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Abstract

In this article, we derive the weight distribution of linear codes stemming from a subclass
of (vectorial) p-ary plateaued functions (for a prime p), which includes all the explicitly known
examples of weakly and non-weakly regular plateaued functions. This construction of linear
codes is referred in the literature as the first generic construction. First, we partition the class
of p-ary plateaued functions into three classes %71,%>, and %3, according to the behavior of
their dual function f*. Using these classes, we refine the results presented in a series of articles
[9, 11, 15, 17, 20]. Namely, we derive the full weight distributions of codes stemming from all
s-plateaued functions for n + s odd (parametrized by the weight of the dual wt(f*)), whereas
for n+ s even, the weight distributions are derived from the class of s-plateaued functions in 6}
parametrized using two parameters (including wt(f*) and a related parameter Zp). Additionally,
we provide more results on the different weight distributions of codes stemming from functions
in subclasses of the three different classes. The exact derivation of such distributions is achieved
by using some well-known equations over finite fields to count certain dual preimages. In order
to improve the dimension of these codes, we then study the vectorial case, thus providing
the weight distributions of a few codes associated to known vectorial plateaued functions and
obtaining codes with parameters [p” — 1,2n,p" — p"~ ! — p(**s=2)/2(p — 1)]. For the first time,
we provide the full weight distributions of codes from (a subclass of) vectorial p-ary plateaued
functions. This class includes all known explicit examples in the literature. The obtained codes
are minimal and self-orthogonal virtually in all cases.

1 Introduction

There are a vast number of methods for constructing linear codes—constructions based on p-ary
functions are among the most renowned methods. In their pioneering work, Carlet, Charpin and
Zinoviev [3] showed the first explicit connection between AB (and APN) functions and linear
codes. Soon after, Carlet and Ding [4] constructed codes based on perfect nonlinear mappings.
Since then, many authors have addressed the construction of linear codes using p-ary functions
[2, 6,19, 7, 10, 11, 12, 13, 18, 21, 22].

In this work, we address the construction of p-ary codes from (vectorial) plateaued functions.
There has been much work on linear codes stemming from perfect nonlinear functions, however,
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less is known for the plateaued case. Elaborating on the results of [9, 11, 15, 17, 20|, we present the
full weight distribution of subclasses of weakly and non-weakly regular s-plateaued functions
f: Fpn — ), yielding three-weight codes and five-weight codes, for n + s odd and n + s even,
respectively. These results are obtained by using well-known solutions of equations over cyclotomic
fields, which are field extension of the rational numbers by adding the complex p-th root of unity.
These solutions are then used to compute the cardinalities of preimages of suitable dual functions
that allow the exact derivation of their Walsh distributions and then the weight distributions of
associated codes. The parameters of the obtained codes are [p" — 1,n + 1,(p — 1)p" ! — pn+571]
and [p" — 1,n + 1,p" — p"~ 1 — p(»+5=2)/2(p — 1)], for n 4+ s odd and n + s even respectively. In
order to obtain linear codes with a larger dimension, we study the vectorial case. Little is known
about infinite families of vectorial plateaued functions, however, some examples have been given in
the literature. Based on such examples, we extract general properties of these functions to obtain
the weight distribution of codes stemming from a class of vectorial plateaued functions yielding
three weight codes with parameters [p” — 1,2n, p" — p*~' — p(*+5=2)/2(p — 1)]. We then prove that
these codes are minimal and self-orthogonal, which makes these codes quite interesting also from a
practical point of view.

2 Preliminaries

Let Fpn denote the finite field with p" elements, where n > 0 and p is prime. Let F be an
n-dimensional vector space over [F,. A function F' from Fy» to Fpm is called a vectorial p-ary
function. When p = 2, F' is simply referred as a vectorial Boolean function. The adjective vectorial
is dropped when we refer to functions mapping to the prime field F,, (thus m = 1). Such functions
will be usually denoted with lowercase letters. We treat a function f: F,» — F, and its truth
table as the same object whenever there is no ambiguity. The component functions Fy : Fpn — I,
of a vectorial function F': Fyn — Fpm are the mappings x — Tr{"(aF(x)) for a € Fym, where
Fym = Fpm \ {0} and the function Try" denotes the usual trace function from Fpm to Fp, ie.,
T (x) =2 +aP +aP + - + 2",
The Walsh transform of f: Fp» — F), at a point b € Fjn is the sum of characters given by

x)+TrT (bx
W)= Y g@rmen (1)

Q?GIFpn

where £, = e?™/P is the complex primitive p-th root of unity. The inverse Walsh transform of f is
then defined by

pE@ = ST wyp)g, T 2)
bG]Fpm

The Walsh spectrum of f is the multi-set of values {x W(b) : b € Fyn x}. For a vectorial
functions F, its Walsh spectrum is given by {x Wg,(b) : (a,b) € Fym x Fyn x}. The set of
linear functions from Fp» to F,= will be denoted by L, ,,, whereas the set of affine functions will
be denoted by A, ,,. A p-ary s-plateaued function f: [F,» — F, is characterized by the property
(W (b)|> = 0 or p™*s for every b € Fpn. If s = 0, then there are no zero spectral values and we
call such a function a p-ary bent function. It can be shown [11] that the non-zero Walsh values



