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Abstract. The (parallel) classical black pebbling game is a helpful abstraction which allows us to an-
alyze the resources (time, space, space-time, cumulative space) necessary to evaluate a function f with
a static data-dependency graph G on a (parallel) computer. In particular, the parallel black pebbling
game has been used as a tool to quantify the (in)security of Data-Independent Memory-Hard Functions
(iMHFs). Recently Blocki et al. [BHL22] introduced the parallel reversible pebbling game as a tool to
analyze resource requirements when we additionally require that computation is reversible. Intuitively,
the parallel reversible pebbling game extends the classical parallel black pebbling game by imposing
restrictions on when pebbles can be removed. By contrast, the classical black pebbling game imposes
no restrictions on when pebbles can be removed to free up space. One of the primary motivations of the
parallel reversible pebbling game is to provide a tool to analyze the full cost of quantum preimage at-
tacks against an iMHF. However, while there is an extensive line of work analyzing pebbling complexity
in the (parallel) black pebbling game, comparatively little is known about the parallel reversible peb-

Viog N

bling game. Our first result is a lower bound of 2 (NIH/ ) on the reversible cumulative pebbling

cost for a line graph on N nodes. This yields a separation between classical and reversible pebbling costs
demonstrating that the reversibility constraint can increase cumulative pebbling costs (and space-time

costs) by a multiplicative factor of 2 (N 1/viog N ) — the classical pebbling cost (space-time or cumu-

lative) for a line graph is just O (V). On the positive side, we prove that any classical parallel pebbling
can be transformed into a reversible pebbling strategy whilst increasing space-time (resp. cumulative
memory) costs by a multiplicative factor of at most O (N2/ v logN) (resp. O (No(l)/ v 1OgN)). We also

analyze the impact of the reversibility constraint on the cumulative pebbling cost of depth-robust and
depth-reducible DAGs exploiting reversibility to improve constant factors in a prior lower bound of
Alwen et al. [ABP17]. For depth-reducible DAGs we show that the state-of-the-art recursive pebbling
techniques of Alwen et al. [ABP17] can be converted into a recursive reversible pebbling attack without
any asymptotic increases in pebbling costs. Finally, we extend a result of Blocki et al. [BLZ20] to show
that it is Unique Games hard to approximate the reversible cumulative pebbling cost of a DAG G to
within any constant factor.

Keywords: Parallel Reversible Pebbling - Data-Independent Memory-Hard Function - Quantum Preim-
age Attacks.

1 Introduction

The classical black pebbling game is a powerful computational abstraction that is used to analyze
the relationship between the space and time complexity needed to evaluate a function fq, where
the data-dependencies associated with f are encoded in some directed acyclic graph (DAG) G.
For example, if fg(z) = = X y, then G would encode the dependencies x — f(z) and y — f(x),
and pebbling strategies for G correspond to cost-equivalent algorithms for f;. Within the last
decade, the parallel pebbling game has been used to analyze the security of Data-Independent
Memory-Hard Functions (iMHFSs), e.g., see [AS15, AB16, ABP17, BZ17]. iMHF's are side-channel
resistant, making them an attractive tool to protect low-entropy secrets such as user passwords
against brute-force attacks.



The (classical) parallel pebbling game, however, is insufficient for analyzing the cost of a quan-
tum preimage attack on iMHFs. Quantum adversaries can evaluate MHF's in superposition to guess
passwords with quadratically fewer queries with Grover’s algorithm [Gro96]. In addition to the num-
ber of iMHF queries, the full cost of a quantum preimage attack will also depend on the width
and depth of a quantum circuit implementing the iMHF. Thus, Blocki, Holman, and Lee [BHL22]
introduced the parallel reversible pebbling game as a tool to analyze the (amortized) cost of a quan-
tum circuit evaluating an iMHF. While there has been an extensive body of work analyzing the
space-time and cumulative memory costs of DAGs in the parallel black pebbling game (e.g., see
[AS15, ABP17, ABP18, BHK 19, BZ17]), comparatively little is known about reversible pebbling
game. Blocki et al. [BHL22] gave parallel reversible pebbling strategies for iMHFs such as Argon2

[BDK16] and DRSample [ABH17] with space-time costs O (N?/{/log N) and O <N2%§§#> —a

space-time improvement of factors of /log N and lovglfg’g]yv, respectively in comparison to the naive

reversible pebbling attack which has space-time cost O (N 2). They also showed that the line graph
can be pebbled with space-time complexity O <N . 2Vlog N ) , whereas in the classical pebbling game
the space-time complexity is simply N.

If we dropped the reversibility constraint it is natural to wonder whether or not would we be able

to find parallel pebbling attacks with lower costs for graphs such as Argon2 [BDK16], DRSample
[ABH17], or the line graph. This leads us to ask the following natural question:

Can we characterize impact of the reversibility constraint on pebbling costs?

More generally, what is the necessary overhead (in terms of space-time/amortized space-time com-
plexity) to build a quantum circuit for a classical algorithm? If there is such an inherent penalty
for reversibility, is there a systematic way to map classical algorithms to quantum circuits that
never exceed this penalty? In this paper, we answer both questions in the affirmative in the parallel
reversible pebbling model.

Review: Classical Parallel Pebblings and MHFs. We will review the parallel black pebbling game
as it relates to Memory-Hard Functions. Let G = (V = {1,...,N}, E) be a DAG with nodes
labeled in topological order. A graph G along with a hash function H : {0,1}* — {0,1}" defines
data-dependencies of the MHF f¢ r. Each node 7 corresponds to a label ¢;. For an input x, we have
¢y = x and ¢; = H (parents(i))) for ¢ > 1. To compute fg(z), an algorithm must compute the label
(N = fq(z) via H and the data dependencies G. A classical parallel pebbling P = (Fy, Py, ..., P;)
of G begins with no pebbles on the graph (Py = 0)). From round P;, we can place a pebble on any
nodes whose parents are already pebbled (parents (P, 1\ P;) C P;) and then remove any pebble
in P; that can be removed. This corresponds to computing ¢;, where the dependencies of /; are
already in memory, and then removing labels from memory to free up space. The pebbling P must
satisfy N € P, representing the fact that we computed the final output value {5 = fg(z). In the
sequential black pebbling game, we additionally require that at most one new node is pebbled in
each round (i.e., |Pi11 \ P;i| <1 for all i < t), while the parallel pebbling game imposes no such
restrictions on the number of new pebbles in each round.

A result of Alwen and Serbinenko [AS15] implies that in the parallel random oracle model,
the complexity of evaluating the function fg is fully characterized by the parallel pebbling cost
of G. Thus, classical parallel pebbling game has been used to analyze many prominent iMHFs
via their underlying DAGs such as Argon2i [BDK15, BCS16, BDKJ16], the winner of the 2015



Password Hashing Competition, and DRSample [ABH17] which provides asymptotic improvements
over Argon2i.

Review: parallel reversible pebbling. Quantum attackers can perform pre-image searches over a pass-
word database to crack user passwords, for example, in quadratically fewer queries using Grover’s
algorithm [Gro96]. Such attacks motivate the study of quantum circuit implementations of MHFs.
Given an algorithm for evaluating an MHF f, one cannot immediately convert it into quantum
circuit that computes f in superposition with similar cost. This is because quantum circuits are
reversible. As a result, there is no unitary quantum circuit for deleting or resetting a register,
unlike classical computation. This result is called the No-Deleting Theorem [KPB00]. So, while
quantum algorithms generalize classical computation, the reversibility of quantum circuits imposes
a restriction on evaluating a function in superposition as opposed to evaluating a function classi-
cally. Instead, quantum algorithms can free up memory by uncomputing. We will now consider an
example of quantum uncomputation. Suppose a quantum algorithm is computing an MHF fq p.
The algorithm has quantum query access to H, making queries of the form |x) |b) — |z) |b @ H(z)).
If the algorithm has basis states of the form |x) |H (z)) |H(H(x))), it can remove the data in the
register containing H by re-querying z:

) [H (2)) [H(H(x))) — |2) |H(x) ® H(z)) |H(H(z))) = |2) [0) |H(H (x))) .

The classical parallel pebbling game fails to address the computational restrictions imposed by
the No-Deleting Theorem, as pebbles can be deleted at any point in the pebbling. As a result,
Blocki et al. [BHL22] introduced the parallel reversible pebbling game, imposing restrictions on how
pebbles are removed. By reversibility, in a transition P; — F;;1, we can no longer remove any
pebbles from P; that were used to place or remove a pebble in P;;. In other words,

parents(P; & P;11,G) C Piyq,

where P; @ Py1 = (P \ Pit1) U (P41 \ P;). The last rule introduced by the parallel reversible
pebbling game is by the No-Deleting Theorem. A pebble on a node can only be removed if its
parents were already pebbled in the prior round, i.e., parents(P; \ Pi+1,G) C P;.

Review: Measuring Pebbling Costs. Memory-Hard Functions protect against brute-force, offline
password attackers by (ideally) requiring a large amount of space for the duration of the compu-
tation. While attackers have specialized hardware that lower their time cost (such as Application-
Specific Integrated Circuits (ASICs), which can evaluate an MHF orders of magnitude times faster
in parallel), memory cost stays relatively the same. Therefore, MHF's aim to minimize this hardware
advantage by requiring high memory cost over time. Let P = (P,..., P;) be a pebbling for a DAG
G = (V, E) for an underlying MHF f. Early works examined space-time complezity, the product
of the space and time complexity of a pebbling, denoted by ITy (P) = t - maxi<;<¢ |P;|. However,
for classical memory-hardness, the space-time complexity fails to capture the cost of evaluating a
function multiple times in parallel [AS15], e.g., there exists graphs G with the property that space-
time cost of pebbling v/N copies of G in parallel is asymptotically equivalent to the space-time cost
of pebbling just a single instance of G!

Alwen and Serbinenko [AS15] introduced cumulative complexity (CC) to address these short-
comings and model the amortized space-time cost of evaluating the function multiple times. The
cumulative (pebbling) cost of a pebbling P is defined as I1c(P) = 31 ;< |Pj|- One can easily show
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that the cumulative cost of pebbling m distinct copies of G in parallel is m times the cumulative
cost of pebbling G once. Thus, cumulative pebbling cost is an appropriate metric to analyze the
amortized space-time costs of an iMHF fs and cumulative pebbling cost has become a standard
cost-metric for analyzing memory-hardness, e.g., [AS15, AB16, ABP17, BZ17, BHK 19, ABH17,
BZ18, BLZ20, AGK™18].

Prior to this work, almost all reversible pebbling results focused on space-time complexity
instead of cumulative complexity. Blocki et al. [BHL22] argued that the reversible space-time cost
of G is useful for analyzing the full cost (width x depth) of a single quantum preimage attack on
our iMHF fq using Grover’s search. However, there are still many natural settings where we would
want to consider the reversible cumulative pebbling cost of G. For example, consider an password
attacker who wants to crack multiple different user passwords. Such an attacker would like to run
multiple instances of Grover’s search to recover multiple preimages of fo in parallel. In this case,
the attacker’s amortized space-time cost would be captured reversible cumulative pebbling cost of
G.

So far, we have discussed the (space-time and cumulative) complexity of pebblings. We can
further discuss the complexity of graphs G that actually define the MHFs. When defining the cost
of the graph, it is necessary to consider pebblings of the relevant kind (in terms of parallelism
and reversibility, for example). When a type of pebbling is chosen from {sequential, parallel} x
{irreversible, reversible}, the space-time and cumulative complexity of G is the minimum cost peb-
bling of G of that type. We denote H;}’H (GQ) (resp. jrpnal (@)) to be the parallel reversible space-time
(resp. cumulative pebbling) cost of G, e.g., IT ;:_) ’H(G) denote the minimum space-time cost achieved
by any legal reversible pebbling of G. We denote IT5;” (G) (resp. I}, (G)) to be the sequential re-
versible space-time (resp. cumulative pebbling) cost of G. Intuitively, IT5;” (G) denotes the minimum
space-time cost achieved by any sequential and reversible pebbling of G. See Definition 2 for the
formal definition of IT5” (G), 157 (G), Hf’”(G), and H;_)’H(G). We use the symbol <= (resp. ||) in
the superscript to indicate that are considering reversible (resp. parallel) pebblings. We can drop
the <= symbol to denote pebbling cost in the classical black pebbling game, e.g., I l't(G) denote
the minimum space-time cost achieved by any legal parallel black pebbling of G.

Notation. For a positive integer N, we denote [N] := {1,..., N}. Similarly, for positive integers a <
b, we define [a, b] := {a,...,b}. For simplicity, we let log(-) be a log with base 2, i.e., log x := log, z.
The notation <> denotes a uniformly random sampling, e.g., we say z <= [N] when z is sampled
uniformly at random from 1 to N.

