afstate(a)a p‘€3)<g(1?37p)) Z 2=t applyXAHg(éfstate(a3)’ ((2k2+2,1) |p|€3))(Q?(2k2+271)723,p))'
£o=0 12

2129 Zéz:(2k2+l7q2)eind(p,p) a’pplyXA||5(6fstatel(ca)<7kp|lz)(Q([z’p))'

2130 applyX5||E(6fstate(7r)7 PW@)(E%?S p')) = Zk; 3 applyX3\|E(5fstate(7r3)a ((2]{)2-‘1—2,1) ‘pl|€3))(E?(2k2+271),43’p/))'
=05

2131 Zéi:(;kg—l—l,qz)eind(p’ ) applngHS(éfstate (m)> P |€2)( £2 r% ))

213 In this case o® = {3}, 1® = {7®} and a® ~ 73. Since A and B are absent in a® and 73

a3 respectively (excepting at the last state) all the tasks of odd index are ignored. Thus, for
xn3  each (2]€2 + 2, 1) < (2k3, qg),

2135 applyx 1€ (O fstate(a®)s (22 +2,1)11es)) (@ ahy 12,1 45.p)) = PPLYX 11 Ofstate(n®)s (a2, 10 1e)) (T ik 10,1y 05 1))
2136 So we still need to show that for every ko s. t. (2ks +2,1) < (2k3, q3),

La=ef L=
Z applyx 4 |1e (O fstate(a)s P|é2)(9%z22,p)) = Z applyx | |s (O fstate(r) p’\@)(ﬁé’p,))
Lo=(2ka+1,q2)€ind(p,p) Lo=(2ka+1,q2)€ind(p’,p’)
2137 (1)

2138 Case 2a: A (resp. B) created only once (in Istate(a?®) and in Istate(n®)) (originally
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23 present).

2140 In this case @2 = 72 and the result is immediate by the theorem 139 of preservation of

am probabilistic distribution without creation.

2102 Indeed, we note Y4 = X4\ A andYp = Xp \ B and we note £} = Yul|psioa(E),

ai Ep = Yp||psioa(E) and " = £’} or £" = & arbitrarily.

2144 The premises of the lemma give

2145 apply.AHS” (5fstate(’yé4(,ué“(a))7 P|22)(724(H24(a12))) = applyBHf”(5fstate('y§(u§(7r))a p'|£2))(7§(1u68(71-12)))

2us  for every lo = (2k2,q2) € ind(p,p) with no creation of A and B in a'? and 7' respect-
a7 ively. Thus we can apply the theorem 139 of preservation of probabilistic distribution

2ss to obtain applyXA||8(5f9tate(a) P|é2)( (L2 p)) = applyXBHf(éfState(ﬂ')v p/|l2)(ﬂ%2227p/)) for every
e by = (2ka,q2) € ind(p,p), which allows to verify the equation 1, which terminates the
a0 induction and the proof for case 2a.

2151 Case 2b: A (resp. B) created twice. We note a'? = a'~a? (resp. 72 = 717 72) where

ns2 ol (resp. 7') ends on A (resp. B) creation. For every k2, we note £5 (k2) = (2k2 +1,1) and
2153 £ (k‘g) (2k‘2 +2 0) We fix ko. Let /o, s. t. Z; (k‘g) <ty = f;(k‘g)

2154 Because of lemma 153, we have:

2155 applyXAHS((sfstate(a)a P|22)(Q%g22,p)) =

2156 Zél enzld(p p) applyXAHE((sfstate((x)a p|£1 )(g%zl,p))'a’pplyXAHE(afstate(az)7 ((51 +1 |P|22 ))(Q%Z1+1,Z2,p))'

2157 and

2158 applyXBHE((sfstate(ﬂ')v p/‘fz)<ﬂ%g22 p’)) =

6=<L
2159 s cimdtr ) WP X ] € (O fstate(ry £16) (T, o)) aPPLYx 11 O pstatex)s (@110 1)) @, 110 )
2160 Hence