of a p-ary s-plateaued function f: F,» — IF, can be expressed as wpp~ (0 ts)/ sz(b) = f{f*(b) for
a complex number u, with |us| = 1 and a p-ary function f*, where f*: supp(Wy) — ), where
supp(Wy) = {b € Fpn : [Wy(b)|* = p™"*}. If the value of u, does not depend on b, then the function
f is called p-ary weakly regular s-plateaued, and non-weakly regular s-plateaued otherwise. The
function f* is called the dual of f. Furthermore, it was shown [11] that a weakly regular s-plateaued
function f satisfies W;(b) = €/ \/17nJrS ;J: *(b), where ey = £1 is called the sign of the Walsh transform
of f and p* = (—%)p, where the parentheses indicate the Legendre symbol. Similarly, one can easily

show that a non-weakly regular s-plateaued function f satisfies W (b) = €¢(b)/p* +s§£ *(b), where
e¢(b) = 1 will be called the sign of the Walsh transform of f at b € Fyn.

2.1 Linear codes from functions

A linear [n,k,d] code C over the alphabet I, is a k-dimensional linear subspace of Fy, whose
minimum Hamming distance (equivalently, the minimum weight of its non-zero codewords) is d.
Every code considered in this paper is a linear code, thus we will not distinguish between the terms
linear code and code. The code S, spanned by all linear functionals over F, is a [p"—1,n,p"—p" 1]
code, called the n-affine simplex code, i.e., S, = {(L(J?))xe]}‘;n : L € £,} (a pruning of the first
order Reed-Muller code).

Let a; be the number of codewords with Hamming weight j in C. The weight distribution of
a code C is the vector (1,a1,...,ay) and it is fully specified by its weight enumerator polynomial,
which is the polynomial 1 + ayz + -+ + a,2". We say that a code with parameters [n,k,d] is
distance-optimal, or simply optimal, provided that there does not exist an [n, k, d’] linear code with
d < d'. A generic method to specify linear codes from a mapping F': Fyn — Fpm with F(0) = 0 is
described as follows. For positive integers n and m, the linear code Cp C an,1 is defined by

CF:{ca,u:aerm,bG]Fpn}, (3)

where ¢q4 = (Tr(aF (z)) + Tr’f(ua:))mew . The dimension of Cr is at most n 4+ m and its length
pn

is p" — 1. If F': Fpn — IFpm has no linear components, the linear code Cr derived from the generic
construction in (3) has dimension exactly n + m. Moreover, its weights can be expressed by the
Walsh transform of absolute trace functions of the map F': Fjyn — Fpm as shown in [9].

3 Cyclotomic relations relevant for plateaued functions

Let QR denote the set of quadratic residues modulo p and let NQR be the set of quadratic non-
residues modulo p.

Lemma 1. (Folklore) The following relations are true for the Legendre symbol and &, :
1) ey (f-?) =2 jeqr- 1+ Xjengr(=1) = 0;

2. ZjeF; f}J) = -1



3. For any a € 7, the integral equation

> aiE = { b P

]E]F; ia\/ﬁ? p

1 (mod 4);
3 (mod 4);

has a unique solution a; = a (%) e 7.

Note that i ¢ Z(&) since it is not a root of unity for p # 0 (mod 4) [16]. Therefore, ];:—11 aifg, =

pgu for a; € Z, 6 € N and v € {1,i} implies that either 6 is odd or v # i. Therefore, we have the
following.

Lemma 2. /8] Let (a1,...,a,) € ZP, 0 € N and v € {1,i}. Suppose that Ef;ll aif), = p%y.
1. If 6 =0 (mod 2), then v =1;

2. If 0 =1 (mod 2), then

I, p=1 (mod 4);
UV =
p=3 (mod4).

4 Dual value distributions of plateaued functions

Using a similar notation as in [11], given fi: Fyn — ), and any function fo: supp(Wy,) = Fp, we
define the sets Ny, (j) = {:c € supp(Wy,) : fo(z) = j} and the numbers ny,(j) = #Ny,(j), for
j € F,. Following the terminology introduced in [14, 15], for a given set S C F,n, we say that

a function f: S — F, is bent relative to S if [W;(b)| = #S'/? for all b € Fpn, where Wy (b) is

considered as the restriction to S of the Walsh transform of f, i.e., Wy(b) = > ¢ fg(xHTr?(bx).

For weakly regular plateaued functions, the dual function f* is bent relative to supp(Wy). For
non-weakly regular plateaued functions, the dual may or may not be bent relative to supp(Wy).
There are infinitely many examples of both cases.

Let S C Fpm and let f: S — [F, be a function such that W;(0) = > ¢ 55@) = t(f)ypggg,
where t(f) = £1 or 0, v € {1,i}, j € I, for some p € N, g > 0. The number ¢(f) will be called the
type of f. For an s-plateaued function f: Fyn — F, with 0 < s < n, let I"(f) and I'"(f) be the
sets that partition S = supp(Wy) and are given by

D) = b e s W) = v T O) 1) = (e s W) = O}

n+s
where v € {1,i}. Note that in this case t(f) = €;(0) <_?1> , where €7(0) denotes the sign of Wy
at 0. For an s-plateaued function f: Fyn — F,, define the numbers A; := #(Nyp«(5) NI (f)) and
Bj = #(Ng-(j)NT=(f)) for j € Fp. We also define Z; := A; — B;.