Let G = (V,E) be a directed acyclic graph (DAG) with the set of nodes V and the set of
edges E. Without loss of generality, we often times simply let V' = [N] where N is the number
of nodes in G. Throughout the paper, we will follow this notation convention (that V = [N])
unless specified differently. For v € V, we define parents(v,G) to be the immediate parents of
node v in G, i.e., parents(v,G) == {u € V : (u,v) € E}. Similarly, for a subset W C V, we say
parents(W, G) == U, e {u : (u,w) € E} to be the immediate parents of the set W in G. We define
ancestors(v, G) to be the set of all ancestors of v in G, i.e., ancestors(v, G) := |J;~ parents’ (v, G),
where parents! (v, G) = parents(v,G) and parents’(v, G) = parents(parents’ ! (v, G), G). Similarly,
ancestors(W, G) == |J,», parents(W, G), where parents’ (W, G) = parents(W, G) and recursively de-
fine parents!(W, G) = parents(parents’—1 (W, G), G). We say sinks(G) := {v € V : B(v,u) € E} to be
the set of all sink nodes of G. For v € V, depth(v, G) denotes the number of nodes in the longest
directed path in G ending at node v, and depth(G) = max,cy depth(v, G) denotes the number of



nodes in the longest directed path in G. The indegree of a node v € V is the number of incom-
ing edges into v, i.e., indeg(v, G) := |parents(v, G)|, and the maximum indegree in G is defined by
indeg(G) = max,cy indeg(v). For a subset S C V, we define G— 5 to be the subgraph of G obtained
by deleting all the nodes in S and all edges that are incident to S. For k € [N], G< = G—[k+1, N]
and S<j == SN [k]. For sets S and R, welet S@ R = (S\R)U(R\S).

We say that a DAG G = (V, E) is (e, d)-depth robust if for any subset S C V such that |S| < e
we have depth(G — S) > d. Otherwise, we say that G is (e, d)-reducible and call the subset S a
depth-reducing set (which is of size at most e and yields depth(G — S) < d).

1.1 Owur Results

In this paper, we are concerned with characterizing the extent to which reversibility impacts
pebbling costs. While we are primarily motivated by characterizing the post-quantum security
of Memory-Hard Functions, we note that the reversible pebbling game is a general tool to analyze
space-time trade-offs of reversible computation. Thus, our results will likely be of interest outside
the field of cryptography e.g., quantum circuit compilation. At a high level, our main results show
that

(1) any procedure (captured by the parallel reversible pebbling game) for converting a classical
algorithms running in time ¢ into an equivalent quantum circuit must increase amortized space-
time complexity (cumulative complexity) by a factor of at least 2(‘5_0(1))‘/@, and

(2) there exists a procedure for converting classical algorithms into quantum circuits that increases
amortized space-time complexity by a factor of at most 90 (log?*t).

1.1.1 A Separation between Reversible and Irreversible Pebbling. Bennett [Beng89] pre-

sented the first sequential reversible pebbling of the line graph, and it has remained open whether

Bennett’s original pebbling is optimal [FA17]. Blocki et al. [BHL22] provided slight modifications to

Bennett’s pebbling to show that the parallel reversible cumulative complexity of the line graph Ly

on N nodes is at most ITS; ! (Ln)=0 (N - 22V logN). Prior work of Knill [Kni95] showed that for re-

versible sequential pebbling we have IT5 (Ly) = 2 (N . 92Vlog N ) However, proving lower bounds
is substantially harder when we allow for parallel pebbling strategies and when we consider cumula-
tive pebbling cost instead of space-time costs. We show that Hé?’” (Ly) =12 (N : 2(\/5*0(1))\/1‘%]\[)

which immediately implies that H;;—}’H(EN) =1 (N . Q(ﬁfo(l))vlog]\j since H?’H(P) < II57(P)
for any pebbling P (see Theorem 1).

This result immediately implies a multiplicative gap between the reversible and irreversible
pebbling costs. In particular, we have HMC(LN) =1I L't(c ~) = N for the line graph Lx." It follows
that o o

& b & b
I, "(Ln) _ (2(\/5—0(1))\/710gN) . and e "(£N) _ <2(\/§—o(1))\/710gN) '
IT,(Lx) (L)
Our results also show that the attack of Blocki et al. [BHIL22] is optimal within a subpolynomial

0.586

factor o (N vlogN>. See Section 3.1 for details.

! The pebbling sequence Py, ..., Py with P; = {i} where we simply walk a single pebble to the end of the graph is
legal.



1.1.2 Pebbling Attacks: Making Computation Reversible. In light of the previous result,
it is natural to wonder if we can find a family of graphs Gy with a larger multiplicative gap
between the reversible/classical pebbling costs than the line graph Ly, specifically with respect
to the stronger metric of cumulative complexity. In the sequential computation setting Bennet
[Ben&9] showed how to transform an irreversible pebbling into a reversible pebbling while preserving
space-time complexity. We demonstrate that this transformation can be extended to the parallel
setting. More specifically we show that an irreversible parallel pebbling P = (Pi,..., P;) of G can
made reversible using a reversible line graph pebbling @ = (Q1,..., Q) of the line graph £;. In
particular, we argue that the composed pebbling R = (Ry,..., Ry) with R; = UjeQi P; for each
i <t'is a legal reversible pebbling of G. Trivially, we have max; |R;| < (max; | P;|) (max; |Q;|), i.e.,
the maximum space usage for our reversible pebbling is the product of the maximum space usage of
P and Q. We can use the reversible line graph pebbling from [BHI.22] to instantiate our pebbling
Q = (Q1,...,Qp) and show that the irreversible space-time can never be too far from reversible
space-time complexity.

Theorem 2 (Classical vs. Reversible Space-Time Complexity). Let G = (V = [N], E) be
a DAG. Then )
1;1(G) = 0 (N ) - 11l (G,

and

1157 (G) = O (NVEF \flog N ) - 11,1 (G)

Unfortunately, the above strategy (generalized from Bennett) completely fails to preserve cu-
mulative memory costs. Suppose for example that the pebbling P = (Py,...,P;) of G has low
II..(P) =3, |P;|. It is possible that there is some round ¢ where the space usage |P;| > II..(P)/t
greatly exceeds the average space usage per round. Observe that for our composed pebbling we
will have |R;| > |P;| for every round j < t’ such that ¢ € Q;. If we get unlucky it could be that
the reversible line graph pebbling @ = (Q1,...,Qy) of L; keeps a pebble on node i in almost
every round j so that IT..(R) > II..(P). We address this problem by introducing a weighted ver-
sion of the reversible pebbling game where the cost of placing a pebbling on a node ¢ is equal
to its weight. Intuitively, we will set the weight of node i in £; to be |P;|. We then design effi-
cient reversible pebbling strategies for the weighted line graph to compose with such irreversible
pebblings. If we take @ = (Q1,...,Qy) to be our CC-efficient, reversible weighted line graph peb-

bling then we can compose this reversible pebbling with P = (P,..., P;) to obtain a composed
O(1)

pebbling R = (Ry,..., Ry) such that I1..(R) < II..(P) - O <N 4¢logN>. We stress that this is the

primary technical challenge as adding weights to the nodes makes it substantially more challenging
to develop an efficient reversible pebbling strategies.

Theorem 3 (Classical vs. Reversible Cumulative Complexity). Let G = (V = [N], E) be a
DAG. Then

o(1)

7 (G) = 0 (N ﬁN) 11l (@),

and
0(1)

;7 (G)=0 <N v41°gN> M. (G).

This means that to find an efficient reversible pebbling (up to these subpolynomial factors), it
suffices to find an efficient classical pebbling. See Section 3.2 for details.



1.1.3 Reversibility and Depth-Robust Graphs. Classically, an important property of a
pebbling graph is depth robustness. Alwen et al. [ABP17] showed that if G is (e, d)-depth robust
then ]YCHC(G) > ed. While the same lower bound holds for the parallel reversible CC, it is natural
to ask if one could achieve a better lower bound. We show that if G is (e, d)-depth robust then
Hf’H(G) > e(2d — 1), and furthermore, if G — sinks(G) is (e, d)-depth robust then HC{Z_)’H(G) > 2ed
(see Theorem 9). Intuitively, the lower bound of Alwen et al. [ABP17] followed from the observation
that given a pebbling Py, ..., P; of G such that for any ¢ < d the set B; = P, U PiygU Piyoq... is
a depth-reducing set, i.e., G — B; contains no path of length d. Intuitively, if G — B; had a path
v1,...,0q of length d then we would never place a pebble on node vy (It takes d steps to walk a
pebble down the path, but every d rounds we are guaranteed to have no pebbles on the path). Our
key observation is that for a reversible pebbling it would take at least 2d rounds to walk a pebble
down to node vy and then remove pebbles from every node in the path. Thus, we can increase our
gap to 2d, define B; = P;U P;194U P;14qU Pj1g4 . .., and argue that G — sinks(G) — B; contains no
path of length d.”

We also consider a parallel relaxed reversible pebbling where it is not required to remove pebbles
from the intermediate nodes at the final round. In this setting, we cannot apply our new lower bound
directly since we cannot assume that all pebbles on non-sink nodes are cleared by the end of the
pebbling, e.g., it is possible during the last d pebbling rounds we pebble all of the nodes in the path
v1,...,0q and leave them. To lower bound the cost of a parallel relaxed reversible pebbling, it is
helpful to define a graph Grrync,a == G — [N —d+1, N] where we truncate last d nodes and incident
edges from the graph G. We show that if Grrync g is (e, d)-depth robust then ﬁf’“ (G) >e(2d—1)
(see Theorem 10), where s ’H(G) denotes the parallel relaxed reversible CC of G (see Definition 2
for a formal definition). This yields improvement by a multiplicative factor of ~ 1.885 for the
parallel relaxed reversible CC of DRSample [ABH17] with suitable parameters. See Section 5 for
details.

1.1.4 Reversible Recursive Pebbling Attack. Alwen and Blocki [AB16] gave a generic par-
allel pebbling attack on any (e, d)-reducible graph G with Hilc(G) <0 (eN + N \/]W) While
Blocki et al. [BHL22] gave a reversible version of the attacks from Alwen et al. [AB16], the state-
of-the-art upper bounds on H(UC(G) for most depth-reducible graphs actually utilize the recursive
depth-reducing attack of [ABP17] — a recursive extension of [AB16] for graphs that are (e;, d;)-
reducible for a set of points (e, dp), (e1,d1), ... with decreasing depth parameters d;;1 < d; and
increasing size parameters e; > e;_1. We provide a reversible extension of the recursive depth-
reducing attack of [ABP17]. As an immediate corollary, we obtain upper bounds on I ’H(G)
which (asymptotically) match the best known classical pebbling upper bounds on Hllc(G) for sev-
eral iIMHF candidates including Argon2iA (an older version of Argon2i) and Argon2iB (the current
version). See Section 4 for details.

1.1.5 Approximation Hardness of the Parallel Reversible Cumulative Pebbling Cost.

We establish the approximation hardness of s ’”(G) for a constant-indegree DAG G within any
constant factor in the worst-case analysis under the Unique Games Conjecture. Our result extends

2 We have to exclude sinks(G) because if the final node vq in our path was a sink node then the pebbling may
never remove a pebble from node d. In this case it may be possible to walk a pebble to node v4 and then remove
pebbles from v1,...,v4—1 in just 2d — 1 steps.



the prior approximation hardness result by Blocki et al. [BL.Z20] which demonstrates that given a
constant-indegree DAG G, it is Unique Games hard to approximate Hilc(G) within any constant
factor. A key part of the proof of [BLZ20] was finding more efficient parallel pebbling on a graph
called the superconcentrator overlay superconc(G) when the graph G is depth-reducible. Applying
the generic depth-reducing pebbling attacks of Alwen and Blocki [AB16] in a blackbox manner was
not efficient enough so Blocki et al. [BLZ20] optimized the attack to exploit particular structure in
the graph superconc(G). We show how to modify the pebbling strategy of Blocki et al. [BLZ20] to
obtain a reversible pebbling of superconc(G) without asymptotically increasing the pebbling cost.

The approximation hardness of J1pot ’H(G) immediately follows. See Section 6 for details.

1.2 Related Work

Reversible pebbling games [Beng9, Kra0l, MSR 19, Kni95] were introduced to analyze the space-
time complexity of quantum algorithms in the context of the limitations imposed by reversibility
and the Quantum No-Deletion Theorem. These pebbling games only model sequential computation,
meaning only one pebble can be placed or removed each round. In contrast, quantum adversaries
computing an MHF fg i can make quantum queries to H in parallel, making these sequential games
insufficient for analyzing the security of MHFs. For this reason, Blocki et al. [BHL22] introduced
the parallel reversible pebbling game, which extends the reversible pebbling game by allowing any
number of legal placing and removing of pebbles in each round. The authors used the parallel
reversible pebbling game to analyze the post-quantum security of iMHFs to provide reversible
space-time cost upper bounds of O (N : 22‘/W) for line graphs and the first reversible space-time

cost upper bound of O (%#) for Argon2i. They also designed a reversible depth-reducing

attack with cumulative complexity asymptotically equivalent to its counterpart in [ABP17].