ZEQ-Q I 5 12 —

2161 12 2k2+1,q2)€znd(p p) app yXAHg( fstate(a)s p|l2)( (52 p)) -

o=} 1
2162 Z - 2k2+1,q2)€znd(p p) Zéléznd(p p) applyXA|\S(6fetate(a) p|el)(g(£1,p))'
2163 applyXAHE((sfstate(az) ((51+1|p|€2))(g(41+1 €27p))

=0
2164 Z - 2k2+17q2)€znd(p 0) applyXBHS((sttate (m)> P |€2 ( ZQ o ))

E -<€ 01 <L
2165 Z - 2k2+17q2)€znd(p ) Zlieznd(p ) applyXB||E(5fstate(7r)>p ‘21)(ﬂ%ghp1))'
2166 applyX5||8(5fstate(7r2) (10l (@ 41.00,0))
2167 Since a! (resp. ') ends on A (resp. B) creation, it can match ply, only if 1 = (2k1, ¢1).

2s Thus apply((sfstate(a p|@1)( (£1,p) ) 7£ Oand £y < €3 anheb £y < 62_ and apply(éfstate(ﬂ')a Pl|él)(ﬂbhp1)) 7é
zne0 0 and ¢; < ¢y implies {1 < £5 .

2170 Thus

€2<€ l 6 12 —
2171 242 (2k2+1,q2)6md(p,p) app yXAHS( fstate(a)s P|£2)(Q(g27p)) =

L=ef 1
272 Z&:(ka—&-l,qg)éind(p,p) Zél eznd(p D) applyXAH‘g((;fState(a)’ p|£1)(g(€1,p))'
2173 applyXAHg((sttate(a2)7 ((£1+1 |P|€2))(Q%£1+1 Zz,p))

4 <€
274 Z - 2k2+1 g2)€ind(p’ ,p') applyXBHS(éfstate(Tr) p |£2)(£%§27p/)) =

€2<€ £y <L5 1
2175 Z =(2ka+1,92)€ind(p’,p’) leeznd(p ,p’) applyXBHg((sfState(ﬂ')’ p/‘zl)(ﬂ(fl,p/)).
2176 applyX5||S(5fstate(7r2) ((61+1|P |€2))(f(51+17g27p ))

2177 which gives:
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aire Zi;ffd(p ) aPPLYx 1€ (O pstate(a)s Plea ) (@7, ) =

a9 Zﬁi;f,:d(p ) applyx 1€ O fstate(a) Ple ) @y, )

2180 Ziejf;;p p) applyXA|\£(5fstate a?)s ((€1+1 |P|éz))(g?el+1,52,p))
v YR applyxelie O rstate(n) Ple) (T, ) =

2182 Zﬁi;fn_d(p p applyXBHE(éfstate(Tr)ap/|f1)(ﬂ%€1,p/))'

2183 Zﬁzgfﬁ;f ) applyxsug((sfsmte(ﬂ),((zl+1\P'|Zz))(ﬂ%z1+1,e2,p’))

2184 By induction hypOtheSiSa applyXA||£(5fstate(a)7 p|21)(g%£17p)) = applyXBHS(afstate(Tr)a p/|51)(ﬂ%[1,p/))
aes for every 1 < (2kg +1,1) < (2ke 4+ 2,0) < (2ks, q3) < (2k4, qa).

2186 So we need to show that for every ¢; < ¢5

- +
05 <e2=e}

> applyx e (Ofstateta)s ((e411016)) (@0, 41.00.0)) =
La€ind(p,p)

£y X0

Z applstHg((sfstate(ﬂQ)7 ((21-0-1 ‘P,|£2 ))(E%Zl+1,22,p’))
La€ind(p’,p’)

207 that is, applyx e (fstate(a2)s ((er+1101e3)) (@) —apPlyx 4|16 (O fstate(a2)s (er+11Pl _1))(@?) =

2188 applyXE||5(5fStat€(772)7 ((51+1|p |€;))(12) - applyXB||5(6fstate(7r2)7 ((€1+1|p/‘£2’ - 1))(£2)
2189 To do so, we will show that:
applyx 4 |je (Ofstate(az), (@+11pler))(@®) = applyxg)ie(Orstatex2)s (er+110'))(@?)
applyx 4|1 Ofstate(a?) ((61+1|P|z;71))(g ) = applyxy)ie(Ofstate(r?), ((€1+1|P/|z;71))(ﬂ2)
2100 (2)

2191 We note Y4 = X4\ A and Yz = X\ B. We note Y, (resp. Yj;) the A-twin (resp.

202 B-twin) of Y4 (resp. Yz) with uf(Istate(a’) | X 4) (vesp. uB(Istate(n') | Xp)) as initial

n0s state. We note £ the PCA equal to £ excepting that its initial state is Istate(al) | €.