Lemma 3. Let f: Fyn — I, be any s-plateaued function. Let f(0) = jo. Then Aj, # By, (i.e.
Zj, #0). The distribution values A;, B; associated to f satisfy exactly one of the following.

i) Aj # Bj for every j;



ii) The number n — s is even and A; = B; for each j 75 Jo. In this case, Aj, = p g Bj, and,

Tl/ S

n— n—
_p"” S+p 7 A — -p "z
Zjsf'fjo A ZJ#JO B AJO - 2 — Bj;
n—s—1

iii) The number n — s is odd and Ajyj, = Bjyj, for j € T and Ajijy — Bjij, = 20 (%) p 2 for
j €T, where

|
:4
|||

1, p=1 (mod 4);
g =
3 (mod 4);

and

* Zj .
_ QR ) |Zj2| = —0;
NQ@R, otherwise.

In this case, Zj, = —o (l) pn7571 for (any) j € I. Moreover, if Aj, # 0, then Z#jOA

P
. n—s+1 . n—s+1
PS4 J p 2 ' prTS—g A p 2
. (g) - Ajm and, if Bj, # 0, then Zi;éjo B = (g) Bjo, for (any)
je€T.
Proof. Consider the inverse Walsh transform (2) of f(z) at x = 0,
; i nds
pUE = > Web)=> (Aj - Bj)&vp? .
bEFpn jEFp
Using Lemma 1, this equality can be arranged as
D (Aj=Bj—Z)g 0 =p vl (4)

J#Jo

Suppose that n — s is even. Thus v = 1 by Lemma 2. We first show that Z;, # 0. Suppose not.
Then (4) implies that Aj— B; = —p"2 by Lemma 1. Since f is plateaued, > jer, (Aj+Bj) =p"°.
Then 2 ZJ@F =ps—pT (p—1), which is a contradiction since p"~*% — pz (p—1)is an odd
number. Therefore Zj, # 0. Let us suppose that 7) is not true, i.e., suppose that there is an index
j' # jo such that Ay = Bj. We will prove ii). From (4), we get A; — B; = Zj, —p'z for each j.
In particular, 0 = Ay — By = Zj, —p“Z, so that Zj, = pz and Aj = Bj for every j # jo. The
second part of i7) comes from this and the fact that ) je]Fp(A + Bj) =p"*.

Suppose that n — s is odd. To show that Z;, # 0, suppose the opp051te. Equation (4) implies

that A; — Bj = o (%)pnisil, where 0 = 1if p =1 (mod 4) and 0 = —1 if p = 3 (mod 4),

by Lemma 1. Since f is plateaued, Zje]Fp(Aj + Bj) = p"*. Then 22]611, ; = p"~%, which
is a contradiction since p"~* is odd. Hence Z;, # 0. Again, suppose that i) is not true, i.e.
suppose that there is an index j' # jo such that A; = Bj. We will prove iii). From (4), we get

n—s—1

Aj—Bj=Zj, +o (j_pjo> pn_g_l for each j. In particular, 0 = Ay — By = Zj, + o ( p]‘)) p 2
. This tells us that for every j such that (%) = (%), we

n 1

so that Z;, = —o (ji/_jo> p s

P
have A; = B;. Defining 7 as in the statement, this is equivalent to A; ;) = B, for every j € T.
Additionally, A; — B; = 20 (%) pnizk1 for each j — jo € Z. The second part of 7ii) comes from
the above and the fact that Eje]F (Aj+ Bj) =p"~. O



Using the previous lemma, we can partition the set of s-plateaued functions into three classes.
These classes will be denoted by 41, %2, and 63, respectively. Thus, %) corresponds to the functions
specified in ) of Lemma 3, %, corresponds to the functions specified in i7) and %3 corresponds to the
functions specified in iii). We will now determine the exact values of A;, B; for certain plateaued
functions.

Example 1. Any weakly regular plateaued function whose dual is surjective belongs to €1 for which
there are several infinite families of functions. To construct an infinite family inside 62, consider
the function f(z) = Tr3(x") over Fqs. This function is a non-weakly 1-plateaued function with zero
dual, namely, {Wy(b) : b € Fgs} = {0,9, -9} with distribution {+018,95 —93x}. For any | € N, we
consider the l-th iteration of the direct sum of f with itself, f', which is an l-plateaued function
defined on Fg with constant zero dual. For €3, consider the function g(x) = Tr3(22* + 22) in Fys.
This function is a weakly regular 2-plateaued function with {Wy(b) : b € Fas} = {0,i3%/2,i3%/2¢2}
with distribution {x024, (13°/2)1,(13%/2¢2)2x} For any | € N, consider f' as before. The direct sum
of f' with g gives a non-weakly regular (I + 2)-plateaued function in Fssapry with {Wy(b) : b €

Fasaint = {0,i3°%, —i3"% i35 &2, —i3"F" &2}, which belongs to Cs.

Although the previous example (Example 1) shows that the classes €1, %2 and %3 are non-empty,
it also gives rise to some existence problems. Namely, the following questions arise naturally.

Question 1. Are the classes %> and %3 non-empty for p > 3 and for every n?

Question 2. Are there infinite classes of functions in % whose dual is non-zero? Note also that
every function in %3 is non-weakly regular.