Kornerup et al. [[KSS21] introduced the (sequential) spooky pebbling game which models measurement-
based deletion. The goal of the spooky pebbling game is to save quantum memory by measuring,
storing the result of the measurement in classical memory, and then later using the result to restore
the original state. A disadvantage to the spooky pebbling game in the context of a preimage attack
is that it requires a linear number of measurements for each query to fg g, making it unsuitable
for our applications [BHL22  KS521].

2 Preliminaries

Definition 1 (Reversible Graph Pebbling, [BHL22]). Let G = (V,FE) be a DAG and let
T CV be a target set of nodes to be pebbled. A pebbling configuration (of G) at round i is a subset
P, C V. Let P = (Po,...,P) be a sequence of pebbling configurations. Below are the following
properties which define various aspects of reversible pebblings.

(1) The pebbling should start with no pebbles (Py = 0) and end with pebbles on all of the target
nodes i.e., T C P;.

(2) A pebble can be added only if all of its parents were pebbled at the end of the previous pebbling
round, i.e., Vi € [t] : z € (P; \ Pi—1) = parents(z,G) C P,_1.

(3) (Quantum No-Deletion Property) A pebble can be deleted only if all of its parents were pebbled
at the end of the previous pebbling round, i.e., Vi € [t] : x € (P,_1 \ P;) = parents(z,G) C P;_;.



(4) (Quantum Reversibility) If a pebble was required to generate new pebbles (or remove pebbles),
then we must keep the corresponding pebble around, i.e., ¥i € [t] : © € parents(P; \ Pi_1,G) U
parents(Pi_1 \ P;,G) = x € P;.

(5) (Remove Excess Pebbles) We also consider an optional constraint that P, = T. If a pebbling
does not satisfy this optional constraint we call it a relazed pebbling.

(6) (Sequential pebbling only) At most one pebble is added or removed in each round, i.e., Vi € [t] :
(FUP-1)\ (NP1 <1

Now we give pebbling definitions with respect to the above properties.

— A legal parallel reversible pebbling of T is a sequence P = (P, ..., P;) of pebbling configurations
of G where Py = & and which satisfies conditions (1), (2), (3), (4) and (5) above. If our pebbling
additionally satisfies condition (6) then we say that it is a sequential pebbling. Similarly, if our
pebbling does not satisfy condition (5) then we call our pebbling strategy a relaxed pebbling.

— A legal reversible pebbling sequence is a sequence of pebbling configurations (P, ..., P;) which
satisfies properties (2) and (3) and (4) without requiring Pop = {}.

We denote Pg)T’H the set of all legal parallel reversible pebblings of G with a target set T,

respectively. We denote with 73 ” the set of all legal relaxed parallel reversible pebblings of G with
target set T'. We will mostly be mterested in the case where T = sinks(G) in which case we simply

write 73 el or 73H ”

Definition 2 (Reversible Pebbling Complexity). Given a« DAG G = (V, E), we essentially
use the same definitions for the reversible pebbling complexity as defined in the previous literature
[AS15, ABP17, ABP18, BHL22]. That is, the standard notion of time, space, space -time and
=l

cumulative pebbling complexity (CC) of a reversible pebbling P = {Py,..., P} € 77 are also

defined to be:

— (time complexity) IT,(P) = t,

— (space complexity) II5(P) = max;cpy | Pil,

— (space-time complezity) Il (P) = II,(P) - II(P), and
— (cumulative pebbling complexity) Hee(P) = 3 cp |Fil-

For a € {s,t,st,cc} and a target set T C V', the (non-relaxed/relaxed) parallel reversible pebbling
complezities of G are defined as

INGT) = min (P, and TG = min I,(P).
persy! Pepg !

respectively. When T = sinks(G) we simplify notation and write IT ”(G)

We define the time, space, space-time and cumulative pebbling complexity of a sequential
reversible pebbling P = {Po, ....P} € PE in a similar manner: IIf7(P) = t, I (P) =
max;epy | Bi|, I (P) = I~ (P)-II$ (P), and 15 (P) = Dicqy [ Pil- Similarly, for o € {s,t, st,cc}
and a target set T C V, the sequential reversible pebbling complezities of G are defined as II.” (G, T) =
minpeps II7(P). When T = sinks(G) we simplify notation as well and write 1157 (G).

We also introduce a new complexity notion that will be useful in our efficient pebbling com-
positions. The toggle number of a node v in a pebbling P is the number of times it is pebbled or
unpebbled. The toggle number of a pebbling is its maximum toggle number over all nodes.



Definition 3 (Toggle Number). Let P be a pebbling for a DAG G = (V = [N],E) andv € V.
We let toggle(P,v) == |{i | v € P, ® Pi11}|, and toggle(P) := max,¢ |y toggle(P, v).

As mentioned in the prior work [BHL22], when we compare the relaxed and non-relaxed pebbling
of a DAG G, the space-time cost and the cumulative pebbling complexity of a relaxed /non-relaxed
reversible pebbling is not fundamentally different. We note that compared to the relaxed reversible
pebbling, the running time of a non-relaxed pebbling increases by a multiplicative factor of 2 and
the space usage increases by an additive factor of |T'| < |P;| where T is the target set. Hence,
the overall space-time costs increase by a multiplicative factor of 4 at most [BHL22] and so is the
cumulative pebbling complexity since CC is always upper bounded by the space-time cost. In the
remainder of the paper, when we write “legal reversible pebbling” we assume that the pebbling is
parallel and non-relaxed by default.

3 The Cost of Reversibility on Pebbling

In this section, we discuss the extent to which the additional rules imposed by reversibility impact

the space-time and cumulative complexity of pebbling graphs. We first show that any reversible
V2—0(1)
pebbling for the line graph £ on N nodes has CC {2 <N 15N ). Since cumulative complexity

lower bounds space-time complexity, this also implies that the reversible space-time complexity
V2—o0(1)
of the line graph is 2 [ N I U%e~ ). Since the classical space-time and cumulative complexity of

the line graph is O (N), this result shows that, in general, we cannot hope to provide reversible
pebblings with cost equivalent to the best classical pebblings. On the other hand, we also show that
any sequential pebbling for a graph G can be converted to into a reversible pebbling for G with a

o(1)
space-time overhead of O (N VN ) and a CC overhead of O (N Vieg N )

3.1 A Separation between General and Reversible Pebbling

In this section, we show that line graphs are witnesses to among the greatest asymptotic separa-

tions between general and reversible pebblings. In particular, Theorem 1 shows that, in terms of

cumulative complexity, the pebbling in Theorem 5 is tight and the composition in Corollary 1 is
1

tight up to a factor of N vieN,

Theorem 1 (Line Graphs Cumulative Complexity Lower Bound). The cumulative com-
plexity of the line graph Ly on N nodes is

V2—o0(1)
HS)’H(‘CN) — ‘Q (N1+ Viog N ) .

The idea of the lower bound for reversibly pebbling line graphs is as follows. Let C(N) =

(ﬁ?H

Iee " (Ln). Any pebbling for £y first pebbles the sub-line graph Ly, for some increasing function
k(N) < N, incurring cost C'(k(N)). Now, to pebble the rest of Ly (incurring cost at least C'(N —
E(N))), the pebbling must at some point either unpebble [k(N)] (with cost C(k(NN))) or must keep
a pebble on [k(N)] (with cost at least N — k(IN), the time required to finish pebbling £y). This
leads to Lemma 1.

10



Lemma 1. Let C(N) = Hf’”(EN). Then for any 1 < k(N) < N we have

C(N) > C (k(N)) + C (N — k(N)) + min {C (k(N)), N — k(N)}.

We will choose k() such that C'(k(N)) < N —k(N), meaning we only need to bound C(N) >

V2—o(n)

2C (k(N))4+C (N — k(N)). Using this relation, we show that C(N) = 2 <N1Jr Vicg N > We choose

k(N) = N-27eVIeN — N'"Vee® for any 0 < ¢ < v/2 and let f(N) = N -20VleN — N Umew | By
induction, we show that C(N) > ¢ f(IN) for some constant ¢’ > 0. To prove this, we first show that
2f (k(N))+ f (N —k(N)) > f(N) for all sufficiently large N. The proof is left to Appendix B.
Lemma 2. Define functions h, f, and g such that for any 0 < ¢ < /2, h(N) = 2cviog N f(N) =
N -h(N), and g(N) =2f (%) +f <N - %) There exists No > 1 such that f(N) < g(N) for
all N > Ny.

Putting it all together, we lower bound the reversible cumulative complexity of line graphs.

Proof of Theorem 1. Let C(N) = Hf’”(ﬁj\z). Define h, f, and g as in Lemma 2 (for any constant
0 < ¢ < V2, setting k(N) = N/h(N). Then by Lemma 1, we have that

C(N)>C(kE(N))+C(N —Ek(N))+min{C (k(N)),N —k(N)}.

We'll prove that C(N) = 2(f(N)) via induction. Define f and ¢ as in Lemma 2. Fix Ny large
enough for 1) Lemma 2 to hold and 2) f (N/h(N)) < N — N/h(N) for all N > Ny.

Now pick a sufficiently small constant ¢’ > 0 so that C'(Ny) > c¢f(Np). And suppose for all
No < N' < N, that C(N’) > ¢f(N'). We have

C(N)>C(k(N))+C(N —k(N)) Lemma 1
+ min {C (k(N)),N — k(N)}
=2-C(k(N))+C (N —k(N))
> 2 f(E(N)) + ¢ F(N — K(V))
= g(N)
> f(N) Lemma 2

inductive hypothesis

\/570(1
by Lemma 2. Since this holds for every 0 < ¢ < v/2, it follows that C(N) = 2 <N1+ Viog N

=

) o

In this section, we discuss the extent to which it is possible to “convert” parallel irreversible peb-
blings into parallel reversible pebblings while minimizing the overhead in terms of space-time and
cumulative complexity. The main idea is to consider an irreversible pebbling P = (Py,..., P;) of
some graph G. Since P is irreversible, it is possible that in some transition P; — P;41, some node
7 was deleted without having its parents pebbled or placed while deleting one of its parents. So,
we can simulate P; — P41 by keeping around any pebbles that make this step irreversible. Now

3.2 Efficient Transformations from Classical to Reversible Pebblings
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suppose our pebbling state contains P; U P;+1 U P;19. Then we can free up space by removing all
pebbles in Py \ (P; U Piy2). This is reversible because parents(P;\ Piy1, G) and parents(P;41\ Py, G)
are contained in P; by the (irreversible) legality of the pebbling P. More generally, we can instead
focus on reversibly pebbling the line graph £;, where each node i € [t] of L, represents the pebbling
configuration P;. By the reversibility of the pebbling of L;, the resulting pebbling steps of the graph
G will be reversible. This is the intuition behind pebbling composition.

Definition 4 (Pebbling Composition). Let P = (Py,..., P;) be a pebbling for a graph G and
and L = (Lq,...,Ly) be a pebbling of the line graph Ly. The composition of L with P is the pebbling
Q = Lo P, defined by Q; == U,;cp, Pj fori € [t].

Using pebbling composition, we show that classical and reversible space-time and cumulative
complexity of graphs are within subpolynomial factors in N of each other.

Theorem 2 (Classical vs. Reversible Space-Time Complexity). Let G = (V = [N], E) be
a DAG. Then

11 (G) = o (Nvew ) -1l (@),

and

5 (@) =0 (N—ﬁfg]v ViogN) - Iy (G).

As a brief application of this result, we obtain a new upper bound on the parallel reversible
space-time complexity of the bit-reversal graph, underlying MHF's such as Catena [FLW13]. Alwen
and Serbinenko [AS15] show that the parallel space-time complexity of the bit-reversal graph is
@) (N 1'5). Applying Theorem 2, we see that the parallel reversible space-time complexity of the

. . 1.5+——2—
bit-reversal graph is O (N Vicg N )

Theorem 3 (Classical vs. Reversible Cumulative Complexity). Let G = (V = [N], E) be
a DAG. Then

o)

7 (G) = 0 (N ﬁN) 11l (@),

and

Before these results, there were large gaps between the known upper and lower bounds of the
reversible cumulative complexity of graphs underlying prominent MHFs such as Argon2i, Balloon
Hash, and Catena, whereas their classical cumulative complexity is well understood. Applying
Theorem 3, we immediately obtain reversible pebblings which match the best classical pebblings
up to this subpolynomial factor. In future sections, we will show how we can match the classical
upper bounds for these particular functions within a constant factor.
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3.2.1 Reversible Space-Time Complexity. Let P = (Py,...,P;) be a pebbling or a graph
G = (V =[NJE) and L = (Ly,...,L;) be a reversible pebbling for the line graph £;. We first
show that ) = Lo P is a legal reversible pebbling. Notice that since P starts as an empty pebbling,
so does (). Likewise, Ly = t, so Qy = P;, meaning the end conditions are also satisfied.

Now we want to show that ) satisfies Property 3, no deletion. In other words, for a transition
Qi — Qiy1, we want to show that

parents (Q; \ Qi+1,G) C Q;.