2104 We note &} =Y ||psioa(E’), £ = Yg||psioa(E') and £ = &'} or " = &£ arbitrarily.

2105 Since {1 = (2k1,q1), {5 — 1 = (2ks,0), 5 = (2ks + 1,0), we have for every &”,

2o apply.ajier (Ostate(re (e (@2))) (r+110lex ) (Ye e (0?))) = applys|ien (O sstate (e (ue(x2))) (1411013 )) (e (e (7))
zor and apply.ajie (0 state (v (u.(02)))> ((1+11Ple; —1)) (e (e (@?)) = applysjier (pstate . (ue(x2)))> (@r+110' 1 —

20 1)) (Ye(pte(7)))-

2199 Moreover, since a? (resp. %) does not create A (resp. B) we can apply the theorem 139
200 of preservation of probabilistic distribution without creation to show 2.

con Hence applyx.ie (srateteys (s 511016 ))(@2)—apply 16 G atatetan)s (o1 les 1)) (@%) =
2202 afpplyXBHS((sfstate('frz)v ((51+1|p ‘63))(72) - a'pplngHS(éfstate 7r2)7( €1+1|p |£; - 1))(l2)

2203 This implies that applyXAHf(éfstate(a)a p) (Q) = applyXB||5(5fstate(7r)7 pl)(l) in very case,
»0e  which ends the induction and the proof.

2205 |

20 B Theorem 160 (Implementation monotonicity wrt creation/destruction). Let A, B be PSIOA.
nor Let X4, Xg be PCA corresponding w.r.t. A, B.
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If A tenaciously implements B (A <*™ B) then X 4 tenaciously implements Xpg (X 4 <"
Xg).

Proof. Let p be a schedule, Since A <*" B it exists a schedule p’ AB-environment-
corresponding with p s. t. for every £” environment of both A and B, for every ¢ = (2k, q),
U= (2K, q') € ind(p,p) Nind(p',p"), (elple)S{x 5.6y (elp’|er)-

Because of previous lemma 159 for every environment £ of both X 4 and Xp, for every
(= (2h,q), £ = (2K, ) € ind(p,p) N ind(¢, ), (*) (eloler)Six., xg.e0(elf]er)s where p is
the A-partitition of p and p’ is the B-partitition of p’

Moreover p and p’ are also X 4 Xg-environment-corresponding because of lemma 158.
Since the relation (*) is true for for every £ = (2k,q), ¢/ = (2k’,q') € ind(p,p) Nind(p’,p’),
it is a fortiori true for every £ = (2k,q), ¢’ = (2k’,¢') € ind(p,p) Nind(p’, ') where p is the
X 4-partitition of p and p’ is the Xp-partitition of p'.

Hence for every schedule p it exists a schedule p’ X 4 Xp-environment-corresponding with
p s. t. for every £ environment of both X 4 and Xg, for every £ = (2k,q), ¢! = (2k',¢') €
ind(p, p) Nind(p', '), (elpler)S{x , x.6)(elP'ler) where p is the X 4-partitition of p and p’ is
the Xg-partitition of p'.

This ends the proof.

9 Conclusion

We formalised dynamic probabilistic setting. We exhibited the necessary and sufficient
conditions to obtain implementation monotonicity w. r. t. Automata creation/destruction.
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Figure 17 creation substitutivity for PCA. each blue or red box represents a set of actions. The
one blue band ones are output actions for A or B, the one red band ones are input actions for A or
B. The two blue bands ones are input actions for £ that do not come from A or B, the two red

bands ones are ouput actions for £ that do go into A or B. The other squares represents internal
states.
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