Question 3. Are there infinite classes of functions in %3 whose dual is surjective (necessarily
non-weakly regular plateaued)?

In the following (Lemmas 4-8) we determine the exact values of A;, B; for certain subfamilies
of p-ary plateaued functions which carry enough information about the dual to derive these values.

Lemma 4. Let f: Fpn — ), be an s-plateaued function in €1 with f(0) = f*(0) = 0. Suppose
that W;(0) = t(f)upnT“ and Wp-(0) = t(f*)z/pg for some v, € {1,i} and § € N, § > 1. For
j € Fy, the numbers Aj, B; are either zero or depend on Ay and By, respectively. Moreover,
Ao+ By = p"*~! when 0 is odd and Ay + By = p" "L +t(f*)(p — 1)p%71 for 6 even. The values
of Aj, B; are displayed in Table 1 for different parities of n+ s and 6.

Proof. Suppose that n + s is even. Suppose that 6 is even, too. By Lemma 1,
Aj—Bj:Ao—Bo—p% (5)

22
5 —

for each j € F;. On the other hand, Wy« (0) = t(f*)u’pg. By Lemma 2, v/ = 1. Since t(f*)p
Wp(0) = Zg;i(Aj + B; — Ao — By)&), we have

[
Aj+ Bj = Ao+ Bo — t(f")p2 (6)



for each j. From (5) and (6), one can obtain the values of A;, B; in terms of Ag, By respectively.
Lastly,

p—1
0
P =D (A + Bj) = (p— 1)(Ao + Bo — t(£*)p) + Ao + Bo.
j=0
Thus, Ag+ By = p”*3*1+t(f*)(p—1)pg_1. Assume now that € is odd. Since t(f*)z/pg =W (0) =
S PZH(Aj + Bj — Ag — Bo)&), we have
Aj+ Bj = Ao+ Bo + <;> Hf ) (7)

for each j. From (5) and (7), one can obtain the values of A;, B; in terms of Ay, By respectively.
Lastly,
p—1
P =Y (Aj+ Bj) = p(Ao + Bo)
j=0
Thus, Ag + By = pn—s—l‘
For the case when n + s is odd, use the fact that (by Lemma 1)

Aj—Bj:AO—BO‘f’(;) % (8)

for each j. Combining this with (6) and (7), we obtain the desired result. O

Remark 1. Lemma 4 extends the results of [9, 11, 15, 17, 20]. Namely, in [9], the value distribution
of the dual of a weakly reqular bent function f was studied. Then the extension to weakly reqular
plateaved functions was given in [11]. In [15], the case of f being a non-weakly regular bent function
whose dual is bent with respect to supp(f). Later, in [17], the authors presented the case of non-
weakly reqular s-plateaued functions f whose dual is bent with respect to supp(f), which was further
analyzed in [20]. Therefore Lemma 4 is the most general result of this kind.

Remark 2. Lemma 4 covers the value distributions of all known instances of weakly and non-weakly
bent functions.

Lemma 5. Let f: Fpn — Fp, be an unbalanced s-plateaued function in € such that f(0) =
f*(0) = 0. Suppose that Wy«(0) = t(f*)pg for some 8 € N, 8 > 1, 0 even. Then, Ay =
P"’5’1+P?+2t(f*)(p—1)p%_l, B — p”’s’l—p?Jrzt(J‘*)(p—l)za%‘1

0 . Moreover, for j € F,, Aj = B; =

%-l—t(f*) %
Ap — 22 FURE

8
2

Proof. Since t(f*)p2 = W«(0) = Z?;i(QAj — 240 +p"7 )&}, we have

&:%_pggww (9)

N[

n—s n—s N
for each j. From Lemma 3, % = Z?;é Aj = (p—1)(Ag — %) + Ap. Thus,

n—s— n-s * g1 n—s— * g1
Ay =2 'tp 2 +2t(f p=1p2"" G that By = © l_p 2 +2t(f )(p—1)p2

. The values of A; are
then obtained via (9). O



The following is pretty straightforward, we thus omit its proof.

Proposition 1. Let f € ¢ be a plateaued function with f(0) = f*(0) = 0 such that Wy« (0) =
t(f*)pgy, 0 € N and v € {1,i}. Then f* is the constant zero function if and only if v = 1,
0=2(n—s)and t(f*)=1.

Lemma 6. Let f: Fyn — F) be an unbalanced s-plateaved function in €5 such that f(0) = f*(0) =
0. Suppose that W-(0) = t(f*)u’pg for some V' € {1,i} and § € N, 6 > 1, 6 odd. Then, we have

Ag = W, By = W. Moreover, for j € Fy, the value of Aj(= Bj) is equal to
I)%Jr(%)t(f")pg_Tl

Aj=Bj= Ao - 2

Proof. Since Wg«(0) = t(f*)y’p% /P, we have

24; =240 —p 7 + <]> t(f )z

for each j. Summing these terms up, we get
p—1
p"fs = ZQA] —p% = 2pAg —p%+1.
§=0

Thus 249 = p" 52 +p"z and the result follows. O

Lemma 7. Let f: Fpn — F),, be an unbalanced s-plateaued function in €3 such that f(0) = f*(0) =
0. Let the set T be defined as in Lemma 3. Suppose that We«(0) = t(f*)pg for some 0 € N, 0 > 1,

nfsfl_'_t i 1 %—1_ i n;g;l
0 even. Then, Ag = ? U )5 J(p>p and By =

n—s—1

P - pE o ()p
2

n—s— g1
for any i € . Moreover, for j € I, Aj = B; =L l_g(f Jp> and, for j & I, we have

n—s—1 #Y, 21 :
—t 2 n—s—
2 p

n—s— w81 : n—s—
and B; = £ lfg(f)pz —l—a(l)p 21,whereazlifp51(mod4) and o = —1 if p =3
(mod 4).