Since Q; = e 1, Pk, we have that any deleted pebble v € @); \ Qi+1 must also be contained in

U p\pa= U B\ U B

JELi1\L; JELi\Lit+1 k€Lt

If v is added in round 741 from some configuration P;, it must be the case that j was unpebbled in L
at round 4. By the no-deletion property of L, it must be the case that parents(j, L) = {j — 1} C L;.
Therefore,
Qi\QnC |J P\Pi

JEL\Lit1

and
parents (Q; \ Qi+1,G) C U parents (P; \ Pj_1,G).

JEL\Liy1
Again, by the no deletion property of L if j € L;y1 \ L;, then the parents of j — 1 is contained in
L;, so

U parents (PJ \le_l,G) - U Pj—l-
JELi\Lit1 JEL\Lit1

Applying the no-deletion property of L once more, notice that

U P = U P,

jELi\Li+1 kEparents(Li\Li+1,£t/)
and
U P ) P=0Qu
keparents(L;\Ljy1,L£,/) keL;

Thus, @ satisfies Property 3. The proof that @ satisfies the rest of the properties follows from
similarly careful analysis, which is formalized in Appendix B.

Now we analyze the space-time complexity of Q). At any step i, (); contains at most I, (L)
configurations of P. Thus, I15(Q) < II;(L)-IIs(P). Likewise, IT;(Q) = II;(L), leading to Theorem 4.

Theorem 4 (Reversible Composition Pebbling). Let P = (Py,...,P;) be a (possibly irre-
versible) pebbling for a DAG G, and L = (Ly,...,Ly) be a reversible pebbling for Ly. Then the
composition L o P is a legal reversible pebbling of G satisfying Is(Q) < II;(P) - s (L).

At a high level, Theorem 4 says that we can combine any pebbling for an arbitrary DAG G
with a reversible pebbling of a line graph to obtain a reversible pebbling of G with comparable
space-time complexity. We will use the reversible pebbling from [BHL22].
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Theorem 5 (Reversible Line Graph Pebbling [BHL22]). There exist a family of sequential
pebblings Ly and a family of parallel reversible pebblings L|]|V for line graphs Ly such that
1 1 2
(1) I, (Ly) = O (NH‘Wog‘N), II; (Ly) =0 (N\ﬁlog‘zv,/log N), Iy (Ly), e (Ly) =0 <N1+\ﬁlog‘N JlogN),
and toggle(Ly) = O <N vlolgN>, and
2

(2) I, (L','V) — O(N), 11, (L‘]‘V) —0 (Nﬁ> i (L‘]‘V) . (L'J'V) 0 (N” m) and
toggle(LyV) =0 (Nﬁ)

Some of these results are unproven or implicit in the work of [BHL22], so for completeness, we
provide proof of Theorem 5 in Appendix B.

Corollary 1. Let G be a DAG on N nodes. Then H;?’”(G) =0 (N a2y ~Hl,|t(G)) .

Proof. Let P = (Py,...,P,) be a pebbling of G and L = (Ly,...,Ly) of £; from Theorem 5. If Q
is the pebbling derived as in Theorem 4, then

11,,(P) - I,(L) - I1,(L)
Hst(P) S Ht(P)
= O (lIs(P) - II4(L)) < Theorem 4

—0 (22W - Hst(P)) . 0

Next, we see that composing a sequential reversible pebbling of a line graph with a sequential
pebbling of a graph G results in a reversible sequential pebbling for G. The proof is included in
Appendix B.

Corollary 2. If P = (Py,..., P,) is a sequential pebbling of a DAG G and L is a reversible se-
quential pebbling of Ly, then Lo P is a reversible sequential pebbling of G.

3.2.2 Reversible Cumulative Complexity. In this section, we’ll give a transformation that
maps irreversible pebblings P = (Pi,..., P;) of a graph G = (V = [N], E) to reversible pebblings
Q = (Q1,...,Qp) at the cost of just a subpolynomial factor in cumulative complexity. As with
space-time complexity, the mapping will involve reversibly pebbling the line graph L; associated
with the given irreversible pebbling P of G. However, the method is much different. To see why the
pebbling from Theorem 4 fails to preserve cumulative complexity, consider the reversible pebbling L
of £;. The node 4),_, in I} is kept for £2(t) steps. It could be the case that the pebbling configuration
Pl-;ﬁl could be large (as large as £2(IN)) as well. If this large space usage happens for a small amount
of time in P, then IT4(P) > II..(P) yet II..(Q) is of similar magnitude to IIs(Q) > II..(P).

For this transformation, we will still be providing a reversible pebbling for £;, but we will have
to avoid keeping pebbles on nodes 7 associated with large configurations P;. For this reason, it will
be useful to instead consider pebblings on weighted graphs. This way, we can describe pebbling
strategies for £;, where the “weight” of node i is wt; = |P;|.

Definition 5 (Weighted Graph Pebbling). Let G = (V, E) be a graph with weights wt, for
v e V. For a pebbling P = (Py, ..., P) of G, the weighted cumulative complezity of P is

chc(P) = Z Z wty,

ie[t} ’UEPi
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and the weighted cumulative complexity of G is

chc(G) = PIEI%;?G) chc(P)-

Consider a weighted line graph on N nodes. Our high-level goal is to minimize the number
of pebbling rounds where we have pebbles on nodes with high weight. So, we construct a series
of weight buckets Sy, ..., Sy, where Sy are the lightest nodes and Sy are the heaviest. In an ideal
world, we would like to “ignore” heavier buckets and only pebble the nodes in Sy pretending that
these nodes form a line graph of length |Sp|. However, this strategy would yield an illegal pebbling
of the entire graph as we are skipping over heavier nodes. We fix the issue recursively. In particular,
consider nodes u,v € Sy and suppose that u is the predecessor of v in Sy (i.e., any intermediate
node w with v < w < v has higher weight and is not in Sy). Now suppose that our pebble of
Sp illegally places (or removes) a pebble from node v € Sy skipping over all of the intermediate
nodes between u and v. We can patch the pebbling by recursively pebbling the weighted subgraph
induced by nodes [u+ 1, v — 1] and injecting these pebbling steps in between our pebbling of Sy i.e.,
we recursively place a pebble on v — 1, then place a pebble on v, then reverse the recursive pebbling
to clear pebbles from the interval [u + 1,v — 1]. The number of times that we have to recursively
pebble/unpebble this interval [u + 1,v — 1] is upper bounded by the toggle number of our original
pebbling of the line graph on |Sp| nodes, which is the maximum number of times that a node is
pebbled /unpebbled. In particular, this recursive call is made at most twice the toggle number of
the pebbling of the line graph on |Sp| nodes.

(®M ************* g7 (10 —(11) - -- - - \ Ls,

@ WRevLinePeb([5, 8], wt, S, 2, L) Ls,
J

WRevLinePeb([4,9], wt, S, 1, L)

WRevLinePeb([14],wt, S, 0, L)

Fig. 1: An illustrative example of WRevLinePeb([14],wt, S, 0, L). Given a line graph £14 with 14 nodes, based on
the weight wt = (wti,...,wti4) that is shown above each node, we construct subgraphs Lg,,...,Ls,. In each sub-
graph, a solid edge means it is legal to pebble next node, and a dashed edge means it is illegal to proceed pebbling
and we would need to make a recursive call. For example, in Lg,, it is illegal to place a pebble on node 10 from
node 3, so we need to run WRevLinePeb([4,9],wt, S, 1, L) recursively to place a pebble on node 9 and then proceed
to node 10. One important observation here is that even though the number of recursive calls grows exponentially
with the level of recursion, the size of the nodes in each level is decreasing even faster. This makes our reversible
weighted pebbling CC-efficient. See Theorem 6 for the details.

Now we describe in more detail the CC-efficient reversible, weighted line graph pebbling WRevLinePeb!.
In particular, we consider a line graph £y with weights wt; on node 4 satisfying >, wt; < N 2. Note
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that without loss of generality, we can always take wt; = wty = 1, so assume this to be the case.
recall that to keep the cumulative cost low, we will aim to keep pebbles on “heavy” nodes for as
little time as possible, placing pebbles on the heaviest nodes only when necessary. We first partition
nodes according to their weight such that S = (Sy,...,Sy). Later, we will take care in assigning
nodes to buckets to ensure that 1) there aren’t too many nodes in heavier buckets, and 2) ¢ is small,
meaning there aren’t to many buckets overall.

Fix some family of line graph pebblings L(7) for £; for 1 <i¢ < N. A set S C [N] induces a line
graph Lg, where the ith node of Lg is the ith smallest value in S. We similarly let L(S) denote
the pebbling corresponding to L(]S]). As L is a family of pebblings, recall that L(4); is the jth
pebbling configuration of the pebbling of the line graph £;. For

— a set of weights wt = (wty, ..., wty),
— set of buckets S = (51,...,S5¢), and
— an interval I = [a,b] C [N]? and integer i € [0, /] such that I C Ss; == Uj>i Sis

the weighted line graph pebbling WRevLinePeb(I,wt,S,i, L) of £L; with weights defined by wt is
defined in Algorithm 1. See Figure 1 for an illustrative example.

Algorithm 1: WRevLinePebll (I = [a,b], wt, S = (S0, ..., S;), i, L)

1ifi=/¢+1 orI=0then
2 return
gforj=1,...,|L(INS;)|—1; // done in parallel
4 do
5 for v e L(S; N I)j ® L(S; N I)j+1; // v to be pebbled or unpebbled
6 do
7 Letu:max{a—l}U(IﬂSiﬂ[v—l]); // v’s predecessor
8 Let I' = [u+ 1,v — 1]
9 Pebble I’ using WRevLinePeb!l(I", wt, S, i + 1, L)
10 if v e L(SZ N I)j-‘,—l then
11 ‘ Pebble v ; // as v—1 is pebbled
12 else
13 ‘ Unpebble v
14 Unpebble I’ by reversing WRevLinePeb!l(I, wt, S, i + 1, L)

To analyze the weighted cumulative complexity of our pebbling we’ll need to know the maxi-
mum number of times we place or remove pebbles on any particular node. Recall that the toggle
number for a node v in a pebbling P is toggle(v, P) = |{i|v € P, ® P,41}|, and toggle(P) =
max, toggle(v, P). The toggle number of our non-weighted reversible line graph pebbling will help
us upper bound the number of times we will end up pebbling nodes in S;.

Consider the pebbling WRevLinePeb([N],wt,S = (So,...,S¢),0, L) of the weighted line graph
on N nodes and weights wt. The analysis consists of two components for each i € [¢]: 1) T'(7), the
number of steps that at least one pebble is contained in S;, and 2) M (i), the greatest number of

3 Recall that if @ > b then [a,b] = 0 and [a,a] = {a}
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pebbles contained in S; at any step. This way,

ITyee (WRevLinePeb([N],wt, S,0,L)) < > T(i)M (i) max wt;.
0<i<t JeSi

First we bound 7'(7). For now, assume II;(L(N)) < ¢N for some constant c. If we have
sub-intervals I,...,I; C [N], then the time it takes to pebble each interval individually is at
most ¢, |I;|. Now consider the number of steps in which there’s a pebble in S;. Every time
we pebble/unpebble a node in the Sy pebbling, we call a pebbling in S;. This happens at most
7 := 2toggle(L(N)) times (to pebble then unpebble). Therefore, throughout the pebbling of Sy, we
(re)pebble nodes in Sy at most 2¢7¢ times, and the total number of steps with a pebble in Sy is at
most T'(¢) < c2°7¢|Sy|. Now consider Sy_;. We similarly see that we repebble S;_; at most 26~ 1761
times, but now we may also have pebbles in Sy_; while we’re waiting for pebblings of subsets of .Sy
to complete. Thus, T(£ — 1) < 271771 S, | + ¢2¢7%|Sy|. More generally we have

T()<c Y 279|S] < c(f+1)2'7°|Sy],
i<j<t

under the assumption that the sizes of the buckets S; are decreasing with respect to ¢. While this
bound may seem crude, we will assign the buckets S such that 2¢ and 7¢ are small, subpolynomial
terms, meaning 7'() isn’t too much larger than |S;| in general.

Now we bound M (7). By the construction of L, M(0) < II;(L(Sp)). Notice that the pebbling
L cannot pebble/repebble more than II;(L(Sp)) nodes in a single step. Then for S;, there are at
most IT;(L(Sp)) calls in a single step to intervals containing nodes in S;. For each of these calls,
there are at most II5(L(S1)) pebbles on the graph in Sy. So, M(1) < II5(L(S1)) - IIs(L(Sp)). More
generally, we see that

M) < [T H(L(Sy) < To(N)™*,
0<j<i

Here, we rely on the fact that both £ and IT,(i) are relatively small. We’ll see shortly that IT, (i)
is still subpolynomial.

Putting it all together, we get

Iy (WRevLinePeb([N],wt, S,0,L)) < Y T(i)M(i) max wt;
0<i<t J€5
<c(04+1)279Y 7 |S;| - H(L(N))? t;
<c(t+1)2°7 Zijl i1+ TT(L(N)) ma we
Now fix L = RevLinePebll. All that is left is to define the buckets. Let wtavg be the average weight
. . 1
in wt and S; = {j | T¥Wtayg < wtj < Ta(”l)wtavg}, where 7 = toggle(L(S))) = © (NvlogN> and

o = log N. This implies that the number of weight buckets is ¢ < 1°86¥ — © (v1og N). Now, we

alogT
Zj wt; N
know that |S;| < oty = 7ot

1. So much so, that the summand

Thus, the sizes of the sets S; shrink fairly quickly with respect to

o) 1 142
T(O)M(O) maSX Wt] — N Vieg N . N Vieg N — N V1og N
JE€S0

dominates the entire WCC sum above. This results in Theorem 6.
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Theorem 6 (Reversible Cumulative Complexity of Weighted Line Graphs). Given a
weighted line graph Ly with weights wt; < N for nodes i € N. Then there exists a parallel reversible
pebbling P and sequential pebbling S for Ly with

o)
I(P) = O(N), Hyee (P) = N 058 > " wt;, and
%
1+-2W o(1)
I,(S)=0 (N~ v || Myee (S) = N Y028 -3 " w;.
7

Proof. Consider the pebbling P = WRevLinePebl ([N],wt, S, 0, L = RevLinePebll) as defined in the
discussion above. First, we have that |S;| < 2™ o N Next II,(N)" < ¢ NVesN for some

TXWtayg — T

constant ¢ > 0. Finally, maxjcg, wt; < T‘)‘(Hl)wtavg. So, the weighted cumulative complexity is at
most

Myee(P) <> T(i)M(i) max wt,

<c(t+1)27° > |Si| - I (L(N))' max wt;

Si
0<i<t I€
21
< ed (04 1)27 Nwtayg g N Vieg N

0<i<y
20
<ed (04 1)225 TN VIS T - Nwtayg
24
<ed (04 1)22 o N Vs Z wt;.

JE[N]

Now we need to analyze the coefficient on >, wt;. Since £ = O(vIog N) and a = O(v/Iog N), it

' o) ’ o(¥Y1og N) 40(1> . .
follows that 2¢ = Nies?/*N and 7¢7® = N~ VieeN = N VieeN | Putting it all together, we get

o(1)
Myee(P) =N VIegN Z wt;.
JEN]

Since we assume nodes 1, N € Sy, the time complexity of P at most

IL(P) < T(0) <c Y 278

0<j<t
. N
< J
< elSol + CKZNQ o ey
N : o

<ceN+2el—— sum is decreasing in j

T
< 3cN ¢ =o(r*h).

To finish up, we need a sequential weighted pebbling (). Note that we can sequentially simulate
P by executing the pebble placing/removing one at a time per step. There are at most 2(P)
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pebbles placed or removed in a pebbling step of P. Then II;(Q) < II;(P) - 21I5(P). Likewise,
II,(Q) < 2I15(P). The number of steps spent with a pebble in S; increases by at most a factor of

o)

2
IT,(P). We have that IT4(P) < (7!NVieeN = N ¥oeN | 50

o)
Hu}cc(Q) =N v logNchc(P)
o) o
— N ¥~ . N ¥oen . Z wt;
JE[N]
_N Ve . Z wt; O
— ”

JE[N]

4 Reversible Recursive Pebbling Attack

In the last section, we showed that the reversible cumulative complexity of a graph is always within
o(1)

a factor of N Ve~ of the classical cumulative complexity. In this section, we show for classes of
graphs that satisfy certain depth-reducibility properties, there are reversible pebblings which match
the best known classical pebblings in cumulative complexity. Blocki et al. [BHL22] introduced a
reversible pebbling attack for (e, d)-reducible graphs G = (V = [N], E), based on the classical
depth-reducing attack of [ABP17].

Theorem 7 (Reversible Depth-Reducing Pebbling Strategy). For any (e, d)-depth reducible
graph G = (V = [N, E), target set T, and parameter g € [d, N], there exists a reversible parallel
pebbling P = (P, ..., Poy) = RGenPeb(G) with Poy =T such that

INd INd
.. (P) <2N <g+e+(5+1)g+yT|> TN+

We construct a more general reversible pebbling attack based on the recursive attack of [ABP17].
As a result, we obtain asymptotically stronger reversible CC upper bounds for several iMHF's.

Review of Algorithm in Theorem 7: Let G = (V = [N], E) be an (e, d)-depth robust graph
with depth reducing set S C [N] of size at most e;. The pebbling RGenPeb(G) is composed of a
sequence of alternating phase: light phases and balloon phases. Each light phase lasts 2¢g rounds. The
goal of the ¢ light phase is to pebble the nodes I. = [(¢ —1)g+ 1, cg] one at a time with low space
usage. To achieve this, we will enforce the light phase precondition on the pebbling configuration
P;, the step before the start of the ¢ light phase. In particular, it must be the case that

LightReqg = Sc(c—1)g41 U parents(1) \ L.

If this condition is satisfied, then we can simply place a pebble on node (¢c—1)g+k in Pj, for all k €
[g]. The end condition for the ¢ light phase is then Pj,, = S<.yUI.U parents(1.). We then reverse
the light phase, while keeping pebbles only on S<.g, so LightReqg, ; = LightReq;_;US<.,. However,
this leaves us unprepared for the (c+1)" light phase. To fix this, we can simply start a balloon phase
with the goal of pebbling LightReq(CJH. The pebbling attack of [BHL22] accomplishes this by simply
applying a greedy pebbling strategy. In particular, if BalloonReq$ g—24—1 1s the step before the balloon
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phase begins, we must have pebbles on S<,. Then BalloonReq3,, ; pebbles any node that can be
legally pebbled from BalloonReqs5 ., ;_;. In d rounds, nodes [cg] will be pebbled. Then we can reverse
both the light phase and the balloon phase, keeping pebbles only on S<., U parents(Zo41) \ Le41.

Now we can describe the reversible recursive attack RRGenPeb. The main difference is that we
replace the greedy balloon phases with more efficient algorithms when G is (e;, d;)-depth reducible
along multiple points 7. The proof is similar to that of [ABP17], but special consideration is needed
to account for reversibility.

4.1 Reversible Recursive Pebbling Strategy

Let G = (V = [N], E) be an (ey, d1)-depth reducible graph of depth d; < dy, satisfying 2d; N < e;dp.
Our goal is to pebble some target set 7' C V. The light phases will be pebbling intervals of length
g = {%—‘ > 2dy. These light phases are slightly different than in RGenPeb. Since we know

that the depth of G is dy < N, we can instead pebble all nodes of the same depth each step,
meaning the pebbling time will be at most 2dy. More formally we define sets Dj, ... Dyq, such
that parents(D1) = 0, parents(D;41) C Ujgi Dj, and each |D;| < %. Analogously to before, we let
I. = Ulgjgcg D;. Likewise, for any set R, we let R<; = RN Uz‘gjgz‘ Dj. So, for 0 < i < g, the "
step of the ¢ light phase will maintain

LightReq; = S<(c—1)g+i U T<(c—1)g+i U U Dj.
(e=1)g<j<min{(c—1)g+i,N}

As before, we'll let LightReqg,,; = LightReqg, ;U S<eyUT<cq for 0 <i < min{g, N — cg}. Now, for
some G’ with depth at most d, let B(G',T”,t) be a pebbling of G’ with target set 7" that terminates
in at most ¢ > 2d steps. Then we can let

BalloonReq® = B (G'<¢g — S=cg, parents (Le11) \ Ley1,2d1) .

There are technicalities we must account for with these new balloon phases:

— (Before Start) We let BaIIoonReq? =0 for1<j<cg-—2d.
— (Early Termination) If BalloonReq terminates in less than ¢ < 2d; rounds, then we’ll let

BalloonReqy, o4, 1+4; = BalloonReqj
for 1 < j < 2dy —t.
The pebbling, excluding clean-up, is
P’ = LightReq" U BalloonReq" + - - - + LightReq/2%/91=1 J BalloonReq/?%/91=1 1 |ightReq/?®0/9]

The final pebbling P = RRGenPeb(G, {(e1,d1,51)},B) is obtained by then reversing P’ while
keeping nodes on the target set 7. More formally, for all 1 < j < |P'|,

ol
Ppis = Bpy; U T

Showing that P is a legal reversible pebbling is straightforward, and the proof is left to the Ap-
pendix C.
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Lemma 3. For any (e1,d;)-depth reducible DAG G = (V = [N], E) of depth do, target set T' C
[N], and family of pebblings B(G',T',t') for all DAGs G' = (V', E'), target sets T" C V', and
t' > 2 - depth(G’), the pebbling

P = RRGenPeb(G, do, {(61, dl, Sl)} N B)
is a legal parallel reversible pebbling of G, where S1 is a depth-reducing set of size eq.

Now we bound the CC of P. The argument is a straightforward accounting of 1) the CC
contributions of the light phases and 2) the CC of the B called 2% times. The proof is left to
Appendix C.

Lemma 4. For any (e1,d;)-depth reducible DAG G = (V = [N], E) of depth dy, target set T' C
[N], and family of pebblings B(G',T',t") for all DAGs G' = (V',E'), target sets T C V', and
t' > 2 - depth(@),

II... (RRGenPeb(G, dy, {(e1,d1, 51)} , B))

2e1
< Ado(5 + 2)eq + 4do|T| + 22 . (B(G=251T,2d)),
< ddo(6 + 2)er + 4do|T| + N (B( 1))

where S1 is a depth-reducing set of size ey.

By replacing B with a CC-optimal pebblings, we obtain Theorem 8.
Theorem 8. Let G = (V = [N], E) be an (e1,dy)-depth robust graph with depth dy, then

2
115 WG, T, 4dy) < 4do(5 + 2)er + 4do|T)| + % - fhax M (G—S,T',2dy) .
T'|<der

Now we will apply our theorem on graphs that are (e;, d;)-depth reducible for more than two
values of 7. It will be useful to employ a more general notion of depth-reducibility.

Definition 6 (f-reducibility, [ABP17]). Let G = (V,E) be a DAG with N nodes and let f :
N — N be a function. We say that G is f-reducible if for every positive integer 0 < d < N, G is
(f(d),d)-depth reducible.

Next, we show that if ¢ is f-reducible and decreasing slowly enough in d, then we can apply
Theorem 8 recursively to obtain better Reversible CC upper bounds. The proof of this lemma
follows almost exactly as the analogous theorem in [ABP17], so the proof is left in Appendix B.

Lemma 5. Let G be an f-reducible DAG of depth on N nodes then if f(d) = O (d—]i) for some
constant 0 < b < 2/3 and let a = % VI+4b® - Thep for any constant € > 0, HS’”(G) <
O (5N1+a+e) .

It turns out that many graphs of interest are f-reducible as required in the above lemma. In
particular, we examine:

(1) Argon2i won the 2015 Password Hashing Competition. We use Argon2iB to refer to the current
version and we use Argon2iA is Argon2’s original edge distribution (uniform) and Argon2iB to
refer to the current (non-uniform) edge distribution [BDIK16].
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(2) Balloon Hash is a prominent memory-hard function introduced by [BCS16]. We examine the
single buffer (SB) graph SBy and the double buffer and linear graphs Lin on N = o - 7 nodes
as defined in [ABP17].

(3) Catena was a finalist in the 2015 Password Hashing Competition [FLW13]. We examine Catena
graphs DFGY and BFGY as defined in [ABP17].

Lemma 6 ([ABP17], [BZ17]). Let fy(d) = O (), then

(1) With high probability, Argon2i-Ay is fo.5-reducible.

(2) With high probability, Argon2i-By is f13-reducible.

(8) With high probability, SBy is fo5-reducible.

(4) The Balloon Hashing (Linear and Double Buffer (DB)) graph Ling is fi-reducible for 7 =
O (polylog(N)).

(5) The Catena Double Butter are both fi-reducible for A = O (polylog(N)).

Now we can put these results together to upper bound the reversible CC of graph underlying
MHFs.

Corollary 3. We have the following:

(1) va”(ArgonQi—AN) = O (N178),

(2) HF)’”(Argonm By) = (Nl 768)

(3) 115 1(SBy O (NL708),

(4) 115 4 (Lin ) 9] (N E ) -0 (N1625)  where the number of vertices is N = o7, and
(5) Hcc ”(DF ) cc el (BFGN) ( ) — 6 (N1'625),

5 Depth Robustness and Reversible CC

In this section, we improve the lower bound of reversible CC for a depth-robust DAGs. Alwen
et al. [ABP17] proved the lower bound of classical CC of a DAG G given its depth-robustness.
In particular, they showed that if G is (e, d)-depth robust then UC”C(G) > ed. This immediately
implies the same lower bound for reversible CC as well since for any DAG G we have T ’H(G) >
HCHC(G) However, it was not known if there is a tighter lower bound for reversible CC in terms of
depth-robustness. We provide a constant-factor (factor of ~ 2) improvement on the lower bound
of reversible CC when a DAG is depth-robust. Our main results are stated in Theorem 9 and
Theorem 10.