Proof. Since t(f*)p? = Wy-(0) = 2771 (A; + B; — Ao — By)&), we have

Aj + Bj = Ao+ Bo — t(f*)p* (10)
for each j. Summing up, we get
p—1
n—s *y, ¢
P —Ao—BOZZAj"‘Bj:(p—l)(Ao-i-Bo—t(f )p?).
j=1



n—s—1

Thus, Ag+ By = p» ! —|—t(f*)p%_1(p —1). By Lemma 3, we know that Ag— By = —o (%) p 2

for any ¢ € Z. Combining these two equations, we have

P () = Dt — o (4

o
~
i
3
vl
L

Ay = )
and
—s—1 * 91 i), ==l
prTIT A H(f) (p — 1)p2 +0(;)p 2
By =
2
The result follows at once from Lemma 3. O

Lemma 8. Let f: Fpn — [F, be an unbalanced s-plateaued function in 63 such that f*(0) = 0.
Let the set T be defined as in Lemma 3. Suppose that Wy«(0) = t(f*)z/pg for some V' € {1,i}
n—s—1

. s . n—s—1
n—s—1_ [ 2 - — n—s—1+ z ]
and 0 € N, 8 > 1, 0 odd. Then Ay = L <2p)p and By = L <2p)p for any
. 6—1
nfsfl_;'_ J t f* o
i € Z. Moreover, for j € I, we have A; = Bj = ? (”2) U and, for j & I, we have
. 6—1 . 6—1
n—s=14 (I \¢(f*)p 2 N s nes=ly (L)e(f)p 2 N\ n—s—
Aj:p (p2>(f)p -0 I%)p 5 andBj:p <p2)(f)p +0<]%)p 21,where

o=1ifp=1 (mod4) ando =—1ifp=3 (mod 4).
Proof. Since t(f*)v’p%\/ﬁ = Wp(0) = Z?:(Aj + Bj — Ay — By)&), we have

—1

Aj + Bj = Ao+ By + <;) t(f*)peT (11)

for each j. Summing up, we get Ag + By = p"*~!. By Lemma 3, we know that Aqg — By =

. n—s—1
. n—s—1 . L. . pn—s—lio_ K3 P 5
—0 (%) p 2 foranyi € Z. Combining these two equations, we have Ag = <2p> and
(D) . . : : .
By = 5 . Combining these values with Lemma 3, we obtain the desired conclusion.
O

Remark 3. Lemmas 4, 5 and 8 cover all known examples of plateaued functions (up to now).

5 Codes from plateaued functions

In this section, we will use plateaued functions f: Fy» — F, to construct linear codes using (3).
This approach extends the results in [9, 11, 15, 17, 20]. In order to explicitly compute the weights of
the derived codes Cy, where f is an s-plateaued function, we must count the number of elements in
the preimage of a given function. We will do so by considering the possible dual value distributions
studied in Section 4. In the following sections, we derive the full weight distributions of codes
stemming from plateaued functions such that f(0) = 0, where the distributions are parametrized
by wt(f*) when n + s is odd and by wt(f*) and Zy when n + s is even, in the latter it is also
required that f*(0) = 0.



5.1 The weight distribution of C; for n + s odd

Throughout this section, n + s will be odd. Define the following three subclasses of plateaued
functions:

Py ={f €6 | f is weakly regular},
Po={f €% | Vic QR*A; =0,B; #0 and Vi € NQR A; # 0, B; = 0},

and
@:{fe%l |ViENQRAi:O,BZ':OandViENQRAZ‘ZO,Bi#O}.

Define Py = 7/7; U 73; U Ps. These classes yield codes with two weights, thus they can be regarded
as exceptions since every other plateaued function gives rise to a 3-valued code, as shown in the
following theorem, which is quite general and it does not necessarily follow from Lemma 4.

Theorem 1. Let n > 0 and 0 < s < n be integers such that n+ s is odd. Let f be any s-plateaued
function defined over Fpn with f(0) = 0 such that f & Po. The code Cy in (3) (m = 1) is a

n+s—1

three-valued code with parameters [p* —1,n+1,(p—1)p" "t —p 2 |, whose weight distribution is
displayed in Table 3.