We first consider a non-relazed reversible pebbling, where we would require the condition that
in the final round we have pebbles only on the sink nodes and pebbles from all of the intermediate
nodes have been removed. Since removing pebbles is not free in a reversible pebbling and needs
reversible pebbling steps, we can get a better lower bound for a reversible CC than a classical CC.

Theorem 9. If G is (e,d)-depth-robust DAG then H(;_)’H(G) > e(2d — 1). Furthermore, if G —
sinks(G) is (e, d)-depth-robust then H,;Z_)’”(G) > 2ed.
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Proof. Let P = (P,..., P;) be a parallel reversible pebbling for G such that II..(P) = Hf’”(G).
We first consider the case that G is (e, d)-depth-robust.

< ||
We will show that there exists a set B < Hcgdi_gG) such that there is no path of length d in

el
G — B, meaning G isn’t <H55d_§G) , d> -depth robust. If G is (e, d)-depth robust for some e, then it

<=l
must be the case that e < chcd_gG), implying e(2d — 1) < Hf’H(G).
Let B; = P, U Pjj94-1 U Pi+2(2d—1) U... fori € [2d — 1] (defining P; = 0 for j > t). Since

.
|l Jpnglil(e))

i |Bil <325 1P| = Hee ' (G), there exists some B := B; in which |B;| < =5

Now we will show there is no path of length d in G — B. Let v1,...,v4 be a path in G and let
p(vq) be the first step in which node vgq is pebbled. Let k < p(v4) denote the last round before p(vy)
when we had no pebble on the entire path {v1,...,v4}. Let p(v;) denote the first step after round k
where we place a pebble on node v; (because v is the first node in our path we have p(v;) = k+1).
Then p(v1) < p(v2) < --- < p(vg) by Item 2 of Definition 1. Now let u(v;) denote the first round
after round p(vg) where we remove a pebble from node v;. Observe we always have at least one
pebble on our path vy, ..., v4 in between rounds p(v1) and u(vy) inclusive. If v, is a sink node that
it is possible that u(vg) = oo. However, we are guaranteed that u(vi) > u(va) > -+ > u(vg—1) by
Item 4 of Definition 1 and we also know that u(vg_1) > p(vg) since we needed to have a pebble
on node vg_1 in round p(vg) — 1 and we are not allowed to simultaneously remove the pebble from
node vy_1 while we are placing a pebble on node vy.

This means that |{i: p(v1) <i<wu(v1)}| > 2d — 1. It follows that there is some j such that
p(v1) <i+j(2d — 1) < u(vy). Since, |PjN{vi,...,vq4}| > 1 it follows that B; contains at least one

. . . . 15 @)
node on our path. Since every path of length d intersects with B, G is not < 571 > d |-depth

robust.
The argument is similar when we assume G — sinks(G) is (e, d)-depth robust. We now define
B; = P; U Pi12q U Piiooq) U Piyspay--- for i € [2d] (defining P; = @ for j > t). Similar to our

<=l
above argument there exists some B = B; such that |B;| < H“T(G). Now if v1,...,v4 is a path
of length d in G — sinks(G) then vy cannot be a sink node (by definition). We therefore have
p(vg) < u(vg) < u(vg—1) and it follows that [{i: p(v1) < i < wu(v1)}| > 2d since p(v1) < p(ve) <

..p(vg) < u(vg) < ... < u(vy). Therefore, B; contains at least one node on our path since there

exists some j such that p(vi) < i+ 2jd < wu(vy). Since every path of length d in G — sinks(G)
<= |

intersects with B it follows that G —sinks(G) is not <H“2d(G), d) -depth robust. Since G —sinks(G)

is (e, d)-depth robust it follows that Hf’H(G) > 2ed. O

On the other hand, Theorem 9 is not directly applicable to the relaxed reversible pebbling since
it is not necessary to unpebble intermediate nodes. Considering that unpebbling is the reverse of
pebbling, it is tempting to suggest that the reversible CC of relaxed pebbling might be approx-
imately half that of non-relaxed pebbling. However, we can indeed derive a similar lower bound
to the non-relaxed setting for depth-robust graphs. Oversimplifying a bit, a main bottleneck why
the proof of Theorem 9 does not apply to the relaxed reversible pebbling is that there might be a
possibility of having a path of length longer than d in G— B if N = s mod 2d with s > d where N
is the number of nodes in G. We can resolve this issue by truncating last d nodes from the graph.
Given a DAG G = (V = [N], E), we define Gryncg = G — [N —d + 1, N] to be a DAG which
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truncates last d nodes and incident edges from G. Then we have the following theorem. The proof
of Theorem 10 and analysis of the relaxed reversible CC of DRSample [ABHI17] can be found in
Appendix D.

Theorem 10. Let G = (V = [N, E) be a DAG such that (i,1+1) € E for alli < N and the graph
GTrunc,d s (e, d)-depth robust. Then HS’H(G) >e(2d—-1).

6 Approximation Hardness of Reversible CC

In this section, we establish the Unique Games Hardness of approximating ipn ’”(G) within any

constant factor in the worst-case scenario. Our main result is stated in Theorem 11.

Theorem 11. Given a DAG G with constant indegree, it is Unique Games hard to approzimate
<:)7H y y
II..""(G) within any constant factor.

Our findings extend the previously demonstrated approximation hardness result for classical
cumulative pebbling complexity by Blocki et al. [BL.Z20] who showed that given a DAG G with
constant indegree, it is Unique Games hard to approximate HCHC(G) within any constant factor.
To prove this Blocki et al. [BLZ20] first extended a result of Svensson [Svel2] to show that given
a constant indegree DAG G it is unique games hard to distinguish between the case where (1)
G is (ey,d;)-reducible with e; = NV(429) /k and dy = kN?/(0429) (ie., depth-reducible with
relatively small e; and dy), and (2) G is (da,ez)-depth robust with ey = (1 — &)NV/(1+29) and
dy = 0.9N+e)/(1+22) " for any constant € > 0 (i.e., depth-robust with even large ey and dy when &
is small)* To establish the Unique Games Hardness of HCHC(G) Blocki et al. [BLZ20] introduced the
notion of a superconcentrator overlay superconc(G) constructed by overlaying G on the sources of
a superconcentrator and overlaying a line graph on the sinks. They proved that if G was (ea, d2)-

I infeN Ny eN _ 1T i
depth robust that ITee(G) > min{%>, 2=} > 2= = 2EN1+2¢ and that if G was (e1,d;)-depth

robust that H(‘;‘C(G) < TerN = %N 1+2¢, Since we instantiate & with any constant value it follows

that it is unique games hard to approximate H,';lc(G) even for a constant indegree DAG G.
Since any reversible pebbling of G is also a legal black pebbling of G the lower bound Hl'c(G) >

%N == immediately extends to reversible pebbling. Our contribution is to verify that the peb-
bling attack of [BLZ20] on superconc(G) for an (ej, d;)-reducible DAG G can be converted into a
reversible pebbling attack without a significant cost increase. The pebbling attack of Blocki et al.
[BLZ20] is similar in spirit to the depth-reducing pebbling attacks of [AB16] with several optimiza-
tions specific to the supercontrator overlay superconc(G). If they had used the pebbling attacks of
[AB16] in a black-box manner then we would have been able to immediately apply the reversible
version of these attacks from [BHL22] to obtain a similar upper bound in the reversible setting.
Unfortunately, the optimizations specific to superconc(G) were necessary to obtain a gap to estab-
lish unique games hardness. Thus, we still need to outline the reversible version of the optimized
pebbling attack for superconc(G). See Appendix A for details.

4 [Svel2] proved that it is unique games hard to distinguish a DAG G that is (e1, d1)-reducible and (ez, d2)-depth
robust for parameters di < d2 and e; > e2. However, the graph he constructed in his reduction did not have
constant indegree. Blocki et al. [BLZ20] provided a gadget to reduce the indegree while preserving unique games
hardness.
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A Approximation Hardness of Reversible CC

We begin by reviewing the approximation hardness of classical CC and subsequently delve into
the challenges of extending this result to reversible CC in a black-box manner. We then provide a
technique to overcome the challenge by extending the reversible pebbling strategy from previous
work [BHL22].

A.1 Review: Approximation Hardness of Classical CC

Blocki et al. [BLZ20] showed that given a DAG G with constant indegree, it is Unique Games hard to
approximate HCHC(G) within any constant factor. Basically, the intuition is that the depth-robustness
of G is both necessary [AB16] and sufficient [ABP17] condition for computing ]lelc(G) as the upper
and lower bound of H(UC(G) are given as follows: for any (e, d)-reducible DAG G with N nodes and
indegree indeg(G), HCHC(G) < ming>4(eN + gN -indeg(G) + N2d/g) [AB16], and for any (e, d)-depth
robust DAG G, ]YCHC(G) > ed [ABP17]. Then they showed that assuming that the Unique Games
Conjecture is true, it is hard to distinguish between the cases where (1) G is (ey, di)-reducible with
e; = NV(42) / and dy = kN?/0+429) (ie., depth-reducible with relatively small e; and d;), and
(2) G is (dg, e2)-depth robust with ey = (1—&) N/ 1429 and dy = 0.9N(1+)/(1422) for any constant
e > 0 (i.e., depth-robust with even large e2 and dy when € is small). The approximation hardness
of HCHC(G) can be proved by showing that there is a gap between the upper and lower bound of the
classical pebbling complexity between the cases above.
To prove the argument, they presented the following technical ingredients:

(1) The first technical ingredient is Swvensson’s result [Svel2]. Svensson showed that it is Unique
Games hard to distinguish between the cases where a (layered) DAG G with N nodes is (eq, dy)-
reducible with e; = N/k and d; = k and G is (e, d2)-depth robust with e; = N(1 — 1/k) and
dy = 2(N'7¢). But scrutinizing further, Svensson’s graph has high indegree, i.e., indeg(G) =
O(N), whereas we want to have constant indegree. Furthermore, we cannot directly apply
Svensson’s result to get the approximation hardness of H(‘;‘C(G) as there is no gap between the

upper and lower bound of H(UC(G) when G is a Svensson’s graph.

(2) Therefore, we need to reduce the indegree of the graph, but we also want to not lose the
connectivity of Svensson’s graph between each layer too much as we still want to have the
Unique Games hardness result to distinguish between depth-reducible and depth-robust cases.
This is where a «y-extreme depth-robust graph comes into play. A DAG G is said to be y-extreme
depth-robust if it is (e,d)-depth robust for any e,d > 0 such that e +d < (1 — v)N. By
overlaying Svensson’s graph on a y-extreme depth-robust graph, i.e., only keeping edges from
layer ¢ to layer j in Svensson’s graph if there is an edge from node i to j in the y-extreme depth-
robust graph, we can reduce the indegree from O(N) to O(N¢log? N). Furthermore, by applying
indegree reduction gadget from Blocki et al. [ABP17], they proved that it is Unique Games hard
to distinguish between the cases where a constant-indegree DAG G is (e1,dp)-reducible with
e; = NV/(+2) /- and dy = kEN?¢/0429) and (ey, do)-depth robust with ey = (1—¢)N'/(142¢) and
dy = 0.9N1+e)/(1+22)  However, there is still no gap between the classical pebbling complexity
of the two cases.

(3) To remedy the no-gap situation above, they used the superconcentrator overlay that was in-
troduced by Blocki et al. [BHK19], which is a graph denoted by superconc(G) that can be
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constructed by overlaying a DAG G with N nodes with a superconcentrator [Pip77] with N
input /output nodes. It gives a stronger lower bound Hc”c(superconc(G)) > max{eN,dN}/8 for
CC and an improved pebbling strategy gives an improved upper bound, through which we can
finally yield a gap between the upper and lower bound of the classical pebbling complexity of
the superconcentrator overlay graph.

To summarize, Blocki et al. [BLZ20] made the worst-case analysis for the approximation hard-
ness of the classical pebbling complexity by constructing a graph — the superconcentrator overlay
of an indegree-reduced version (with y-extreme depth-robust overlay) of Svensson’s graph — that
has a gap between the upper and lower bound of the classical pebbling complexity. The main result
of the work can be presented as the following theorem.

Theorem 12 ([BLZ20]). Given a DAG G with constant indegree, it is Unique Games hard to
c-approrimate Hilc(G) for any constant ¢ > 1.

A.2 Computing Reversible CC is Also Unique Games Hard

A natural follow-up question is whether we can have the same approximation hardness result for
reversible cumulative pebbling complexity. It is not a trivial black-box application of the prior
work [BLZ20] since some of the pebbling strategies that were used in the prior analysis are in-
herently irreversible. For example, the improved strategy in Blocki et al. [BLZ20] when analyzing
the upper bound of CC of the superconcentrator overlay graph, it runs multiple light and balloon
phases [AB16]. At the end of each balloon phase, we discard all the unnecessary pebbles at once
before running the next light phase, which is an irreversible pebbling transition.

Blocki et al. [BHL22] gave a reversible pebbling strategy which takes a light phase-balloon phase
pebbling attack by Alwen and Blocki [AB16] and made it reversible. In particular, they showed the

upper bound of Hé?’”(G) when G is (e, d)-reducible.
Theorem 13 ([BHL22, Theorem 4]). For any (e, d)-reducible DAG G with N nodes,

15 1(@) < min {QN <2Nd +e+ 3g> + N+ 2Nd} .
g2d 9 9

One might be tempted to adopt this strategy in a black-box manner and apply this upper bound
with superconc(G) to create a gap between the upper and lower bound of Hf’“(superconc(G)).
However, we cannot directly apply Theorem 13 to yield a gap between the upper and lower bound
of Hf’”(superconc(G)). First, we observe that superconc(G) is (e + N/d,2d + 4log N)-reducible
whenever G is (e, d)-reducible. This implies that hrpndl (superconc(G)) = O (N%) when we apply
Theorem 13 with an (e’,d')-reducible DAG superconc(G) where ¢ = e + N/d,d = 2d + 4log N
and e = %Nﬁl%,d — kNTZ= | If we apply the lower bound U(;_)’H(superconc(G)) > min {e'TN, d’SN}
[BHK 19, Theorem 9] as the same lower bound carries over to the reversible CC, we have that

frpmdl (superconc(G)) > Q(N%), which implies that there is no gap between the upper and lower
bound of Hg_)’H(superconc(G)).

Therefore, we should open the black box and update the improved pebbling strategy from the
prior work [BLZ20]. This can be done by substituting the classical pebbling strategy [AB16] to
pebble all the input nodes with the reversible one [BL.Z20]. We remark that this replacement would
additionally require updating the light and balloon phases accordingly.
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Lemma 7 ([Pip77]). There exists a superconcentrator G with at most TN wvertices, containing N
input vertices and N output vertices, such that indeg(G) < 9 and depth(G) < 4log N.

Lemma 8. Let G be an (e, d)-reducible DAG with N nodes with indeg(G) = 2. Then

(25d + 1)N? N 2Nd

1157 (superconc(G)) < min {BeN + 13gN + + 28N log N

g>d
AN?21log N
+870g + QN}.

Proof. We give a reversible pebbling strategy for the superconcentrator overlay graph G’ = superconc(G):

Reversible Pebbling Strategy for G’ = superconc(G):

1. Pebble all the input nodes input(G’) = G using the reversible pebbling strategy from Blocki
et al. [BHL22].

2. Efficiently pebble interior(G’) using the property of superconcentrator, i.e., superconc(G)
with N input/output nodes has depth at most 4log N. At the end of Step 2, remove pebbles
by running a reversible monotonic pebbling sequence to the precondition for each light phase.

3. Pebble all nodes in output(G’) by alternating between light and balloon phases.
¢ Light Phase: Walk pebble across the interval I; = [0(;_1)g+1,0ig] in O(g) steps.

o Precondition: pebbles on parents(o(;_1)y11) U (parents(l;) \ I;) U S<o,_,),
o Postcondition: pebbles on {o;4} U S
e Balloon Phase: Recover all the missing pebbles in input(G’) U interior(G’) for the up-
coming light phase.
o Precondition: pebbles on {0441} U S
o Midcondition: pebbles on {041} U input(G’) U interior(G’)
o Postcondition: pebbles on parents(0;q+1) U (parents(Zj+1) \ Li41) US

Analysis. We will examine the cumulative pebbling complexity of G’ = superconc(G) for each step
above.

1. We need to pebble all the input nodes input(G’) = G using the reversible pebbling strategy
from Blocki et al. [BHL22], which will be upper bounded by

115G < min {QN <2Nd +e +39> + N+ W} :
g=>d g g
followed by [BHL22, Theorem 4]. We remark that the difference here is that while [BHL22,
Theorem 4] denotes the reversible pebbling cost to pebble the last node of G only, we need to
pebble all nodes in G. However, we observe that we can recover pebbles on all nodes by running
one extra balloon phase concurrently and such cost is already contained in 4N2d/g+N+2Nd/g.
Hence, we have the same upper bound with UC?’H(G).

2. When we start with having pebbles on all nodes in input(G’) = G, since superconc(G) has depth
at most 4log N, we can pebble all nodes in interior(G’) with CC at most 7TN-4log N = 28N log N.
Next, we would need to remove pebbles by running a reversible monotonic pebbling sequence
to the precondition for each light phase. However, we can observe that the CC of this procedure
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is exactly the same as the CC of pebbling rounds starting from the precondition of each light
phase to input(G’) U interior(G’). This is contained in running one extra balloon phase (from
midcondition to postcondition), which is going to be at most (d 4+ 4log N)7TN - N/g by the
analysis of Step 3 below.

3. In this step, we would like to walk a pebble across the output nodes from o; to on. To save cost
during this step, we should alternate light phases and balloon phases repeatedly N/g times in
total as we split the output nodes into intervals I; = [O(i—l)g+170ig] of size g each. Let S be
a (e, d)-depth-reducing set for G. In each light phase, to walk a pebble across the interval I;,
we would need to keep pebbles on S and parents(I;) \ I;. Since each node in I; has at most 7
parents and we keep one pebble in [; (the current node) for each step, the maximum number
of pebbles to keep would be |S| +7g + 1+ N/g = e+ 7g + 1 + N/g for each step. So far,
the maximum pebbling cost to reach the last node in I; is (e + 7g + 1)g + N. After placing a
pebble on the last node 0,4 in I;, we would need to discard unnecessary pebbles and prepare
for the next light phase as well by running a balloon phase. Since S is a (e, d)-depth-reducing
set, we have that depth(G’\ (S U output(G’))) < d + 4log N (see Figure 2). Hence, for each
balloon phase, we have reversible pebbling cost at most (d + 4log N)7N. Since we need to run
balloon phase twice in each block, the total reversible pebbling cost for Step 3 will be at most
[(e+7g+1)g+ N +2(d+4log N)7TN] &

Taken together, we have

2Nd INd
115G < min {QN ( +e+ 3g> + N+ =— +28Nlog N
92d g g

N
+ [(e+79g+1)g+ N +3(d+4log N)7N]| g}

(25d 4+ 1) N2 N 2Nd

< min {3€N + 139N + + 28N log N
g=>d g
84N?log N
RLETLIY
g
as desired. ]

Reminder of Theorem 11. Given a DAG G with constant indegree, it is Unique Games hard
to approrimate s ’”(G) within any constant factor.

Proof. Let k > 2 be an integer that we shall later fix and € > 0 be a constant that we will later
fix as well. Given a DAG G with N nodes, we know that it is Unique Games hard to distinguish

between two cases where (1) G is (e1, d;)-reducible for e; = %Nﬁ and d; = kNl%f, and (2) G is
(e2,da)-depth robust for es = (1 — 5)NT126 and dy = 0.0N 1322 [BLZ20]. If G is (ey, d1)-reducible,
then by Lemma 8, for e; = %N1+126,d1 = kN%, and g = e, we have

(25d; + 1)N? N 2Nd;

Hf»”(superconc(G)) < m>i£l1 {361N + 13gN + + 28N log N
9=
4N?log N
LB oV, 2N}
g
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Block 1 Block 2 Block [N/g]

superconcentrator S~
(interior) .

Fig. 2: A reversible pebbling strategy for a superconcentrator overlay G’ = superconc(G). By definition, we have
input(G’) = G, and all the output nodes o1, ...,on are overlayed by a line graph. We note that each input node
has outdegree 6 that is connected to the interior of the superconcentrator, and each output node has indegree at
most 7 (six from the interior and one from the prior output node) due to the superconcentrator construction by
Pippenger [Pip77]. Here, orange nodes in the input nodes denote the depth-reducing set S of G = input(G’). Then
since we have that the depth of the superconcentrator is at most 4log N and the graph G is (e, d)-depth reducible,
we observe that depth(G’ \ (S Uoutput(G’))) < d + 4log N, which is illustrated by a green path above.

2N

25d; +1)N?2  2Nd 84N?%1log N
(251 + DN | 2Ny o\ jog v SN 108 NV
€1 €1 €1

< 16e1 N +

<e1N
242¢

17
<17e;N = leJr?e.

On the other hand, if G is (ea, d2)-depth robust, then we have

N dsN

115 (superconc(G)) > min {628, 28} ,

by [BHK 19, Theorem 9]. We remark that since H;—)’H(G) > Hllc(G) for any DAG G, the same

lower bound for the superconcentrator overlay carries over to the reversible setting. In particular,
since es K do, we have

N 1- 212e
Hf%l(superconc(G)) > % - — e N

Let ¢ > 1 be any constant. Setting e = 0.1 and k = [13¢2], we get that if G is (eq, dy)-reducible,
242¢
then Hf’”(superconc(G)) < SS)CQNW but if G is (e2, d2)-depth robust, then Hf’”(superconc(G)) >
242
%N 1+2¢ . Hence, it is Unique Games hard to approximate Hé? ’”(G) with a factor of c. O

B Pebbling Composition

Bennett [Ben&9] gave the following reversible pebbling strategy, whose analysis was improved by Li
and Vitanyi [LV96]. For a line graph on nodes [2’1‘C — 1], Bennett define the intervals I; and nodes
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ij such that Iy = () and

Iy = (Ix-1,0k-1,- - -, Lo, Qo) -
Intuitively, the nodes in the recursive list I partitions [Qk — 1], and the nodes appear from least
to greatest. The interval I; contains 1 node and the interval I} contains twice the nodes of I_1,
with one additional node i;_;. That is, N(k) = 2N (k — 1) + 1. Blocki, Holman, and Lee [BHL22]

improved this pebbling by lowering the time cost at the expense of space. For a tunable parameter

¢, they pebble the line graph with N(c, k) = © ((c + 1)”“)7 by letting I{ = <I](.1), igl) . ,IJ(C), i§.c)>,

where each [ (€)

; 1s a copy of I;. Finally,

!/ ! -/ A
Ik‘ = <Ik:—177/k—1’ e ,_[0,7/0>,

where each z; is a single node, and the elements of [N (c, k)] occur in increasing order.
The pebbling P¥ on the line graph £ N(e,k) is defined as follows:
(1) Forj=k—1,...,1:
(a) Pebble I\ via P{.
(b) Place a pebble on z,(:_)l
(c) Fort=2,...,c ‘
i. Unpebble I ﬁj by reversing P;.
ii. Pebble I via P/.

iii. Place a pebble on

j .
The end state of this pebbling has a pebble on node N (¢, k), and we can run it in reverse to remove
all pebbles. Choosing k = v/Iog N and ¢ = 2¥ leads to Theorem 5.

Theorem 5 (Reversible Line Graph Pebbling [BHL22]). There exist a family of sequential

pebblings Ly and a family of parallel reversible pebblings L|J|V for line graphs Ly such that

(1) I (Ly) = O (NYRe% ), 11, (Ly) = O (NVES Iog N ), It (L), Hee (Ly) = O (N 7027 Iog W),
and toggle(Ly) = O (N\/%M» and

(2) 11, (L']'V) — O(N), II, (L‘]‘V> -0 (Nﬁ) ., (L‘]‘V) ., (L']'V> -0 <N1+ ﬁ) and
toggle(LUV) =0 (Nﬁ>

Proof. Let k = /log N and ¢ = 2¥. We'll prove the claims unproven in [BI1.22]:

— (Time Complexity) II; (L|]|V> = O (N): [BHL22] show that II, (L‘A,) = 0 ((c+2)k) =

O ((c+2)*) = O(N).
— (Toggle Number) Notice that if we pebble or unpebble any node at most ¢ times in I ]’-, then
we pebble or unpebble any node in I J’ 41 at most 2t times. The nodes in I are pebbled once

and unpebbled once, so toggle(Ly) < 2F+1.
O]

Theorem 4 (Reversible Composition Pebbling). Let P = (Py,...,P;) be a (possibly irre-
versible) pebbling for a DAG G, and L = (Ly,...,Ly) be a reversible pebbling for Ly. Then the
composition Lo P is a legal reversible pebbling of G satisfying Is(Q) < II4(P) - I (L).
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Proof. Consider the transition between two configurations @); and Q;1:

— (Property 1, Empty Start) This follows from the fact that L and P start with out any
pebbles on the graph.
— (Property 2, Placing Pebbles) We have

parents(Q;+1 \ @i, G) = parents U P;\ U P, G (1)
jeLiH kel;
C parents U P\ Pj_1,G (2)
jGLH_l\Li
c |J parents(Pj\ Py, G) (3)
jELi+1\Li
- U Pj_ (4)
jELi+1\L¢

= U Py (5)

k€parents(L¢+1 \Li 7£t’)

- U Py (6)
keL;
=Q; (7)

Eq. (21) follows by the reversibility of L.
— (Property 3, No Deletion) We have

parents (Q; \ Qi+1, G) = parents U P;\ U P, G (8)
jeL; k€Lit1
= parents U P;\ U P, G 9)
JEL\L;it1 k€Li1
C parents U P\ Pj_1,G (10)
jELi\Li+1
= |J parents(P;\ P;_1,G) (11)
jELi\L¢+1
c |J P (12)
jeLi\LiJrl
= U By (13)
kEparents(Li\Li+1,£t/)
< p (14)
keL;
=Q; (15)
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In Eq. (9) we see that for any i € L, if 7 is also in Liyy, then Py \ Uyey,,, Pr = 0. Eq. (10)
follows from the fact that L is reversible, so if j was deleted on step ¢ + 1, then the parents of
J (which is just j — 1) must be kept around on step i + 1. Eq. (12) follows since P is a legal
pebbling. Since Ly is a line graph, parents({j}, Ly) = {j — 1}. Finally, Eq. (14) follows from
the no deletion property of L.