Proof. The weights are easily derived from the results in [9], which are w; := p" — p"~! —

"~ and ws = p" — p"~ ! + p(nt5=1/2 Note that there are exactly three
weights since f € Ps. Denote by X,Y and Z the number of codewords attaining the weight
pt— ptl — p(ts=1)/2 i pn=1 gng pn — pn—1 4 plnts—1)/2. respectively. Using the first two Pless
Power moments, we get the system of equations

p(n+371)/2’w2 — pn —p

X+Y4+Z=p"1t-1 (12)
w1 X +wY +wsZ =p"(p—1)(p" —1). (13)

Since the number of balanced codewords can be counted as

Y=p"—1+(@-0@"—p" ")+ {@- 10" —wt(f)) =p"" - (p— Dwt(f*) - 1,

we can solve the above system in terms of wt(f*). Namely,

x = D) — (o - pey (14)
Z= (p; Y wt (%) + (p — 1072 (15)
O

When f € Pz, one can show that the code C; is two-valued, thus the frequencies corresponding
to the same weight must be added up. From Theorem 1, we can easily derive the weight distribution
of Cy for s-plateaued functions with f(0) = 0 such that wt(f*) = p™ — p"~*~1. The corresponding
values are displayed in Table 3.
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5.2 The weight distribution of C; for n + s even

Theorem 2. Let n > 0 and 0 < s < n be integers such that n + s is even. Let f € €1 be an
s-plateaued function defined over Fpn with f(0) = f*(0) = 0. The code Cs in (3) (m =1) is a five-
valued code with parameters [p™ —1,n+1,p" —p"~1 — p(nts=2)/2 (p—1)], whose weight distribution
1s displayed in Table 4.

Proof. The weights are easily obtained from the results of [9]. We have the weights w; = p" —
Pt =t (f)p TR (p— 1), wy = p = p T = t(f)p D2 g = pt — T wy = pt -+
t(f*)pt5=2/2 and ws = p* — p" L 4+-t(f*)p"*+5=2/2(p—1). The number of codewords with weight
wq i8

(- 1a0 = L5 s () - (5200

Similarly, the number of codewords with weight ws is

(p—1)
2

(p—1)By = (" —wt(f*) + (%) Zo)-

The number of codewords of weight wy and w4 are

p—1
1 ns
-3 4, =L D () + 1) - )20 — 17 p5)
j=1
and
= (p—1) n—s
(P-1)) Bj= 5 (Wt(f") =t(f")(p = 1)(Zo = t(f")p =),
j=1
respectively. Finally, there are p™ — 1+ (p — 1)(p" — p" %) balanced codewords. O

Corollary 1. Letn > 0 and 0 < s < n be integers such that n + s is even. Let f € €1 be any
s-plateaued function defined over Fyn with f(0) = f*(0) = 0. Suppose that W«(0) = t(f*)y’p%
for some v € {1,i}. Let Zy := Ao — By. The code Cy in (3) (m = 1) is a five-valued code with
parameters [p* — 1,n+ 1,p" — p"~1 — p(+5=2)/2(p — 1)], whose weight distributions is displayed in
Table 5.

Proof. One can easily obtain the value of wt(f*) and plug it into Theorem 2. O

When f € Cy and f* is the constant zero function the code Cy is a three-weighted code [17].
We then analyze the remaining cases.

Theorem 3. Letn > 0 and 0 < s < n be integers such that n + s is even. Let f € % be an
s-plateaued function defined over Fpn with f(0) = f*(0) = 0. Suppose that Wy« (0) = t(f*)u’pg for
some ' € {1,i} and 6 € N,0 > 0 even. Suppose that f* is not constant zero. The code Cy in (3)
(m = 1) is a five-valued code with parameters [p" — 1,n + 1,p" — p"~ 1 — p(+5=2)/2(p — 1)], whose
weight distribution is displayed in Table 6.
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Proof. Again, the weights are seen to be wy = p" — p*~1 — t(f*)p"Ts=2/2(p — 1), wy = p" —
pnfl _ t(f*)p(n+372)/27 wg = p" _pnfl’ wy = p" — pnfl + t(f*)p(n+sf2)/2 and ws = p" — pnfl 4
t(f*)p+t5=2)/2(p — 1). Following a similar reasoning as in Theorem 2 and using Lemma 5, the
number of codewords with weights wy and ws are, respectively,

(p—1DA=(p-1) <pn—s—1 —|—p? +2t(f*)(p _ 1)]721) |

and

(p=1)Bo=(p—1) (pn_s_l —p +2t(f*)(p — 1)p2‘1> '

The number of codewords with weights w3 and w4 equals

= (p—1) 0
o - ) n—s—1 *\, 2—1
(p—1) E Aj 5 (P t(f)pz ).
J=1
Finally, there are p" — 1+ (p — 1)(p™ — p"~*) balanced codewords. O

Theorem 4. Letn > 0 and 0 < s < n be integers such that n + s is even. Let f € 65 be an
s-plateaued function defined over Fyn with f(0) = f*(0) = 0. Suppose that Wy« (0) = t(f*)u’pg for
some V' € {1,i} and 6 € N, 0 > 0 odd. Suppose that f* is not constant zero. The code Cy in (3)
(m = 1) is a five-valued code with parameters [p" — 1,n + 1,p"* — p"~ 1 — p(n+5=2/2(p — 1)], whose
weight distribution is displayed in Table 7.

Proof. As before, the weights are w; = p™ — p"~ 1 — t(f*)p+ts=2/2(p — 1), wy = p* — p*~ ! —
t(f e g = pt =t wg = pt = " ()P and ws = pt -t
t(f *)p(”“”)/ 2(p —1). Using Lemma 6, we compute the frequencies of codewords. The number of
codewords with weight w; is

p—1 n—s— n=s
(p—l)Ao=( 5 )(p pT).
The number of codewords with weight ws is
P — 1 n—s— n—s
(p—l)Bo=(2)(p f—p7)
The number of codewords of weight wo and wy is
p—1 2
o (p B 1) n—s—1
(p=1)D_ Ay ="
7=1
Finally, there are p" — 1+ (p — 1)(p™ — p"~*) balanced codewords. O
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5.3 The weight distribution of Cr

In this section, we extend the results in the previous sections to the case of vectorial plateaued
functions. Little is known about infinite families of vectorial non-bent plateaued functions [5].
Namely, the only known examples are some power functions.