— (Property 4, Reversibility) We have

parents(Q;+1 \ @i, G) = parents U P;\ U P, G (16)
jELiJrl kel;
C parents U P\ Pj_1,G (17)
j€L¢+1\Li
c |J parents(Pj\ P4, G) (18)
jELi+1\L¢
c U B (19)
JELip1\Li
= U By (20)
keparents(L;11\L;i, L)
- U Py (21)
k€L
= Qiy1- (22)

Here, each step follows for the same reasoning as before, except Eq. (21) follows by the re-
versibility of Ly. Likewise, we have

parents (Q; \ Qi+1,G) C U Py (23)
keparents(L;\Ljy1),Lyr
- U P (24)
keL;
= Qi, (25)

where Eq. (24) comes from Eq. (13), and Eq. (25) follows from the reversibility of L.
— (Property 5, Cleanup) Since Ly = {t}, Qv = P; = sinks(G).

Now we examine the space-time cost of (). We have

since @) has pebbles on at most I75(L) pebbling configurations of P, each of which have space at
most IT4(P). Since I1;(Q) = II;(L), we have

Hst(Q) = HS(P) ’ HS(L) ’ Ht(L)' O

Lemma 5. Let G be an f-reducible DAG of depth on N nodes then if f(d) = O (%) for some

constant 0 < b < 2/3 and let a = % VI+4b? - Thep for any constant ¢ > 0, Hf’”(G) <
O (5N1+a+e) )
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Proof. Let dy = depth(G). Alwen et al. [ABP17] show that such a graph is (e;,d;) reducible for
l—a;
e;=N aite/3 with depth-reducing sets S; of size e¢; and d; < N~ & for each ¢ > 0. They also observe
that d; 11N < e;41d;/2 for all i > 1, and for any &, there exists a constant k& such that dj < Ne/3,
Let
C; = max Hé?’” (G—8;,T',2dy) .

|T"|<der

We can now apply Theorem 8 recursively. Then we have
I NG INY  4dy) < 4k(8 + 2)N'H9e/2 1 ady + N3¢

< 4k(8 4+ 2)N'ote/2 4 ady + NoTE/3 (2N dy,)

S 4k(5 + 2)N1+a+6/2 + 4d0 + Na+e/3 <N1+6/3)

= O (6N'tote) O
Corollary 2. If P = (Py,..., P) is a sequential pebbling of a DAG G and L is a reversible se-
quential pebbling of Ly, then L o P is a reversible sequential pebbling of G.

Proof. Let Q = Lo P. We have

Qi \Qil=| U \ U P

JEL;i41 keL;

-l U mUn

j€Lit1\L; keL;

IN

U P\P
j€L¢+1\Li
<1,

since |Lit1 \ Li| < 1. O

Lemma 2. Define functions h, f, and g such that for any 0 < ¢ < /2, h(N) = 2¢VIeN " f(N) =
N -h(N), and g(N) =2f (%) +f <N — %) There exists No > 1 such that f(N) < g(N) for
all N > Np.

Proof of Lemma 2. Let h(N) = 2¢VIe N o f(N) = N-h(N) and g(N) = 2f(N/h(N))+f(N/h(N)).
It suffices to show

Jim_g(V) — (V)

) ) () )

= Q.

In particular, we show that h(N)—h(N—N/h(N)) = o(1) and 2h(N/h(N))—h(N—N/h(N)) = §2(1)
for all 0 < ¢ < V2. First, we have

Jim Vlog N — \/log N/h(N) = Jim VIog N — \/ log N — ¢+/log N
—00 —00
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= lim vz —\/z —cVT

Tr—r00
= lim oV
T—00 \F‘i‘ /r — C
= 5 since ¢ = O(1).

Thus, h(N/h(N))/h(N ) 2~ %’O()forNsufﬁmently large. This means that 3/ (2h(N/h(N)) —
- 1),

h(N)) > N(2t=<*/2—o( which is positive when ¢ < /2. Next, We have

. 1 1
i N N VRN = 5 e 1o ()

= \/log N — y/log N — 0,
=0

meaning h(N — N/h(N))/h(N) < 27°(). Thus
Jim g(N) = f(N) = Tim N(2'7/270 —o(1))

N—oo

=0 if0<c< V2. O

C Reversible Recursive Pebbling Attack

Lemma 3. For any (e1,dy)-depth reducible DAG G = (V = [N], E) of depth dy, target set T C
[N], and family of pebblings B(G',T',t') for all DAGs G' = (V', E'), target sets T" C V', and
t' > 2 - depth(G’), the pebbling

P = RRGenPeb(G, dy, {(e1,d1,51)}, B)
is a legal parallel reversible pebbling of G, where S1 is a depth-reducing set of size eq.

Proof. Since g > 2dy, each balloon phase is contained in the corresponding light phase. Next, since
LightReq® is a reversible pebbling sequence and BalloonReq® is a reversible pebbling sequence, their
union is as well. Now we will consider the transitions between phases. We have that BalloonReqs, =
parents(/.11)\I.+1 and LightReq5, = S<.,. Then there is a legal move from LightReq5 UBalloonReqs,
to LightReq{ U BalloonReq{ = S<¢g+1 U {cg + 1}. Thus, every step in P is reversible. Since the first
half of each light phase pebbles exactly one set D; per step and the second half takes exactly as
many steps as the first half, it follows that I1;(P) < 4dy. By the definition of LightReq, it follows
that Ppy =T So, P is a legal reversible pebbling. O

Lemma 4. For any (e1,dy)-depth reducible DAG G = (V = [N], E) of depth dy, target set T' C
[N], and family of pebblings B(G',T',t") for all DAGs G' = (V',E'), target sets T C V', and
t' > 2 - depth(@),

I (RRGenPeb(G, do, {(e1,d1,51)}, B))

261
< 4dy(8 + 2 4do|T| + ==L . . (B(G-81T,2d)),
< 4do(0 + Dex + ddolT| + - max [lec (B (G = 5.T",21))

where S1 is a depth-reducing set of size e.
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Proof. During the ¢ light phase, we have pebbles on at most S, T', parents(I.), and I, so

N
+IT| < (64 2)er + |T).

II;(LightReq) < ey + (0 + 1)gd—
0

Thus, the contribution of all of the light phases to the CC of P is at most 4dy(d + 2)e; + 4do|T.
Next, the contribution to the CC of P of the balloon phases is at most

2dg 2eq /
=0, .. (B(G—8,T,2d;)) < =L . .. (B(G—8,T,2d)) .
g e, Hee (B V) S - max Hee (B 1))

Putting it all together we get

2
MTe(P) < 4do(5 + 2)ey + 4do|T| + = - max I (B (G — S,T",2dy))
N |T'|<6er

for 1 S 7 S do. OJ
D Depth Robustness and Reversible CC

Reminder of Theorem 10. Let G = (V = [N],E) be a DAG such that (i,i+ 1) € E for all
i < N and the graph Gtunc,d s (e, d)-depth robust. Then ﬁéj’“(G) >e(2d—1).

Proof of Theorem 10. Let Py, ..., P, be a relaxed reversible pebbling of G. As before for each i €
[2d—1] we let B; = P,UP; 241U Pi1924—1)U. ..U Pi1m24—1) Where m = m(i) is the largest integer
such that ¢ +m(2d — 1) < 1. As before we note that >, [B;| < >, [P = ]NYC?’”(G). It follows that

=l
there exists some B = B; with |B| < Hcﬁd_gG)

Now we will show there is no path of length d in Grync,q — B. Suppose, for contradiction, that
there exists a node v € [N —d] \ B such that depth(v, Grync,a — B) > d. Let p(v) be the first step
in which node v is pebbled. Then we observe the following claims:

Claim 1. p(v) <t —d.

Proof of Claim 1. Since node N € P, which implies N —d € P,_4 (otherwise it would not have
been able to place a pebble on node N on round t), which is the last node in Gyync,q- Hence, v
must have been pebbled some round on/before P;_g. ]

Claim 2. p(v) > i+ m(2d —1).

Proof of Claim 2. Suppose not. Then there exists some j with j+1 < m such that i+ j(2d—1) <
p(v) < i+ (j+1)(2d — 1) (here, p(v) # i+ j(2d — 1) and p(v) # i + (j + 1)(2d — 1) since
v & Piijed—1) YU Pip(j+1)2d—1))- Since depth(v, Grunc,a — B) > d, it would take at least d steps to
place a pebble on node v starting from F; ;24-1) and then take at least d steps to remove this
pebble before P (j 1)24—1)- This is a contradiction since there are fewer than 2d intermediate

rounds between P j24—1) and Piy(j11)2d—1)- Hence, we can conclude that p(v) > i+ m(2d — 1).
O
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Hence, we have i + m(2d — 1) < p(v) < t — d. Now by definition of m, we observe that

p(v)—(G+m2d—1))<t—d—(i+m(2d—1))
=[t—(i+m(2d—1))] —d
<(2d-1)—d=d-1,

since m was the largest integer such that i + m(2d — 1) < ¢ which implies ¢t < i+ (m +1)(2d — 1).
This implies that there are less than d — 1 rounds between P;,,,24—1) and Py ,). However, at time
Pi 4 (24-1), there is an unpebbled path of length > d ending at v, which means that it is impossible
to place a pebble on v at time P,(,y. Contradiction! (as we defined p(v) to be the first step in which
node v is pebbled.) This contradiction was caused due to the assumption depth(v, Grync,a— B) > d.
Hence, we can conclude that there is no path of length d in GTryne,q — B, which implies that
G'Trunc,d is (| B|, d)-reducible. Since Gyunc,q is (e, d)-depth robust, we have |B| > e. Combining with

7=l

|B| < HcgdigG), we can conclude that ~g—)’H(G) >e(2d—1). O

Remark 1. We can make an improvement on the lower bound of the relaxed parallel reversible
cumulative pebbling cost of DRSample by applying Theorem 10. Recall that DRSample [ABH17]
is the first practical construction of a data-independent MHF, which is a graph G = (V = [N], E)
that has the following edge distribution: E = {(i,i + 1) : i € [N — 1]} U{(r(v),v) : i € [3,N]},
where r(v) is picked according to the following random process: (1) randomly select a bucket index
i <logwv, and (2) randomly sample r(v) from the bucket B;(v) = {u: 20"t < v —u < 21}

Let GPRS = (VPRS = [N], EPRS) be a randomly sampled graph according to the DRSample edge
distribution. Then we know that (whp) GPRS is (¢;N/log N, coN)-depth robust for some constant
c1,co > 0, which implies that

~ 6162N2

by the previous lower bound [ABP17].

Now we observe that, due to the way that DRSample’s edge distribution is defined, G-'?r'ﬁic’d
can simply be viewed as a randomly sampled DRSample graph with N — d nodes. Thus, (whp)
GORS is (c1(N — d)/log(N — d), c2(N — d))-depth robust. To apply Theorem 10, we would need

Trunc,

the condition d = co(N — d), which can be solved by setting d = caN/(1 + ¢2). Then we have that

DRS : N N ,
GTrunq 1?]:; is ((ch)locgl(N/(ch)), fi@)depth robust. Then by Theorem 10, we have
~ N 202N
co )2 (14 c2)log(N/(1+¢2)) \1+ c2

> ClN 262N 1
~ (1+c2)logN \ 1+ ¢y

o c1c9N?
(14c2)? logN '’

14co
caN °

from the classical lower bound which immediately carries over to the reversible case. Since we have
co = 0.03 [ABP17], we can see that as long as N > 1.03/(0.03 x (2 — 1.032)) ~ 35.8 we achieve an

where @ = 2 — We can observe that as long as we have ﬁ > 1, this is an improvement
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improvement. In particular, if N > 1.03/(0.03 x (2—t-1.032)) then we can achieve an improvement
by multiplicative factor of ¢, e.g., if N = 107 then we can expect an improvement by multiplicative

factor of ¢ up to t < (2 — 5x2-) - 1.0372 ~ 1.885. As N — oo, we have ¢ — 2/1.03% ~ 1.88519.
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