Example 2. For an integer k with n/ged(n, k) odd, consider the functions F: Fpn — Fyn given
by F(x) = 2@ +D/2 and F': Fpn — Fpn given by F'(x) = 22" P +1. Then, F(z) is an s-plateaued
function whose components have zero dual, and F'(x) is an s-plateaued function whose components
have zero dual.

Example 3. Working in Fss, consider the 1-plateaued function F': Fss — Fas defined by F(x) =
3241 5

x 2 =x°. Using MAGMA, we have verified that the code Cr is a minimal self-orthogonal code
with parameters [242, 10, 144], d*+ = 2 and weight enumerator polynomial 1410890244 4+394462162 +
87122180,

The weight distribution for these two (vectorial) examples are easily derived in general.

Theorem 5. Let n > 0 and 0 < s < n be integers such that n + s is even. Let F': Fpn — Fpn be
a vectorial plateaved function whose components have zero duals such that F/(0) = 0. The code C¢
in (8) (m = 1) is a three-valued code with parameters [p" — 1,2n, p* — p"~+ — p(+s=2/2(p — 1)],
whose weight distribution is displayed in Table 8.

6 Properties of the obtained codes

It is easily seen that the obtained codes are minimal by Ashikhmin-Barg’s condition [1]. Furthermore,
codes stemming from plateaued functions are also self-orthogonal.

Theorem 6. Let f : Fym — F), be a plateaued function such that f(0) = 0. The code Cy is included
in its dual C]%, i.e., Cy is self-orthogonal.

Proof. 1t suffices to prove that

Y S@)? (T (o1 + v2)a) f (@) + T (v12) T (v2)
z€F,m

is divisible by p. Since (Tr]"((v1+v2)z)) is balanced, the sum erFpm (Tr* ((vi4wv2)x)) is divisible by
p. Moreover, so is Tr]"(vi2) Tr]" (vaz) by a similar reason. The value of Zmerm f(x) is determined

p=1
through the sums > .2, PG+ 171 (=5)])- Tt is a well-known result that f~1(j) is congruent
to 0 modulo p for each j [23]. O

Remark 4. A similar approach can be used to proving that codes stemming from vectorial plateaued
functions with zero dual are also self-orthogonal (codes in Theorem 5).

A code that is simultaneously minimal and self-orthogonal is the best we can expect, namely,
there are no minimal self-dual codes besides two exceptions, as shown in the following.
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Proposition 2. There are no self-dual minimal linear codes for ¢ > 3. The only self-dual minimal
ternary code is the tetracode [4,2, 3]s, whereas the only self-dual minimal binary code is the repetition
code [2,1,2]s.

Proof. Let C be alinear code with parameters [n, k, d], with n even. If C'is minimal then k+¢—2 <
Amin < dmaz < n — k + 1, where dy;, and d;q; denote the minimum and the maximum distance
in C, respectively. Thus if C' is self-dual and minimal, we have

n n
§+q_2§dmin§dma$§§+l- (16)

Hence, for ¢ > 3, the result follows. Let ¢ = 3, i.e., C' is a Type III code. In this case, the only
possibility is that dpyin = dmez = 5 + 1, so that C is also a one-weight code with parameters
[n,n/2,n/2 + 1]. It’s known that n is divisible by 4. Since C'is self-dual, it is self-orthogonal, so
n/2+1 = 0 (mod 3), which implies n = 1 (mod 3). Then n = 4(3r + 1) for some r > 0. For
a Type III code, dmin < 3|{5] + 3. Hence, dyin < 3[r + %J + 3 = 3r + 3. On the other hand,
dpmin = 61 + 3, which yields 7 = 0. Thus C' must be the tetracode [4,2, 3]3. Let ¢ = 2. By (16), we
get: dmin = dipaz = 5, dmin = dipaz = 5 +1 01 dypin = 5 and dyyee = 5 +1. Since a self-dual binary
code is even, it must be that d;, = dpmaz- First suppose that C is of Type I1, i.e. all codewords are
divisible by four. In this case, n =0 (mod 8), say, n = 8 for some r > 1. It’s well-known that for
self-dual binary codes it holds dpin < 2|5 |+2. This yields dyin < 2r+2. Since dpip = 4r, the only
possibility is that C' has parameters [8,4,4]s, that is, the extended Hamming code, which contains
the all one vector 1. Now suppose that C' is of Type I (there are some codewords which are not
divisible by four). For Type I codes, it holds dmin, < 2|8 for n ¢ E := {2,12,22,32}. Assume
that n ¢ E. Suppose that n = 0 (mod 4), say, n = 4r for some 7 > 1. It follows that dyin = 5.
This yields 2r = dpin < 2[ 242 ]. So r < 23], which is true only for r = 1, in other words, the
code C has parameters [4, 2, 2]2, which can be seen to contain 1. Suppose that n = 2 (mod 4), say,
n = 4r + 2 for some r > 1. It follows that dp;, = § + 1. This yields 27 + 2 = dypin, < 2L@J So
r+1 < [242], which cannot happen. Using again the bound dpin < 2| 2] + 2, we can rule out all
the values of n € E except for n = 2. This finishes the proof. O

7 Conclusions

To be added.
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8 Tables

Table 1: Values of A;, B; and Ag + By in Lemma 4 for different parities of n + s and ¢, where the
pairs stand for (n + s (mod 2),6 (mod 2)).

Aj Bj Ao + By
(0,0) | 0,01, 4y —p"7 TUHID T g or, By — ptz LI | gt gy (p - 1)pa !
(0,1) | 0, or, Ag + (%>t(f*)pgip%il 0, or, By + <%)t(f*)pg+pn_s : prs—l
b ) ) 0 2 ) ) O 2
j n—=s * [] . n—s B [
1,0) | 0,0, dg+ BT T O e — 1)t
; [2] n—s - 7 yrp—
LY f)p2+p 2 LY (f*)p2—p 2
(17 1) 07 or, AO + <p>( v )5 . ) 07 or, BO + <p)( v )g P ) pnfsfl

Table 2: Weight distribution of the code Cy, derived in Theorem 1, for an s-plateaued function
f:Fpn — Fp with f(0) =0 and A; # Bj; for each j, when n + s is odd.

Weight w Number of codewords
— n—s—1
pn _pnfl _p(n+sfl)/2 %(wt(f*) + (p o 1>p72 )
Pt —p" ! P = (p = Dwt(f) — 1
pt = p D2 | C i (f) — (p— 1p" )

Table 3: Weight distribution of the code Cy, derived in Theorem 1, for an s-plateaued function
f:Fpn — F, with f(0) =0, A; # Bj for each j, and wt(f*) = p"~% — p" =5~ when n + s is odd.

Weight w Number of codewords
—1\2 n—s—1
Pt — ph—l — pnts—1)/2 (p 21) Pt p )
pn _ pnfl pn+1 _ (p _ 1)2pn7371 -1
—_1)2 n—s—1
P — pn—l +p(n+s—1)/2 (p 21) (pn—s—l —p 2 )
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Table 4: Weight distribution of the code C¢, derived in Theorem 2, for an s-plateaued function

f: Fpn — ), such that f(0)

= f*(0) =0, when n+s is even, A; # B; for each j and Zj
J J

= A()—Bo.

Weight w Number of codewords
P — pn—l _ p(n+s—2)/2(p _ 1) (P;l)( wt(f*) + ZO)
p—p T —ptt A2 e wt(f) — (p= 1) Zo+ (p— p"T)
pt—p! P - (p-1p -1
pr—p 4 pte 2 [ E D () + (p— D Zo— (p— DpT)
Pt —p 4 pn D2 (p— 1) w1 (pr=s —wi(f*) — Zo)

Table 5: Weight distribution of the code Cy, derived in Corollary 1, for an s-plateaued function

f: Fpn — F,, such that f(0)

= £*(0) = 0 and Wy« (0) = t(f*)'p =,

when n + s is even.

Weight w Number of codewords
pt ="t = pr 22 1) | D sl (5™ —t(f)p"2 T+ Zo)
pt—ptt — pnts=2)/2 =D (pn—s—1 4 p"s" —1(f*)p"s ' — Z)
i P - ( —Lpt -1
pr—p" T pnte A T T + %)
p—p Tl plrt 2 (p 1) | D (el t(f ) —t(f )"z ' = Z)

Table 6: Weight distribution of the code Cy, derived in Theorem 3, for an s-plateaued function

f: Fpn — F), such that f(0)

= f*(0) = 0 and W«(0) = t(f*)upg, when n + s and 6 are even.

Weight w Number of codewords
pt — pt = pn D2 (p — 1) (pg;l)(p"‘s‘l +p T (S )b - pz )
Pt — phl — pnts—2)/2 (p721) (P51 — 1 ) )
pn_pnfl pn+1 ( _1) n—s _ |
Pt — pnfl +p(n+372)/2 @(pn s—1 _ t(f*)pg_l)
pr—p T pt R 1) [ Bl pE () (p - 1pi )

Table 7: Weight distribution of the code Cy, derived in Theorem 4, for an s-plateaued function

f: Fpn — I, such that f(0)

Weight w Number of codewords
Pt — pn—l _ p(n+s—2)/2(p _ 1) (pgl) (pn—s—l + p%)
P — pn—l _ p(n+s—2)/2 (p_21)2pn—5—1
pn _pn—l pn—l—l _ (p _ 1)pn—s 1
P — piL 4 p(nts=2)/2 (P_21)2pn—s—1
_ — 1 - n—s
pt — p" 1_|_p(n+s 2)/2(p_1) (p2 )(pn s 1_p 5 )
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Table 8: Weight distribution of Cr in Theorem 5, where F': Fj,n — Fpn is an s-plateaued function,
whose components have zero dual and F(0) =0 (n + k is even).

Weight w Number of codewords
Pt — pnfl _ p(n+k72)/2(p _ 1) %<pn _ 1)(]3”73 +pn;s>
pn _pn—l (pn _ 1)(pn _ pn—s + 1)
pr—p" A pt AR 1) | St - D" —p )
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